Chapter 1 Answers 

1 L Converting from polar to Cartesian coordinates; 

i*T = ±T ( r' } = ~,l , 

= CO* (|) + J ™ (J) = j. (5) = 7 , ^ 

jjs; _ ,j;- - J2e>? =■ + - 1+J 

^(T = = t+3, *= 1 “» 

= 1 

1 2 Converting from Cartesian to polar coord inate&. 

6=;5i .j<\ -2 = 2e^. -5f ^ 3e" J * 

I .. (l-jJ 5 = 2e- J i 

Jo-W*. ft}-'*. 

1.3. ( S ) £„ - = J. P « = °- heci " 1 “ < “ 

(h) *j(l) - l*iMl - 1. Therefore. E„ = ^VwP* = Lj“ = *' P " = 

T «« */>«!* - [« - = 1 

(O q(Q - «*W- Therefore. E„ = jTw If* = = 

F » = if j./^W di = r l S» if J_T \ 2 / ” 1 

(d) r,w = (i)“ uR |l,(n]p = (J}‘ «■("] Therefore, £» = £>lHl a ' £'*> = ’’ 
- 0, because E# < eo. 

(o) r,H - e«¥-f\ luMI 3 = 1 Therefore, £„= £ W")? = «■ 

P “ - Jl*. 4+T S,v |l2W|i ” * T “ .Se 1 = 1 ' 

<f) i,(n| - eoe(In). Therefore, £„ - £ M»lf = = 

. t* 1 JC /I t CQ Ktfn} ^ _ 1 

p - - ^iiTTf »-’(4 n) “ A m » mTT1“ 2 ) 1 

1.4. (a) The signal *[«1 is shifted by 3 ro the ri*bt. The ehifted ^ will he rero for o ^ l 

and n > 7- 

(b) The signal l[«j is nhifttd by 4 to the left. The shifted aisnal will be sero for n < 

and n > 0. 


(c) The signal *(«] a flipped. TJw flipped tignal will be zero for n < -4 and n > 2, 

(d.) Tbe signal i|nj is flipped and the flipped signal is shilled by 2 to the right. This new 
signal will be zero for ft < —2 and n > 4. 

(e) The signal Jffft} is flipped and the Sipped signal is [shifted by 2 to the l^ft This new 
signal will be rero Cm n< -6 and n > 0. 

(a) t( 1 - t) lp. obtained by Sipping s(i) and uhifting the flipped signal by 1 to the right. 
Therefore^ t( 1 — *) will be aero for i > —2. 

(b) FYoni (aji we know that i(l -1) is zero for t > -2 Similarly, x{2 - f) it zero fos t > - 1, 
Therefore, x(l — f) + x(2 — <) will be aeto for f > — 2. 

(c) <f3t] is obtained by linearly compressing *(t) by a factor or 3. Therefore* ac(3t) will be 
zero for t < 1- 

(d) is obtained: by linearly stretching i(i) by a [actor of 3, Therefore, rft/3) will be 
zero for t < 9- 

(a) is not periodic because it is zero for t < 0. 

(b) i?[ft| — 1 for all « Therefore, it is periodie with a fundamental period of 1. 

(e) :Tj|tj j is as shown in the Figure SLG. 




L 


Uzl 


Trim: 


Figure SI.6 

Therefore, it is periodic with a fundamental period of 4. 


1-7- (a) 


£u|xi[ti]} = ^(*i[ft) + £iHi]) = - ti{n - 4] +uf-n] -u[ n- 4]) 

Therefore, is zero for [nj > 3. 

(bl Since x a (i) is an odd signal, £u{r 2 (*)) is zero for ail valuei> of t 
(^) 

<f«{Tj|n|} = l(*lM + Ili-«|) = ll(lr«[n“3] - “ 3)] 


■ jv-m ' -u -i' 2 1 '2' " l " ’• '2 

Therefore, £v{*a|ttj} is zero when |n[ < 3 and when |n| —* oo. 


(d) 


£"(*<(*)} = \ (■<(<) +®4(-t)) = “|e “uft + a) -e M u<-i + 2) 
Therefore, fu(r + [t)l is zero only when |£| —h oo. 
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i ^ (a) Tie {xi ((>} = ^ + ** 

(b) S.{^C)} = v^«=(J) ~t« + - “= l31 > - i °‘“ S(3< + 0) 

( d) K.(.,W1 ’ -«-*.WI00t) = e - J ‘«a(I«K + »)-«* cMtlOOf + j) 

19 (*1 *! (I J is a per iodic comply eApoaeat i *1 

The fundamental period oF nft) » - t 

(b] !,(() a a comply «pppe.ituJ multiplied by a d«ayit E Thursfoto, 

b-i not periodic- 

(e) !,W .s 1 =i E Pal. = _ ^.n 

4,(41 is a complex enponuntill with a fimdanfoUtal pflfod ol T = 5 ^ 

M) I, In] is a periodic -ipmt. The fundamental period i 5E ivenbvW - "•(*3*1 - 
fly dtoosiu* ™ - 3. v»e obta... the Fundamental period to be 10. 

w ^ir^r n 

3 10 . 

!((J - 2 cos(1 Or + 1) - - 1) 

Period of first term in RHS - ^ f 

Perfod of accond term in ^ = jJ * . M whldl is ,he least common multiple 

Therefore, the overall Signal is periodic with a perwi which 
of ihc poriods of the first and second lortns This is *qual to ir. 

1 . 11 . 

Period of Ik# first urtm in the ftH$ - 1 _ . 

Period of the second term in the KU$ - m{^) = ? (when m = 2) 

Period of the third term intbeRHS^mC^) = 5 [when m ^ ll , nmrna » 

“re, the moral! tt^nal f ^ l^jT* 
multiple of the periods cf the three lerms m iln| Thcs is ^i\ to 3S 

1.12. The signal *H ie aa shewn in Figure 8L1*. ^ 

shilti^ the flipped W 3 ta the right. Therefore, *[«) -v\ ^ 1 r,ls l,np 

Jtf = ^1 and no — 3. 


- - ■ 1 IIT T111 
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Figure Sl-12 
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Therefore, 


- r f a 

* / x(T)dt= / (J[r+2)-J{T^2SWe= i 1, 

j-w y o, 


t< -2 
-2 < l ■£. 2 

t >2 




=/>“‘ 


l.Jd, The signal ar(f) and its derivative ^[f) are shown in Figure Sl-14 
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Figure Si.Id 


Therefore, 

i,(t) = 3 f; J(i-2fc)-3 1) 

Jtmr-co Jt^-OO 

This implies that A] * 3, i| — 0, Aj ■ —3, and (3 — l. 

1,15. (a) The signal 13[rl], which i* the input to 5 2) ia the same a* vi[nl Therefore. 

Ifrjft] = xi\ n “ 2] + jJa[n - 3j 

= pi [ft - 2] 4- “yi[ft - 31 

= 2xi [n - 2) + 4i][ft - 3} + ^(2siln —3] + 4z i[n - 4]) 

^ 2ii[n-2]+Srilft-3J+2x![ft-4) 

The input-output relatfoiiship for S is 

y[n] « 21 in - 3j + &x[n - 3] + 2i[n - M 
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(b) The input-output rdaric-Gshap do« not change if the order in which St and S 3 are 
connected in series is reversed. We tin easily prove this by assuming that Si follows 
$2 la this cam, the nignaJ which is the input to 5i. is the same as y^[n). 

Therefore, 

yi[nj = 2 Jti'[tv] + 4 ri|n - 1 } 

= 2 yj[n] + 4yj[n — I] 

- 2(13 [n - 2} + - 3J) + A(xi\n - 3j + - x 2 \n - 4}) 

= 2x a [n - 2] + Siafn - 3] + - - 1 ] 

The input output relationship for $ is once again 

y(n} = 2x[n - 2] + 5x[n - 3] + 2x[n - 4j 

lb. (a) The system is cot memory less because y[n\ depends on past values of x[n\, 

(b) The output of the system will be ^( n l ■ iri!i|n ~ 2 ] = 0 , 

(e) From Lhc result of part (b}* we may conclude that the system output is always zero for 
inputs of the form A\n - k\ t k e X. Therefore, the system is not i overt ible. 

1 T. ( fl ) The system is not causal because the output jr(r) at some time may depend on future 
value? of 3*0) For Instance, v(-tt) — x[ 0 )> 

(b) Consider two arbitrary inputs n{f) and ^[tj. 

*i (0 —* ViW = {siu(i 3 ) 

*a(i) —* IttW “ *» (•*“(*)) 

fjet Tjfi) be a linear combination of lift} and lift)- That is* 

* 3 (i) «■ aijCt) + &X 3 [*) 

where a and b art arbitrary scalars. If Xi(l) is the input to the given system, then the 
corresponding output vj( c ) 

lra£f) - rj(sin{ 0 ) 

- ax i (sin(l)} + bxi (ain(il) 

“ apiW + taftCO 

Therefore* the system is linear. 

. 10 * (a) Consider two arbitrary inputs £i[nj and isjti], 

n + nfi 

*iH —* wiW * 12 *il*l 


ijjn} —* fc[{n) = ^ *,[*) 

Lei £ 3 [n| be a linear combination of Xifnj and z?[n]. That is, 
si(nj = axi[n> + fcr 3 [rt| 

where u and b are arbitrary acalirs If x a |n] is tbe input to the given system, then the 
corT^ponding output j/jfnj Li 


n+nfl 

»j™] - 12 **w 

fun—na 

"+ n fl n+no n + na 

= 12 («iM + fa af*]) = a 12 +A E **(*] 

Ad Jt_rt- fm pk 

- ^|n] + ^[n] 

Therefore, the system is linear* 
fb) Consider an arbitrary input *j[n]. Let 

n+fi* 

nW 15 12 t *[*i 


be the corresponding output. Consider a second input z 2 [ft| obtained by shifting ri(n] 
in time; 

*afn] ^xi\n - nj) 

The output corresponding to this input is 


rt +^» n-nj+rm 

few = 12 x sN- 12 12 *ii*i 

hq ItF’Fi-nfl i—n^ni^np 

Also note that 

H-ni+n* 

Vijn-ml® 12 I||A| 

±=n-n.|>ne 

Therefore, 

IriH - «i| 

This implies that the system is ilmoinvu-iant. 

(c) if j*[ri]| < &, then 

IfH 5 f2fifl + 1).B 

Therefore, C < ( 2 r*o + !)*&. 
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19. {*} (■) Cociiider two arbitrary inputs and x^(t) r 

*iW—»w-e*i(t-i) 

li(t) —I Vl(f) - i s ij(l - 1) 

Let xj|i) bo a linear combination of and xuft) That is* 
xj(i} rr +tej(t) 

where a and b arc arbitrary »calar> If xj(0 is the input to the givfii lysirmi tht ti 
the corresponding output pj(i) is 

I n(i) = 1) 

= 1 ) ^ 6 x 3 ( 1 -I» 

« avtW + ti nit) 

Therefore, the system is linear 
(iil Consider an arbitrary input X|((). Let 

„,(!)= tVft-U 

be the corresponding output. Consider a second input ij(i) nbmiTMvl siifiring 

xi[t) in tiiutr: 

X3(t) = E](f - fo) 

The output correiipondmg to this input is 

yj(0 = f ? x 2 (f - 1) - f 2 =i(t- 1 - to) 

Also note that 

Vi(* —ioJ = (* - - 1 - M / 

Therefore, the system is not timts in variant 
(b) (i) Consider two arbitrary inputs XifnJ and x^fn]. 

!,(„) , lra[nj — ij[rt - 2) 

Let lain] be a linear combination of x^n] and x a (n]. Thai is, 
ijlii] **s,[n|+hx a [n.| 

where a and 6 are arbitrary scalars If i 3 [n| is the input to the given system* then 
the corresponding output ira[nj ia 

»H = a^aSri “ 2] 

« fax] |n - 2] + bxj jrs - 2]) 1 

^ n J X|[n - 2] + i^ij[n - 2} + 2afrxj|n — 2]r 3 |n - 2| 

/ + hprjn] 

Therefore, the system is not linear. 


[ill Consider an arbitrary input xi\n], Let 


yjfaJ = *?(«- 2} 

be the currwponding output. Consider a iccond input r^{n| ubtained by shifting 
xijnj in time: 

*»H te *l[" -«o! 

The output corresponding to this input is 

U 2 l T[ ] = *a|n “ 2 j != *i[n - 2 - n^] 

Abo note that 

Vi[n — *aoj = x?[n -2- no] 

Therefore, 

ttfrj “ th[n - no] 

This impties that the system is time-in van ant. 
fej (i) Consider two arbitrary inputs Xjfn] and xafn]- 

3?i [n} —»in [oj = [n + 1] - X] [rt - 1 j 


ia[n] ■—i vs[n] = xa[n + 1] - xi[n - 1| 

Let xs[ti] be a linear combination of Xi[nj and £? [rt]. Tbit it* 

Xj[n) oxt|nJ + 

where a and 6 are arbitrary scalars, If xjjn} bi the Input m the given system, then 
the correspondiug output pj[n| Is 

Viin] *= xa[n + 1} x a [n - I] 

= nxi{« + 1 ] + 6 sxi[n + 1 ] - axifn - 2 ] - 6 xj[n - ]\ 

“ a(ij(n + lj - xj[n - 1 ]) -t bfxjfn + L] — j 3 [ri - lj) 

* + 6 p?[n] 

Therefore, the system ia Linear. 

(ii] Consider an arbitrary input x \ [nj. Let 


yiH = Sijn + 1] - Xj[n - 1} 

be the corresponding output. Consider a second input i 7 fn} obtained by shifting 
xi(n] in time; 

x a (nj = xifn - no] 

The output corresponding to lb«» input is 


ViH = x al n + - *2[n ~ lj - iijn + 1 - rioj - x,[u ^ } no] 
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Abo iK>te that 


Vl [n no] =*][«+ 1-tiel^iiirt-l-n*] 


1 SO (a) 


Therefore. 

y?[n] = ffi[n - **oJ 

This implies that the system is time-invariant 
(d) (i) Consider two arbitrary inputs *){£) and *?(0- 

*i(£) —*Vi{t) = C?cf{^i(0} 

Mt) —> y*(t) = 

l^t ij(() be a linear combination of Xi(t) and u(0- Ttl3t “> 

* 3 (t] =o^i(t)+fcsa(i) 

whm? a iuKt t »c arbitrary scalars. If *,M * U» i»l»t to the P™> **«*= th '"' 

the corresponding output y&{t) is 

^(i) = Od|x 3 (i)} 

« Od{(tfi(0+**aW) 

= aOd(*i<*)} + 60d{iaWJ = ajfiW+^l 1 ) 

Therefore, the system in liueiX. 

(ii) Consider an arbitrary input Ji(t)r Tret 

y x \t) ~ Od{si(t)} - T ‘^ ^ 2 ^ " 

bn the corresponding ootpat. Consider a -ml input »(4 “burned by shifts 
s 1 1n] in Lime; 

i 2 (t) = ^) 

The output corresponding to this input is 

Kit) = 

Xljt *tp) -*i ( -*“4) 

2 


Abo note that 


Vi{( _ ^ = j yzii) 


Therefore, the system is not time-invariant- 


i(i) a^ a —* y(i) = c** 


Since the system ts linear, 


(b) We know that 


lift) = + r-J ? ‘) —* p,(i) = 


It(i) - coo(2f) *—* ^i(t) - 

1 \ e -ieiJt + eJe-J^ 


i,(e) = cos (lit -])) = - 


Using the linearity property, we may once again write 

1 

2 

*!(£) = «»(2(i - 1/2}] —* yi(i) = - I) 


II (0 = \{*-’*** + CJC' 1 ’ 1 ) —* irifO = 5 <e~V 3 ' + e , e _j3 ') - cosfdi 1) 


Therefore. 



Figure SI.21 

1.22. The signals are sketched in Figure S1.22. 

1.23, The ev*p and odd parts are sketched in Figure S1.23- 
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Figure Si,24 

1 . 24 , The even and odd pirns are sketched in Figure Si.24- 

1,25* (ft) Periodic, period = Zff/(4) — *72- 

(b) Periodic, period = £ir/(*) - 2 . 

(c) j(t) = [1 -f-<os(4f - 2n/3)]/2. Periodic, period = £ 71 /( 4 ) = tt/S, 

(d) i[t) = cos(47r£)/2. Periodic, period = 2a/(4n) = l/2. 

(e) s(*) - [stn[ 4 iri)ii(i) ^sin( 47 rl)u{-i:)]/ 2 . Not periodic, 

(f} Not periodic. 

1.26, (a) Periodic, period — 7- 

(b) Not periodic, 

(c) Periodic, period = ft. 

(d) i[rt| w (l/2}[cos[3im/4} + cos(im/4)]. Periodic, period ss ft. 

(c) Periodic, period = 1 ft. 

1.27. (a) Liiicar. stable. 

(b) Memoryless. Linear, causal, stable. 

(c) Linear 

(d) Linear, causal, stable. 

(c) Time invariant, linear, causal, stable. 

(f) Linear, stable. 

(g) Time invariant, Linear, cauaal. 
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fb) {i) Ctttfsder i» inputs to the system such that 


1,28- |s) Linear, stabk. 

(b) Time invariant, linear, causal, stable. 

(c) MtmorykiS, linear, causal. 

(d) Linear, stable 

(e) Linear, stable. 

{f) Memory less, linear, causal, stable- 
(g) Linear, stable. 

129- (a) Consider two inputs to the system such that 

*,wAaiW = ie*{i.M} ^ *>h) 4 i»M = 

Nrtw conB id« * twrd Input „(«] = *,N + *»M- Tb* corr«l»nd ln , system output 
will he 


Vain] = **t*»M} 

- 'Refit [ rt l + “ahll 
== TCefiiHJ+7leW«1 
= Ififal + wH 


Therefore,, we may conclude that the system ts additive. 

Let us now assume that the input-output relationship is changetl to V \n\ 
Also, consider two inputs to the system such that 




si[n] -+ t/il rt ] 13 ' x] (n|} 


T 2 \n\ 4 y 2 [n) = 

Now consider * third input «,W = X,W + *>14 The ^responding system output 
will be 

ro[n] = 

-i uua(*n/4)Ae{*itn1} -™(«rty4)I*{*s[n}} 

+ <»s(im/4>TC*{xiIrt]} - sintim/4)Im(i4nl} 

+ coa(*« e {z 2 [n]} - iin( xn/4)Tm { s 3 \n\\ 

- nc{tr* 4 x iW}+««l^* /4 *»l»D 

= wiM +■ wH 

Therefore, we may conclude that the system is additive 
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xM [tt] “ d xlW 4 B(i) = [^r 1 ] 

Now consider a third input z 3 {i) — zi(t) + zafi). The corresponding system 
output will be 


1 f d[xAi) + *2lt)} 
*i(0 + *aWL dt 
I 6 ttifij + pi(i) 


Sft(0 - 


*s(t) 


Therefore, we may conclude that the system is not additive. 

Now consider a fourth input = uji((L The corresponding output wiU be 


Im(*) 


JL| 

'dXi(t)]* 

*aU) 1 

, dt J 

i 

M«itor 

OJl(f) 

l dt\ 

a j 

dxtit)]* 

*iW 1 

. * J 


uyiU) 


Therefore, the system is homogeneous, 

(ii) This system is not additive. Consider the following example. Let j: j Era; ~ 2i[n + 
2] 4 2 ^|ti + l) 4- and xa[n| - S[n + 2] + 2 J[n + lj + 3 &{n] The rot responding 
outputs evaluated at n ^ 0 are 


jnfOj - 2 and p?[0] — 3/2 

Now consider a third input x 3 fnl - i|[n] 4 = 3f51« + 2] 4 4i5|fi + lj + 50[n] 

The corresponding output evaluated at n = 0 is j^JO] - 15/4. Clearly, f- 
pj[Q| 4 pjfOj. This implies that the system in not additive. 

No consider an input j^fn] which leads t« the output g*[nj. We know that 


.her input x s fi 

N = {o^^ 


x t [n - lj # 0 
otherwise 


Let us now consider another input x&fnj *=■ Of j||nJ. The corresponding output is 
irs|n 


otherwise 


Therefore, the system is homogeneous 
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1.30. (a) Invertible iav^m system: y[i) *= x{t + 4). 

(b) Non invertible. The sign*!* *(t) and *t(0 - *{*) + ^ S™ the same output 

(c) Non iavertible. S[n\ and I6[n) give the ssnve output- 

(d) Invertible. Inverse system: p(t) «= ds.{l)fdt. 

(e) Invertible. Inverse systems y[n] - i[n + 1] for n > 0 and pfn] ^ r[n| for « < 0. 

(f) Non invertible. x[n] and -x[n) give the sa^e result. 

(g) Invertible Inverse system: p|tlJ - x(l -nj 

(h) Invertible, Inverse system: y(t) ~ i(t) 4 dx{t}fdt- 

(1) I avertible- Inverse system: y[n] = Jf|n} - <l/2)*[n - lj. 

(j) Non invertible. If i(t) is my constant, then y{t) = 0. 

(k) Non invertible. 2i[n] result in y[n] = G 

(L) Invertible, Inverse system: p(t)-x(</2). 

(tn)Non invmibk X| ( n ) - %! + «|» - 1] '“•l ill") = 
fn) Tavertible- Inverse system: vH = 

1.31 (*) Note tl^l Is (l) = 1,(0 - *l(i " 2)- Thacfert, using tonuily wn g« W<0 - «N<0 " 

y ,(t - 2). This is as shown in Figure SL3L 

(h) Nnm tbat *j(0 - *i(0 + n(‘ + 0- Tbersfore, wb>E linearity «e get vA» •= w.(0 + 
yi (t+ 1). This is as Jhown In Figure 31-31- 



132- AH statements are true 

(1) xfO periodic with period T; Pi(t) periodic, period T/2 

(2) periodic, period T. ar(t) periodic, period 27. 

(3) x (t) periodic, period Tl irafO periodic, periuti 21 

(4) yi(t) periodic t period T .*(*) periodic, period T/2 

1.33. (l)T'iuc i(n] = *[n + = v,|" + Wol with Wo - N/2 if W is ewn, 

aiul with period -V Q - jV if N is odd. 


(2j False. pi[n} periodic does no imply x|nj Ls periodic, i.e. let xfn] = p|n| 4 hfnj where 


n even 
n odd 


**“'" { o! "odd “ d *14 = { 

Then yi[n]. — z[2n{ is periodic but z[n] is dearly not periodic- 

(3) True, xjn + A/] = T[n]' j^fn + — psE n I w bere A f o — 2N 

(4) TVue. piEn + JV] = i[n + Af fl ] = i[n] where Nv — -N/2 

1.34a (a) Consider 

Yi = *[0] + 5^{*H + ^- n !) 

lt=-» rt = I 

If a[n] is odd, xjn] + xl~n| = G- Therefore, the given summation evaluates to aero. 

(b) Let p[n] = z|[n]z?fnj. Then 

y[-n] = i t (-nJz 2 [«oJ - = -y[n] 

This implies that y[™) ti odd- 
fe} Consider 

Y =, [ n ! = IT (*fN + ®*H) ! 

nc-« nw-D6 

“ *J( n l + Y1 T ^ n i + 2 £ **[4 *dN> 

n = -cu n— —oil n* ■« 

Using the result of part (b] t we know that z r [n]z 0 [nj is an odd signal. Therefore, using 
the result of part (a) we may conclude that 

2 S ^ 

n = »btp 

Therefore, 

W W QO 

£ **H== j) *l[n)+ Ti *itn)- 

ii _ — f«.> n^. — rail fia-»C£» 

(d) Consider 

/ » fw? rW r(» 

x 7 [t)dl = j +2 / 

■ aa J-oo J-«j J<H 

Again, since x r ((] j„(i] is odd, 

f ef£)dt - 0. 

J -IB 

Therefore. 

fW r(X> rfll 

/ = / *;<!)* + / j 5 ,)*)-"- 

J - oo /-» J-w 
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1 . 35 . We nut to find tb* smallest *ucb that - 2 ** or Mv = kNf m where ^ » 

integer ir Na lias to be *a integpr, Ihen W must be a multiple of mfk and m/* must be an 
integer. This implns that m/fc b A divisor of both m and /V Abo, if wo iM the smallest 
possible * &1 then m/Jt should be the GCO of m and N. Therefore, Afo = Nf gcd(m, //). 

1 36. (•) If *H b periodic e^ n+ *> r - *^1 *here ^ = 2 */Tq. Tb* implfe* that 


I# 

—JVT = 2** 
To 


^ = Ji =i * rational number. 

To iV 


(b) If T/To - p/ff then ifo) - The fundamental Period is */*cd<J^> Jmd the 

fundamental frequency is 

= y^ d (P^) = 

(c> p/gcd(p, til periods of x(£) are needed- 
V .37, {» From the definition of ^{t), wc have 

= [ Jc(« + rMr^ T 

»/— «> 

= J ^(-t + r)a(T)dr 

* Ar.C-O 

(b) Note from pari (a) that - &*(-*) This implies that •* ™» Therefore, 

the odd part of $„{0 is zero, 

(c) Here, **,(0 = dj*{i ~ T) and ^(t) - 

1 3 S. (a) We know that afo( 2 t) = fa/sM- Therefore. 


lim 4i(21J — lim t^a/e^)' 

a~i5 a -*■> £ 


Tbit implies that 


W) “ 2-*(*)■ 


(b) The plots are a& shown in Figure SI . 38 . 
139 . We have 


Also. 


lim uM&(t) = Jim u a [ 0 )J(*) =0 

A-+U A—0 


Jim ua( 0 Jo (0 = =W* 

A-tQ ^ 



Therefore, 


3(f) 


j(d) ™ / u(rj£(£ — r)dr - f ufrjifi — T)dv, 

/-*> Jo 

[ 0, 1 < 0 

-l l t t > ft 

^ undefined for t m. 0 


tiEr)J(f -t) = 6{t -t) 


1 , 40 , (a) If a system is additive, then 

o-«(i)-x(()—m(i)-vM = o. 

Also, if a system is homogeneous, then 

0 = <M£) —* j(I)jO = 0, 

(b) y(f) — i 2 (f) is such a system. 

(c) No. For example, consider p(£) = j r(r)dr with *(£) ° 1 ). Then iff) = 0 

for f > 1, but y{£) ™ 1 for i > 1. 


1 . 41 . {a) v(n] =- 2 i[n) Therefore, tbe system is time inrarinnt. 

(b) y(n| = (2n - 1)*H This is not time-invariant because y[n - No! t ( 2n “ W £ b* V d] 
( C ) v (n] ^ ifn]n + <-!)" + i + C-ir -1 } - 2*W- Therefore, the intern is time inv^iant, 

1 A2 (a) Consider two systems Si and ^ eonnected in series. Assume that and *ttt) are 

tbe inputs to then yi(t) and are the outputs, respectively. Also, assume that 
if y,(£) ind !»(£) aro the inputs to $2, then c,(t) nud ^(l) arc the outputs. 

Since Si us Iioear> we may write 

on (c) Hr 6dtn (t) -^+ ayi (f) + 

where a and fe are constants. Since 5 i is also linear, we may wntc 

ay v (I) + hy 3 (f) (0 + bx 2 (t). 

We may therefore conclude that 

nri(£] +hr a (t). 

Therefore, the serifc; combitulioa of 5 i and is liuear- 
Since Sj is time invariant, we may write 


xdt-n) A V i(£-Td) 


and 




Therefore, 

£| (f - To) ^4 a ii(f-To). 

Therefore, the ecries combinaiion of S t and S? is time invariant. 

(b) Rise. Lot v(t) = 1(0 + 1 and ■=« - v (0 ~ \ TW ™^pond U,t^ 

.ystems- If thLW systems Wf ronn«ted in series, then e(t) - j (0 ..hirh h ■> 
svstern. 

(c) Let us n,ame the output of system 1 a* wfa] and the output of extern 2 as t\n\. Then. 

y [n\ =. a w[M 4 - i) + - 2] 


= ff[n] + ^In - I] + ^*\n - 2] 


The overall system is linear and time-invariant. 


143 , fa) We have 

i(t) ir(0 


Smce 5 is tune-kivwniiuit. 

Now, if i(t) ia periodic with period T t *(t) = x[t - T). Therefore, we may conclude 
that y{t) ~ p{t - T)- This implies that yff] is also periodic wkh period T. A similar 
argument may be made in discrete time, 

(b) 

1,44. (a) Assumption: If x(£) - 0 for t < fo, then y(<) = 0 for £ < t<j. To prove that- The system 
is causal 

Let us consider «t arbitrary signal *i(£). Let us consider another signal 13(f) which is 
the same sfc wi(f) for i < £&. Cut for f > Co. x-^t) 4 ^lf*) t3lp =yaL«m is linear, 

£ 1 (f) - ii(£) —* V 1 {£} (£) 

Since n(£) - if(£) * 0 for t < lb, hy our assumption j/i(i} Sft(i) “ 0 for t < to Tbift 
implies that y,{£) - ^(fj for l < I*. In other words, the output is not affected by input 
values for t > t 0 Therefore, the system is causal. 

Assumption - The system is causal. Tb prove thatr If ae(i) — G for I < fo. then 
S tit) - 0 for t < to 

Lot us assume that the sigaad i(£) ^Ofoti < t a . Then we may rap hks i(£j as 
x(f) = ii(£) - * 2 C£), where X|(l) as xjft) for i < fo. Since th* system is linear, the 
output to x{t) will be t/(() = yi(£) Now, since the system n CMittl, SdW - !^{f) 

for i < £0 impbes that jrt (0 = for ? < fo Therefore, y££) » 0 for £ < £ 0 . 

(b) Consider y (0 — =cft>*£r + 1 ). Now, a(i) = fJ for i < 4 implies that y(t) - 0 for £ < to 
Note that the system is nonlinear and non-cauaah 

(c) Consider y[t) = x(i) + 1 - This system is nonlinear and causal- This docs not satisfy 
the condition of part (a). 

(d) Assumption The system is invertible. Tb prove that; yftt] — 0 for at] n only if xjn| — 0 


for All n. 

Consider 

x[n] — 0 —► y[n\. 

Since the system is linear, 

2 x[n] =: 0 —i 2y[nl 


Since the input has not changed, in tbe two abovf equations, we require that y]n] " 
2 jffn|. This implies that jj(n] 0 - Since we have e^sumed tliat the system js invertible, 
only one inpul could have led to this particular output That input must be i|n] = 0 
Assumption. y|n] - C for ah n if x[rt] - 0 for all n. To prove that; The system b 
invertible. 

Suppose that 

—* ShM 

and 

—+ Vi H 
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Siocf the system b linear. 


ii[n] - x*l«] —* yiM " ¥i( n l = 0 

By the original **uunptiuB N we must conclude that *i[nj = *aH Tl,wt ]S > ^ P^ne- 
uUi Vl [n] can be produced by only one distinct input 31 H Therefore, the system * 

invertible. 

(e) y[n] “ x *i n \ 

1 45 (a) Consider 

si(l) -4+ Vi ( e ) 

and * , . 

*7(0 -^+ I/af*) = ^j( ( ) 

Now. nmaidur I,(() = «.(«> + Tl» corTBTW’dmg system output will hu 


= «SJj(0 + fryaW 

Therefore, S is lineai- 

Now, consider **(i) * ij (t - T). The corresponding system output will bo 


pn(i) - / + ^ 

J-M 

» H Xi {T-T)h{t + r)d* 
J-oe, 

= J^XiWhit + T + TWr 


Clearly. fi(t) ^ $h(t - T). Therefore, the system is not timymvariant 

The system is definitely not causal because the output at any time depends on future 
values of the input signal s(0* 

(b) The system will then be linear, lime invariant and uun-causa! 

1.43. The plots are as in Figure Sl-4fi. 

1 4T. [*) The overall spouse ol the system of Figure FM?(a) - {the response of the «•*- to 
jUl + Jiln]) - the response of the system to x^n] = {lUsponse of a Imear *****“ 
to i[n] + nH+ input rapoi^ of S) - (Response of a linear system L to X\[n}+ 
turn Input response of S) = (Response of a linear system L to x[n)). 


'i 

LI 
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U 
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Cei) 


{» 
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Figure 51.46 

. Ter*t 


V* 


I *a(r)h{i + r)ar 

3 1 


-flO ^ 

1 J r 

£ 

ij** I, (f )A(t + T)dT + bJ Xz(r)Ht + r)dx 

' 1 

1 J 




iM 


i_____ ] 

Figure SI.47 

(h) If x,[n] = 0 for all n, then sfi( rt ] will be the icrodnput respond jft|n]. S may then be 
redrawn aa shown in Figure Si .47. This is the same as Figure 1.48 
(c) (I) lncremttitaUy Unbar. 


*M ■ 

(ii) Incrementally linear. 


i i[n] + 2 z[ti + lj and Iwfri] - n 


« 


.-1 )/2 

E *w. 


i odd 


and 


, s f n/2. n even 

W) “ | ( ft _ i)/2, n odd. 

(iii) Not incrementally linear. Eg. chooso = 3- Then 

,1 f , _ J *N - x [ n - l]i 5 

v{nl - wE”! - | j| n ] _ x | n _ 1 | - ^ xjO] < 0. 


2a 


Still »».liDe»r «*.: If»,H - -<SW •"‘t -*M = th ™ «I“1 * ~* W + 

- 1} ^ 6 and pj(n] = -2%) + 2^[n - l] - 6 f 2yi[n]. 

(is ) Incrementally linear 

z[f) ,((} + tdx{t)/dt - l and ¥o(«) = 1 

(v) Incrementally linear 

x [n] —* % rtafimjTjti] and jtt[n] = cos’( 7 rn) 

(d) Lei zH 4 y[n] and ^ n ] K *[»]■ Then. y[n] - *{*) + *- For time invariance, we reonirc 
that when tlw; input is i[ti - no] t the output be 

yfn — Ttgj = j{n — rifij + ^ 


This implies that we reciuire 

ae[n - ti^] zfu — no) 

which in turn implies that I should be lime invariant. We also require that Itot*] - 
c -eonstAnt independent of rt. 


148. We have 


= rae** - r Q tvs $ 0 + ;>o ain ®o - *0 + JVn 


(a) z\ — id ” JWo 

(b) ij = V T r> +Vu 


(c) ej « -xf, - ;jm = 

(d) n ~ '-■xo ■+■ ilrt 





1.40. (*) Here, <■ - yTTl - 2. Alao, moff s 1/2, sin^ = v^/2- This implies that 0 - ir/3. 
Tbe«fo«, 1 +jV 3 = 2 e>^ 3 . 

(b) 

(c) 5V3e' s ^ < 

(d) 5 B l*-- , (Vl) = : 5 S jf»H-l 
(«) Se-J- 

(f> 

(g) 2 v^e" iS ’ /1> 

(h) r-> 3 ^ 

0) 

(j) v' 5 t ,ll ’ /il 

(fc) 

(1) ^e J " /5 

Plot depicting these paints is W shown in Figure SI 40 



(a) x = t c«0,y = rsio0 

(b) We have 

and 


r = yfT 2 + t/ J 






f¥l 


? and 0 + 2rwir (m ^ 


& is undefined if r * 0 and also irrelevanl. 8 is not unique since < 
integer) give the biiuv results. 

( c ) e and f + 7T have the same value of tangent. Wo only know that the complex number 
is either or aj = r^ fl+l) — -xi. 
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I SI. (m) Wf Live 


e** = eosQ 4- j sic (?. 


(Si Sl-1) 


ind 

= cut# - jsinfl. 

Summing eqs (Sl.51-1) and (SU1-2) « S»t 

(b) Subtracting eq< ($1-51-2) (£151-1) we get 

-*->*). 

( c ) We r cm have = e*Vf There fort, 

cqs( 0 4 <f>) + J sin(P 4- $) ■= 

+ j{sin <? Wfi ^ 4- COS 0 $in 


(SI 51-2) 


[S3 5L”3) 


Putting 0 ~ ^ in eq. (Sl.SJ-3), we get 

cos 20 = coa 2 & - sin 2 &. 


Pelting 6 = in cq, ($1.51*3). ^ get 

1 n cos’ & + sin, a 0- 

Adding ihe two above equations and simplifying 

cos a 0 = i(i + cos2S). 

(d) EqlUtiDg the ml F*r« in eq. (S1.&1-M with wpiments (( + *) md (« - 4) we %* 
coe (0 + £) = cca Geo* # - sin &eind 

and , _ . . 

«w(0-4) = eo$0c«tf + 3inG3in£. 

Subtracting the two above equations, we obtain 

sin 0sin * = “[cos(<? - ^) - ras(0 + *)]. 

{e) Equating imaginary parts in in eq. (51-51-3), wc get 

ain(0 ■¥ $) - «5n0 cos ^ + cue 0sin#. 


152. (*)** m - TC**r C ji = r 2 

(b) j/j* - re**r , e J# = 

(c) i + i* = x + jy + t - jy *= 2x = 27Ee(z} 

(d) * - z' * * + jy ~ x + jy = 2jy = 2Xm(z} 

(e) (*, + t 7 y = ((ii 4- sa) + ;(yi + Va))* = *1 - iVi + T a - it/3 =* ^ 

(f) Consider (aziJj)* for & > 0. 

£o*i 2 2 )' - (arir^ 9 ’*^)* « one -4*1*7- 

For a < 0, s = ]o|e* r . Therefore, 

(M,^r a (]a|r l ^" ,4 ^ + * , r “ lole'^^c-^rjo-^ =o=;^. 


(g) For l^l 4 0, 



ne~* , «; 
r 3 c“J** zj 


(h) FYom (c). we get 

K*i%) 

Using (g) nn this, we get 


slfeMt)'! 


"•shksmsnp^ 


1.53. (a) (**)• = (r*c™y = <P<r^ = e r_ ™ - **'- 

(b) I-et z 7 “ zi^ and = jjas- Then,. 

- za 4- ^3 = 27^e{aj} = 2^ef^i z 7 ) 
= i\ +z 4 = 2^^} ■= 27ie{z"z 3 ^ 

(c) \z\zs \t^\ *r =l«“> f i = |**| 

(H) [z^l ~ ]r T r Jff >l fl ' + ^| = |rir 2 [ - [r,||t^j = |s t ||^ 

(e) Since x = z + ip, |*t = ■/** + V 2 Ry the triangle inequality. 

7£e{*} = x <. \/t 2 + jr 3 - ]z| 

and ,__ 

Imfi) « V - lA* + P 3 = N 

(f> + zjzj| = |2K«(ziiS)i = |2j*ifs cos[3% - < 2r t ri = 2|ai*j|. 
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(g) Since f | > 0,r a > 0 and -1 < - ffj) < 1> 

= r?+f?-2r t rj 
< t] + r 2 + 2^ira «"(*! 

and ^ 

(lit| + I *?]) 7 - r^ + ^+^rz > 1=1 + **l 

j 54 (a) For n - 1, it fairly obviom that 

N-l 

Y .«’ = "■ 

n =0* 

For a ^ 1. we may write 

N-l ,V-t 

n=0 n=4 n^c 


(h] The dfflipf^ sum is 


Therefore, 


(b) For |a[ < 1, 


^ . !-<■" 
L a l-Q ' 


lira a K — 0. 

,V-»(K 


Therefore, from the result of the previous part. 


lim V [<* n - ^ a " =* YZTZ' 
* '*^0 ^0 1 “ 


(e) Different tat ing both sides of the result of part (b) wrt a . we got 

=&■) - sty 


(d) We may write 


1.55, £a) The desired suui i» 


= rr^ 


£>"“°*E o ' , * = rb forlal<1 ' 

n ■ . Jr n-0 


E^ = t: 


_ jwlQ/2 




-t +j. 


2 eW2 = , _^1 4 - j). 


(c) The desired sum is 


5>/5)'V rn/a - j _ (|y2)^/ 2 " 5 + ^5' 


(dj The da^irud sum ix 

Tnm"^ 1 = (i/2j 5 ^ 5/, f;(i/2>v" /J - -i ft + j? 

n—1 n=0 

(e) The desired sum is 

e™(*»/ 2)='”" /j - Jo+ j>+J o - j) = 

T)=0 *14=0 fl=0 

(f) The desired sum is 

V(i/*r ««(-»/*) = 

Zo T»i>0 »-o 

4 r 2 4 2 4 


10 + J 10 + 10 _J 10 5 


I.5C- (a) The desired integral is 


/>*< = T 

/d J 


fi ^7 

a/2 


(b) The desired integral i^ 

Jo 

(o) The desired integral is 

rft * 

/ = i-r 

J? j*/2 

(d) The desired integral is 


= (i/M*’ 1 *’ -1) = -=" 


= (i/iir]l« i *'-^n-=-T- 


f 

Jo 


e -(*+^d(a 


e -U+jK 


-a+j) 


I _ 1 j 

14; 2 
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(e) The desired integral « 


j < _J cosfO^ * j 




*“-T+7 1-J- *' 


(f) The desired integral is 


/as jT" 

j t -* l 3ln{Zt)dt = h 


C -P-3J)« _ ^-(2+b* 

ST 


l A -m + iaL.i 

2-3j 2 + 3j 13 
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Chapter 2 Answers 

a.i. (*} We know that 


|fi[«] — i|nj * ftfn} — A|Jej^[n - k ] (S2-I-1) 


The signals j[ti) and ftfn] ue as shown in Figure S2.1. 


*w 


q iTJT 


a. s- 

11 


hW 


*16 1 i *1 


Figure S2.1 


From this figure, we can easily see that the above convolution sum ieduces to 


This gives 


ViN = A[-IJrffi + I] 4 h[lji|fi - 1) 
=■ 2x[n + 1] +■ 2*jVi - 1] 


yi[ti) = + lj+ M[n\ + 2i[n - 1] + 2i[n - 2J - 3#i - -1] 


(b) We know that 


^[n.] - a?[n + 2J * ft[n] — fi[k]r[rt + 2 - t| 


Comparing with eq. (52.1-1). we see that 

va{nj = jn [n + 2} 

(c) Wc (nay rewrite eq. (S2.1-1) as 

DO 

yi H - i[n| r h[n] ~ ^ ifJeJhfn - k] 

i--W 

Similarly, we may write 

w 

Stefa] - *faj * A[rt 4- 2j = ^ jc[fcfa[n +1 - Jt) 

fc=-« 

Comparing this with eq. (32,1), wv sw that 

Ikfal ■ tfi[n + 2| 
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2.2. Using the given definition for tbe sigrial hfa]i we may wn» 

m*i= (^y 'init+s) 


I t,. »gnl M*j « non kto only in the rang. -3 < * < 9. From this « know thM the »P»I 
/.[-*] * non tew only in the range -9 < k < 3. If w. u W stuff the fcj-fc| bf # *» the 
right, then the resultant signal A|„ - k] will he non tern U. the range [n - 9) o f. < (,.+ 3). 
Therefore* 

>i = n — 9, & — ^ 

7 3, Let u& define the signals 

■iH = ^) U H 
fciN = ufa), 

*[n| = nfa - 2] and %] = hi\n + 2j 
y\n] ~ % fa] • Afa] - *i fa - 2j * h t fa + 2} 

" ^ *ilfc-ajhi [«-*+*] 

t-“«i 

fiy replacing k with th + 2 in the aiiovr summation, we obtain 
» 

j]P n(m)Ai[n - m) - =lfa] * M ft ) 

m<k "« 

Using the results of Example 2 1 in the text book, may write 


and 

We note that 

Now, 


2.4. We know that 


»M = s [ ! - (I)" ’] “l"l 

DO 

y|n! = *[tt] . h[n] = *WM» “ *1 


The signals xjrt] and y|nj are « shown in Fignre S2-4. From this figure, we see that the 

above summation redut^s to 

y[ n ] - ±[3]fi|n - 3] + l[t|Mn -*\ + 45]M" - S) + *f6]M« “ 6 I + I l 7 ] A [ n " 7 ' V * ® 5 

This gives 


y[n] 1 


n-6, 7 < ft < 11 

&, 12 < tj < 13 

24 - n. < n < 23 

Q n otherwise 



Figure S3 A 


2.5, The signal y[nj is 

S^n] n i|n] * A[nj = ^ - k] 

k^-vj 

In this rjyw, this summation reduces to 

9 9 

WN s J2 * 1*1* l" - *1 - J2 " *1 

k..n k=o 

Ftom this it i$ clear that y[n] is a summation of shifted replicas of Ain]. Sim* the last 
replica will begin at n = & and ft[n] is lero for n > N, ^(nj is zero for n > N + 9 Using 
this and the fact that y[l j lj — 0 t we uiay conclude that N can at mail be 4. Further more, 
since yf4] ~ 6 h we can conclude that h[n] has cd least fi uun ^io points. The only vaiue of 
N which satifies both these conditions is 4. 

2.fi, Ftom the given information, we have: 

„( n ] = T(nlafi[n]w V x|*|kjn - tj 

- f; dr‘u[-*-iN«-*-i) 

t=— aO 

= £(h‘«(n+k-I! 

it-l 4 

Replacing k by p - l , 

*HDjrMi+3i < S2 - 6l > 

r=c 

For n > 0 the above equation reduces to. 



1 l l 



I 
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For n < 0 eq (S2.tl) reduces to. 


P= -^ J 3 



{ y 3 ^ 

Therefore, 

f (3 n /2), « < 0 

W n l-\ (1/2), n >0 

2 .?. (n) Given that 

1 

_c_ 

a 

IF 

N 

we tw that 



y|n] = £ i[%[n - 2k] = g[n - 2 | = u|n - 2] - u(n - 6 ] 


(b) Giwn that 

i[n| = i{Tt “ 2], 

v, m Kve that 

y[n] " ^ alit]^[n - 2k] = g[n - 4] = u\n - 4) - u[n - S| 

fc = — so 

(c) The input to the system in part (b) is the same as the input in part (a) dnlu--! Iw 1 
to the right. If S is time invariant then the system output obtained in pari ;b‘ to 
the he the same as the system output obtained in part (a) shifted by I iu the right 
Ciealry, this is not the case. Therefore, the system is not LTI. 

£d) If *|ti} =■ ujn], then 


mi 

1 % % 



3.5 4^ K H 

Figure 52,7 


2 8- Using the convolution integral, 

jc(i) * Aft) - f“ x(t)A(£ - r)dr - f A[r)*(£ - r)dr. 

i-00 

Given that h{t) ^ ${£ + 2 ) + 2&(t + l), the above integral reduces to 
sift) t jf(£) « x(t -+ 2 ] -|- 2 x{£ + 1 ) 

The signals i(£ + 2] and 2x{t + I) are plotted in Figure $ 2 . 8 . 


xC+4-i) 




-1 -1 O 


Figure $2.3 

Using these plots, we can easily show that 


¥(*) = 


t + 3, - 2 <£<-l 

£ + 4, -1 < £ <0 

2 - 2 t, 0 < t < 1 

0 . otherwise 


2,9, Using the given definition for the signal A(£) t vc may write 


Sf[«l 


£ *l%l n - 2 fcj 

5Z^fn - 2 *1 

I. - 0 


The signal g[n - 2fe] ia plotted for 
that 



k = 0 , 1,2 in 

n — 0,1 
n > 1 
otherwise 


Figure 52.7. FYum this figure 
2 u(n]-%]-% 1 | 


it is clear 


h{r) = e^u(~r + 4) + e“^u(r - 5) 



r > 5 
f < 4 
4 < t < 3 


Therefore, 



t < -5 
T > —4 
-5 < r < -4 


If wc now shift the signal Af-?} by £ to the right, then the resultant signal A(£- t ) will fit 


r 

I 0 . 


T < f - 5 

r > 1 — 4 

ft - 5) < t < (t - 4) 
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Therefore, 

A - i 1 - 5, J? = t - 4, 

2 10 . From the given information, we may sketch j{t) M( i Aft) as shown in Figure $2.10 

fa) With the aid of the plots in Figure 52.10. we ran dhow that y(t) ■ *(t) * M*) id us 
shown in Figure S2.10, 


i 

*L*\ 


0 t 




± 


o ^ 


h &) 



Figure S3.10 


Therefore, the result of this convolution may be expressed u 


m 


o, 

-f-’ 


—oo < £ < 3 
3 < t < 5 

5 < t < DO 


(b) By differentiating a(i) with respect to time we get 


d*U) 


- 6(t - 3) - - 5} 


Therefore, 

9 W = . wo = ,-«-»„(( -3) -(-»-««{(-s) 

Ul 

(c) From the result of part {a), we may compute the derivative of y(i) to be 


dvW 

efi 


f 

\ (e- e - 


-ot> < f < 3 
3 < f < fi 
fi < t < oo 


This is exactly equal to g{t). Therefore, g{t) = 


Therefore, 


IftO 


t h 0 £t<a 

o, o ^ i < L 

I + q - i, | < £ < (1 + Uf) 

0 , otherwise 


(b) From the plot of p{l), it is dear that *£* has discontinuities at 0 , ft, I, and 1 + o If 
we want ^ to have only three discontinuities, then wc need to ensure that o = l. 

2.11 r fa) From the given information, we see that h(t) is non aero only fox 0 < * < «>■ Therefore 


y(t) ~ if£)*A(()= / AfrSr(£-r}dr 
J—QO 

m — t - 3) - v[t - r - 5 }}dr 


We can easily show that («(£ - t - 3) - u(t - r - 5)) is non zero only m the range 
(t 5) < r < (t — 3), Therefore, For i ^ 3, the above integral evaluates to zero. For 
3 < £ < the above integral is 



i - e-^~ 3 > 
3 


For t > the inU^ral is 



fj - e -*)<r^ 

3 


2 . 12 . The signal yfi) may be written as 

- .. ■ + 6) + + 3} + e“ J Tifl) + tT< i-3 >u(£ *- 3) + e - fi ) + 

Jn the range 0 < £ < 3 r we may write y{f} as 

y(£) = + + C) + *-C |+ «ttf£ + 3) + 

- e" e {l+e * + t 6 + ■) 


Therefore, A = 

2 13. (a) We require that 

(iya[ni-A(iy n ' il *i«-i}-*w 

Putting n — 1 and solving for A gives A = 5 . 
fb) Ffcnm part (a), we kuow that 

A[n| — 1 ] = £[ti! 

Af«J ♦ - ^[n - 1]) = &\n] 

From the definition of an inverse system, wu may argue that 

sM =in - ^i" - *i- 
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It) True. Consider 


i 4. (a) W-r fim determine if hj(t) ta absolutely iutegrabfe as fclk^n 

y^|fc,(>-)|<iT = jf” e -'iT=l 

Therefore, Ai(t) is the impulse l e&pcriM of a stable LTl system. 
(fc> W* determine if A?{t) is absolutely mtegrable as fallows 

/“ - £V'|«*(2l)|d7 


This integral in clearly finite-valued because e _t | Cfts(2*)| is an exponentially drying 
function in the range 0 < t < 00 , Therefore, h?(t) is the impulse response of a stable 
LTI system. 


1$. (a) We determine if h,fii] it absolutely suuunable as follows 

*=-» t=t> 

This sum docs not haw a finite value because the Function Jb| rxas( 4 *JJ increases as the 
value of h increases Therefore. 4|{n| cannot be the impulse response of a stable LTI 
system. 

(b) We determine if A a |n] is absolutely summ&ble as follows 

£ M*)l = £ S**3"/2 

A 1 = - Lkj is-^od 

Therefore. h 2 [n| is the impulse response of a stable LTI system 


lfi. (a) True. This may be easily argued by noting that convolution may h*- vu-w-d a* the 
process of carrying out the superposition of a number of echos of h{n]. iu>i ^uh 
echo will occur at the location of the first non aero sample of xfnj. In -hi* < v* he 
fifst echo wall occur at AV Tire echo of h[nj which occurs at n = A' s will liavi its hrst 
non buio ramplc at the time torntkm A| + A 3 . Therefore, for all values: of n which arc 
lesser that N ( -h Aj, the output y[nj is tern. 

(h) False Consider 

vH ~ *W • A H 

" S *WM rt " *) 


From this, 

v [ n - lj » - 1 " A ) 

*=?-« 

= i(n| • h|n - 1] 

This shows that the given abatement a £ahe. 


y{i) * T[t) * h{t) = j(T)M«-r}dr. 

J -go 

From this. 


Srf-*) - p x{T)h{-i - r)dr 

~ J jBC-r)h{-( + r)dr 

- ) 

This shows that the given statement is true. 

(d) True. This may be argued by considering 

yftj «= x(t) * h{t) = px(r)h{t - r)dT. 

J '-w 

In Figure 32,16, we plot x(r) and hfi — r) under the assumptions that (I) jt(i) - 0 
for ( > Tj and (2) h(i} = 0 for t > 2 j h Clearly, the product - r) is zero if 


*(T) kC*-Tj 



Figure SZ.lfl 

t Ti>T\. Therefore, y(l) = 0 for t > Tj +- T 3 . 

(a) We know that y(i) is the sum of the particular and homogeneous solutions to the 
given differential equation, We first determine the particular solution y,(t) by using 
(hf nvctW specified in Example 2-M Since we are given that the input is ±(t) s 
e [ + for t > 0 , we hypothesise that for t > 0 

y p (t) - 

Substituting for s(l) and y(i) in the given differential equation. 

(-1 + 3 j)Kt^ i+ W + 41 r e M+siK te e t-i+3i)c 
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This gives 


Therein e, 


C-l+3j)jr + 4Jf «! t =*K = 


l 


3fl + i) 


*{<> ■ 


1 


03 


3(1 +j) 

In order to determine the homogeneous solution, wt hypothesize that 

If* (0 - A**' 

Since the homogeneous solu Clou has to satisfy the following differential equation 


wc obtain 

Axe** + 4Ae> 1 - Ae ai (s 4 4) - 0. 

This implies that j - —4 for any A The overall solution to the differcntiaJ equaticm 
now becomes 

= + (>0 

Now in order to determine the constant .4, we use the fact that the system Aiuisfies the 
condition of initial rest. Given, that y{0) bO, we may conclude that 

A * 3(1+7) “° - A = 5(1+7) 

Therefore for t > 0, 

^-sir<>o 

Since the system satisfies the condition of initial rest, p(f) = |) for it < U Therefor*. 

v(t) - [-»■" + « ( |) 

fb) The output will now he the r«d part of the answer obtained in part (a) 
y (0 = - [e' [ oos3t -f e“ r sia3f - e“ w ] u(i). 


1 Causal, p[n] 

- 0 for n < |. Now, 

m 

= |v[ 0 ] + x[l |=0 + l= l 

m 

= ^l)+x( 2 j»|+ff=i 

m 

- j*W + *PI = 55 + °“ 55 

I'M 

- 


Therefore, 

2 19, (a) Consider the difference equation relating jr[n] and ur[n) for 5 j; 

yfnj = ayfti - 1) + ffuijnj 

FVom this we may write 

®>W = ^irfn] - |lrfn - 1 J 
and 

H"-J) = g!/[n-l)-2y| n -2j 

Weighting the previous equation by 1/2 and subtracting from the one before, wr obtain 
wl") - ju-lr. - I) - i„|„] _ |„|„ - ,] - L y{n . j, + ^ v[n . it 
Substituting this in the difference equation relating urfnj and xjnj for S\, 

0*1*} “ pV\n - 1] - ^y[n - 1] + ^yfn - 2j a xfnj 

That is, 

Vl n ) = (« + “ foi" - 11 - | it\n - 2} + 0*[nj 
Cumparmg with the given equation relating yfqj and j(r], we obtain 

«-j. f>=i 
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(h) Thr difference equations rcUtin| the input and output of the systems 5, And 5v *r* 

twjfi] = itufn - l] + sjn] ir(n) = - I] + 

FVqui the®*. it can use the method sped fed in Example 2-Ih to show I bat thu impulse 
responses of S\ and art 


and 


M n 3 = ^) «f n ) 

M"J “ (i) 


respectively. The overall impulse response of the system made up of a cascade of S t aud 

$2 will be 

« 

h[n] = Aj[n| * Aa[n] = ^ AifJtJ^jfn - fc| 
fc>-oa 

= Dlj'iJrv-*) 




i*a ***e 

P(J) n -(j)>H 


!20 (a) 


<b> 


r. 


uo{f)cucf(Od^ =» / £(i)dl = 1 


/: 


J t;in{2x<)^ + 3)df = sinfC* J - 0 
(c) In order to evaluate the integral 

J u\{l — t ) cos(2x7 JdVi, 


consider the signal 

We know that 


j(f) = c«(2jrf)M* + h) - u{l - 5)). 

e J \n{t - r)acfr)dr 

- j ti](t - r)eos{2irr)dr 


dr(i)1 / s 

" ^)cw (2ar)dr 

which is the desired mtepal. We now evaluate the value of the inte^raE > 

da(0J 


* Li 


: = 0 


fa) The desired convolution is 



(b) F^uin (a), 

= 


c 

d 

II 

IT 

a 

(c) Fur n < (S, 

y[nj = 4" 

For n > 6, 

y[n\ - 4 r ‘ 

Therefore. 

vM = { 


ir 


r ^ +1 -o ntl 
1 0-<* 


]u[n] for o # 0 


n] = (n + l)o n u[n} 


(%m-W)*4 n < ri<S 

(B/B)(~I/2)", n>6 

(d) The desired convolution in 

y|n] - x(Jt]A[n - *) 

ta-» 

“ *MM"] + *toM* - 1] + r[2]A| n - 2} +s[3|A[n - 3] + x[4]Afn - 4] 

= - 1J + h[n - 2j + A[ti - 3j + Ajn - 4J. 

This is as shown m Figure S2.21. 


r 

.■ft 

Y 

■ 

I . . T | 

* f 

1 


..'1 . 


IlHlI 

1L 

Mj... 


U) The desired convolution is 


ip 

Figure 52,21 


2.22. (a) The desired convolution is 


m 


( “T)dr 

J-oa 

J'c-o'e-W^dr, t > Q 


Then 


tfto 


' tf-e 


u(i) o / 0 
« = 0 


{h) The desired convolution is 

Vi*) - P *{*Mt - r)dr 


J Aft - -r)dT - j ft[r - r)dr. 


This may be written i 


*0 = 


Therefore, 


y(t) 


/V'- r fcr - I***-**, 

t < l 

?J 2 f S 


j o«t*-v) rfT _ j ^t-ri dr 

1 < t s 3 

■ft-1 J 2 

-j <X‘-’ldT, 

3 < i < 6 

0, 

6 < t 

(l/JJle’ 1 - Je ,(l " s) + e’ 1 '- 11 !, 

^<1 

(l/S)!* 1 + e*t'-S) -!««<-«), 

I < t < 3 


3 <i <G 

D. 

6 < t 


This gives us 


Vi*) 


lKO = r z(r)A{t - rjdr 

J-s» 

= J sm|>T)A(t — rjdr. 

1 0, t < 1 

(2/jr){l “ eoGfirft 1)}), 1 < ( < 

(2/ir)[cos{F(t — a)} — lj. 3 < f < 

0, 5< t 


fd) Lot 


Now, 


MO* MO-5^-3), 


MO 


■v 


4/3, 0 < t % 1 

otherwise 


y{t} = h[t) . x(t) » {hid) • x(t)J* ixfi - 2), 

We have 

*1 to * *(0 = J ^ 4- *)dx = ^af 3 - ’oft - 1 f + bl - tfi - J )l 

Therefore, 

yW - 5^"’ -1°(< - 0* + M- l>(t- 1)1“ i(a(i -u+4| = a< + A = *(() 
(e) xft) periodic impli** yft) periodic . r determine l period only. Wu have 

I f \t-T-l)dr+ f 11 - t + r)dr = | - f 3 , < t < l 

r'i P 

j t ~ * + *)** + J^it- 1 - T)dt = t 7 - 3t + 7/4, | f < j 

The period of y(l> is 2. 

2.23 pft) is sketched in Figure S2.23 for the different vnlues of T. 

2,24. (a) We are given th*i A^In] = d(n] + 6{n ~ l]. Therefore. 

hAn] - Aaln] * djn| 4 2Jfn - lj + £(n - 2) 
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Now. tbe desired convolution is 


\ / 

**’ Si 

\ A- ...A/ 

i ^ 

WA 

-» -* - J 

-VAy 

■ -1 \ ° 

j * 3 ^ + -j -i -1 c 

r z 3 It -t 

SO) Jli 

lAf-- 

ii i * - < B 

' * ^ 


Figure S2>23 


y\n] w h\n\ * x[n\ 

* Y a/ar^iw*™^ - *+31+J>/3)*o/4r - M" - ^ + 3 } 
*=-(» *=* 

= 1/3)* (i/4r +t M« + * + 4J + £(l/3)*(l/4f-*u[n - * 4 3| 

A =0 *“0 

By cuasidei each summation in the above equation separately, we may show that 


( (i/4ni/n) + -3U/4r + 


n < -4 

it* — —4 . 

3f256Kl/3V\ n > -3 


{b) Now consider the convolution 

yi[n]=fa/3r^])*in/4r«in+3ii- 


h[n] = hi|rtl • [hg[n] * fti[ n l)i 

= ft.i[«] + 2 fci|« - 1 ] - 2J- 


h[0] = Aj[G] 


h,[0] = 1 , 

Ml] = hi[l] + 2 A, [01 

=t 

i.,|l) = 3. 

M2] - Ai(2] + 2Mjl) + M[0] 


AxISj - 3, 

A[3] wAj[3l+2b t [2j + AilV3 

*» 

Sr 

11 

K> 

ft (4] = M(4| + 2hM + hi [%]. 


*li4) = 1 

/i[3j “ h\ (5] + 2hi[4] 4- Ai(3] 


fufsj - 0 , 


hi[u] - 0 for n < 0 and n > 3, 


(b) In this tasc, 


pin] = M n l * M n l — MM — A[n “ lj’ 


2 , 2 &, (a) We may write r| Tl l as 



We may show that 



0 , 

—3(l/4) n + 3(256) (1/3)° . 


n < —3 
n > — 3 


Also, consider the convolution 

WM = [<3)“«[-fl - 1]) • |[l/4)*4" + 3]) ■ 


We may show that 



(l2*/il)3 n . 


n < “4 
n > —3 


Clearly, yi\n] + yjfn] = y(n] obtained in the previous part. 


2.26. <a) We have 


•*=[*) 


Y s tl fc I**l n “ *1 


= £>5)*u[f 1 + 3-4 


Tliis evaluates to 


Vi[n} = ii [n] •* 



a {i - (i/®)”*}. 

D. 


n > “3 
otherwise 
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(b) Now, 


Thrrefore, 


1 2 

*w» j 


v [n] - ia{n) * ptfal = Vi[ n J ~~ Jfi! 11 “ ^ 

2{1 - (1 m*^)+2{l - (l/2) n+J *} * mr*\ " ^ 2 


o = ~3 
otherwise 


Therefore, yin) = (l/2) n+ *v[n + 3). 

jaH *■ ®aW * *»H = + 3 J - + 2 1 =* [" * 3 1 

(d) from the result of part (c), we get 

y [n] = jftln] * 2 i(n] = sci(n + 3] = (l/2) n+ M n + 


2 27. The proof is as follows. 


a, = /Am* 

_ f~ r x(j)h{t - r)d7dt 

J -Qq J -ffj 

/ « jTW 

£(r) / h(* - r)drdr 

-Gii -r -« 

/ z{T)Aftdr 
J -« 


- A r A ft 

2 28. (a) Causal UtauK fc[n] - 0 for n < 0. Stable berau* £(&)" - S/4 < «- 

]V =.0 

» 

(b) Not causal because A[ n ] ^ 0 for n < 0. Stable because ^ (O.B) — 6 < 00 

' fiE-a 

0 

(c) Anti-causal because %) - 0 for « > 0 Unstable because Y IW =* 00 


(d) Not causal becau^ A[nJ f Ufor o < 0 Stahlo because Y ^ < 00 

{*) Causal hecause ^(ti) = 0 for n < G. Unstable because the aecond term become i 

4S n -+M. w 

(f) Not causal because h[n) * 0 for n < 0. Stable because Y l h t n 31 = 305/3 < W 


( 5 ) Causal because h[n] * 0 for n c 0 Stable because Y, E^MI - l < 00 . 

fls-« 

2 29. (a) Causal because h(t) = 0 for t < 0. Stable because j * ]A(l)(df - c~*f4 < 00 . 

ran 

(b) Not causal because h{t) ^ 0 for t < 0. Unstable because j |h(£)j = to. 

too 

(c) Not causal because / U for t < 0. a Stable because / |h(£}|d£ » c t(W /2 < 00 , 

j-fc 

(d) Not causal because h{t) ^ 0 for t < 0. Stable because / |h(t)ldi = e~*/2 < 00 . 

J -00 

(e) Not causal herAuae Afi) ^ 0 for i < 0 . Stable because j |li(()|dt — 1/3 < 00 . 

(f) Causal because fe(t) = 0 for i < 0 Stable because ( |h(i)|ift ml<oo. 

(g) Causal because /t(£) - 0 for * < 0 Unstable because ( |h(f)|df = w. 

J -as 

2 30 + We need to find the output of the system when the Input is zfn] - &[n\. Since we are asked 
if] a.^ Lime initial rest, we may conclude that y[nj = 0 for n < 0 Now, 

rfnj = x[n] - 2i/[u - I}. 

Therefore, 

y[0] - j(0] - 2y[-l] = l, y[IJ * i|l] - 2y\Q] = - 2 , y[2) = ?( 2 ] + 2^(2) = ^4 

and so on. In closed form, 

S,hi =(-!)“«!"]. 

Thin is the impulse retpOBM of the system 

2.31. Initial rest implies that y[vi] = G for n < -2. Now 

p[n.) = s(rt] + 2 i[n — 2 ] — 2 y[n. — 1 J. 

Therefore, 

k|- 21 = 1, irS-lJ = 0, v[0] = 5, 1 

vHI - ss.kJsi = -no, V W = -iio(-2)’' s fom > &. 

2.32. (a) If = A(1/2V\ then we need to verify 




Clearly this is true. 


47 













(b) Wf now rftjuirt thju for rt > CP 


Therefore,, B = —2. 

M Rom «, {P2.3M), know that rf0] = I|0| + {lfm _ n _ m _ , Nijv wr a|w 

vfo] = A + B ^ a = I - B = 3. 

2 33- (*) (i) Frorrt Example 2*14, w* know tiiit 




(t). 


(B) m solve this -tong the lines of Example 2.14. Firm «, unle that a ,, (he 


, - --i-iran assume tn 

form Ae tor f > U. Then using * 5 . (P2.J3 I), wt gut for ( > 0 


+2Kt* = e 7t 




Zzi:zr h ?i’L= hr ‘ >0 ^ - - *-*-» 


SafO = A'™. 


Therefore, 


Vi(Q = ^' 2 ' + for t > 0 

1 


Aai “™ lns W,W rtsl ’ ’* ™ “"dude Hat m(l) = 0 fo, i < 0 . Themfor- 


Tbftfl, 


W(0) = 0 = A + - =* .4^-1 

'1 4 


wW = [-i«» + I e ^] urt ). 


" Q ' J '“ (0+ **■«- A »™ *-p—»—- 


IV M - -PTick^ + 

tor £ > 0 Using «, (P2.33*i) p we get 


3K,ac* -f 2Af 2 /f< 1( + + 2Kj0^ ^ a 3 ' + pgfr 

Equflim^ the coefficient* of e 3t aiiU e 3 * on both sides, we gpi 


^ and A ' 7 » I. 
5 4 


Vc * ^POtbcwi^ tfou i*(*> t X e ’* w ^ 


W{t} = ~oe* + Ipc? + ^^-3* 


tor I > 0. Assuming initial rest, 

in(Q) = OmA+*/z + 0/ A => + ^ 

Therefore* 

CkarPy, = <^( 1 ] + 


w * ,w “ d « w * ** -» - «• <« »*>-« 


tfyt {tj 

T" + 2Vs(0 = r l V. W = 0 tor i < *, 


£ ctZ^TCtT IlW " Dd “■“>■ - «r - «*«) - «. 


o!^>(f) 

“ST" + 2w(<) = **W. »(() = 0 for ( < 1 , 


SaJme cq (S2 33.1) by a ond (S2.33 2) by 0 Md B „mmi nS . wc gc[ 


(S 2 


jf {o»l(l) + PMt)) + 2 (oy,(() v fe(()} = «,(,) + 


Vi (0 + Ite(t) ^0 for t < mm{£ t *<j). 

th : °" tput - w(t >=•»«+*#) »k™ th. 
timeuntU ^ »(4 ^ 0 for f < fo, whn« fo dmot 

(h) (i) Usbg the result of (a-u), ,u ay wrju . 


W (i)» p_ tf -a ju(0 


(ii) We aolvYc this aJgag the lines of Example 2 14 FW ,u, i.i 

frirm Jl'VaSO-r] r ^ ^ £1 * 1 ' r ir5t assume that y„ £| ls i 

form h J tor £ > T Tk u UB in^ e^ (P 2 . 33 - 1 ), ^ get for I > T 


+ zkcW-Ti ^ e ai 


K - 

4 




We now kDow Him ^ {t j M for t > T We ^ hjpoth^ tbe bo™e- 

oeous solution to he of the form 

1 *W ■= Ae *. 

Therefore. 

asfr) = Ac* + Eji'-Ti fy It>T 
4 

Assuming initial re*t, wr can woclude that ^{t) ^ 0 tor r < T, Therefore, 


Then, 


te(T} = Q= At~ rr +¥. ^ 

4 4 

n<0 - u(f - T). 


Clearly, j^ff) = jf|(t - T). 

(m) Consider the inpuloutpnt pair *,(() -t v ,(() where x,[t) = 0 for ( < fo Note that 
dpi (£1 

+ 2 Vi( f ) — vi (t) tm Q t to r t < f & , 

S.mre the derivative is a tirnu-invariant operation, wu may now write 
dU L ft - T) 

+ 2 yt(i-r)* i t ((-TJ f viW=G. for f < la. 

Thifo sfuggests that if the input ia a signal of the form x^i) SI| ( C . thcu thj s 
outpot ts s Signel of U« fortn W («) - »« — T). Abo. lie ehl tt. 

s < ^ r ' Thts 6 U PP° rL ' tift^invariance since *^f) i* j^ TO 

for t fo + T. Therefore, we may conclude that the system is time-invariant. 

34. (a) Consider x, [4) -£» ,,(() „ d x l( t) i fc (,). We know that „,(!} = »(!) w | Now 

oZliw ,f.' nPUl ^ ll ' CSy ' lem Which “*>(»> - *I«)+I,(t>. Ut therorrotpondinK 
output be »(t) Now. note that »<J) - 1 ^ Jud) + b( „. Therefore, the system is 
not linear. A specific eta®pic follows. - 

Consider an tnpnt sjgna] a,(t) = n s 'u(0 Ron. Problem 2 33 (a-ii). we know that 
the r,orre5ponding output for t > 0 is 

Bt( 0 - ;«”+Ae-f 

4 

Usinj; the fact that vt(l) > I, we get for ( > 0 

»tW-je a ‘+(l-|)e- a h - , ) 1 

Now, consider a second signal Ij( t) - 0 . Then, the corresponding output t> 
n(l) - Be- 1 ' 
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foe < > 0 Urin* the foct thu „(]) = 1 , we grt for i s 0 

tB(t)=e- 1 ( , -« 

=£K^-«i-«r.-ar:?:i= 

- «■ - v. m 


F,(0 = je” + (l - j) e-%‘-'K 


Now, insider an input sign*, of the form e a (t) = , l(I _ T) = e W-T, u(t _ Tj 

I tt (t)=ln>l‘-Tl +Ar „ 

Using the fact that pyf]) = 1 and afoo amumrng that T < ],, we get for I > y 
»(<) « je 1 t‘- I 7 + j 

fc . l°~ ! 0lC ; “T^ -T) for t > r. Therefore, the sysfom is not time invn 

fc) Ip order to show that thp svst^m i» , >, , r 

specified « p(i) = i, we l w , ^ tlw «« 

condition specified as y(i) - o. 1 * “ lincar wilh ios 

thaf; r ,,“ :;tr p “ •*« “* ■** -—-«. »«.**-« ^«. 


- + *vm « n(£), vr(!) = a f$ 2 -: 


^n(t) 

^T' 

coirnirr ^ - w Md - w - ™ ^ -«-• - <w ^ 

dpjff) 

— + 2 J*M a ‘**tO. ted)-0. CS2,3 

S«lmg «,. (S3 34-1) by « and ^ (S2.34-2) hy 0 a n d ^ g €t 

dl ^ M + + 2 Wj W + ^(t)) * ft3:i (,j + 

and 

WU] + » 0 v 

-sasssriaKa-. 
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(d) In the previous part, «e showed that the system a linear wbaa y(l) - 0, Iel order to 
show that the systrm is not tiowspvajriant., consider nn input of tlrt for mu (I) = e 21 ^). 
Ft am part (*J. we know that the corresponding output will be 

pi(<) = je 3l + Ae^'- 

Using the fact that y t (l) = 0, we gn for £ > 0 

yi{t) ^ J* 11 - i c -a(t- 2 ) 

Now consider an input Of the form x 2 [t) - xi(£ - 1/2). Note that jeU) = 0, Clearly, 
Sfc(I) ? - 1/2) - (l/4)(e - f). Therefore. »((> ^ y : {£ - 1/2) for all J. This 

implies that the system is not time invariant, 

(cj A proof which is wry similar to the proof for linearity used in part (c) may be used 
here. We may show that (be system a not tune invariant by using the method outJrntsd 
in part (d). 

2 3S. (a) Since the system is linear, the response y,(£) = 0 for all t 

(b) Now let us find the output j^(t) when the input is 13 ft). The particular solution is of 
the form 

vp{t) = n t>-l 

Substituting in eq. [P2.33-1), we get 

2 Y - 1. 

Now, including the homogeneous solution which is of the form ya(i) = Ae“ j£ * we get 
the overall solution. 

to(0 = Ac" 31 + |, £ > -I. 

Since y( 0 ) = 0 . we get 

!&(<) «-!*“* +(>“1- (S2,35-U 

For t < — 1 , we note that i 2 {£) = 0- Thus the particular solution is iero in this range 

and 


jftf£} = Be-* i<- 1. 


(52 35-2) 


Since ihe two pieces of the solution for in oq&. (S2-35-1) and (52.35*2) must march 
ai t « -L, we can determine B from the equation 


which yields 


1 

2 


- it 2 - Be 2 


vjW - Q - e -^+i), t < _i. 


S3 


Now note that ifoce *i(t) = xy(t) for i < -1, H must be true Lh«i tor a cau&al system 
Vi (*) - Vt(*) tor £ < -*L However the results of parts (a) and i [b) show that this is not 
true Therefore„ the system is unt carnal. 

2-36. (*) Consider art input sudi that xt{nj = 0 for n < nj. The corresponding output will 
be 

Sfl ["] m r(fi[n - 1] + *il n ], pi [n) = 0 for n < rt] 

(32,36-1) 

Abo h consider another input x 3 [n) such that xa[n| = 0 for n < nj. The corresponding 
output will be 

y*H - ^yj[n - 1] + jejH, pafn] * Q for n < n 3 . 

* (52 36-2) 

Scaling eq,. (52.36-1| by o and eq. (52.36-2) by 0 and summing, we get 
ctyiN +iJjn[n] = |yiln - ij + |pif« - 1) + art[n) + tfxsfn]. 

By inspection, it is clear that the output U y 3 (n] = + 0pa[n] when the input is 

*3[**] *- a*iIfl] + /iTj[n] Furthermore, pi(l) = 0 = yi(l} + tttO)- Therefore, the system 
is Lae«. 

(b) Let us consider two inputs 

xi(n) = t) N for all ti, 

and 



Since the system is linear, the response to r^n] is y,[n] = 0 for all n. Now let m find 
the output p 3 [n| when the input is x 3 [n]. Since v?fO] = 0, 

mil) ^-(1/3)0+ 0 * 0 * »| 2 ]=* [l/ 2 }D + 0 =G t 

Therefore, y^nj - 0 for n > 0 Now, for n < 0, note that 

Vtf0]-Cl/2)W[-Il + *IS>1. 

Therefora, - -2. Proceeding similarly, wc get pjf-2] = -4, ViJ-^l = - 8 , and 

jk> on. Therefore, = -(l/2) n ti[-n - lj. 

Now note that since s JnJ = £ 2 [nl for n < 0, it must be true that for a causal system 
PiH * SfthI for n < 0 However, the results obUiued above chow that this is not true. 
Therefore, the system is not causal. 
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2 37 Lei us consider two inputs 


*i(Cj ~ 0, for all £ 


and 

X 2 (r) = e*[y(£) -uft - 1)J, 
hince the aysiem Ls linear, the response vi(0 = 0 for all t, 

Now M us find the output when the input is x^t) The particular solution is of 
the form 

S bit) - W, Dc(< 1. 

Substituting jo eq, (F2.33-1), wc gel 


3Y - L 


Now, including the homogenmufl soluiion which is of the form, - At~ 7 \ we get the 
overall solution' 

w(£) - Ac 21 + 0 < t < 1. 

Assuming final rest, wr have y(l) *= 0. Using this we gut A * -e s /3 Therefore, 

¥a(*) « ^3 e " a ** S + G<t<l (S2.3T- 1> 

For I < 0, we note that xjf £) = Q, Thus the particular so Union b sero in this range and 

vr(0 = Be- 21 , t< 0. (S2-37-2) 

Since the two pieces of the solution for Kjf£) in eqs. (52,37*1) and fS 2 , 37 ^ 2 ) must match at 
£ ^ 0, wc can dciermine B from the equation 


which yields 

"W-G-K)'-” ie °- 

Now note tiiat since X|(£) a x 3 {() for t < 0, it must be true that fur a causal system 
Pi(l) — Vs(^) fo f 1 < 0 However, the results of obi&med above show that this us mol true. 
Therefore, the system is not causal, 

2.3S. 'J’he block diagrams are as shown in Figure S2.3S. 

2.33. Tlie block diagrams arc as shown m Figure 52.39. 

2,40. («) Nuto that 

!£(*) ” [ e -( ^ 7) i(r - 2)dr = f 
J-U? j 00 

Therefore. 

h{£) - 2). 



Figure S2.39 


(b) We have 




j MT)t[£ - T)dr 

7-® 

e-f T “ a l [u(£ - r + J) - u(£ - t - 2) 


h{r) and j(£ - t) are as tHowtl in the figure below. 
Using this figure, we may write 


vU) - 


Op 

rf+3 

/ e-f~ 2 W 

<r^Vdf 


L 


-1 _ e -ii-n 


t < J 
1 < £ < 4 

I > 4 


2-41. (a) W* may write 


gjn| w K [nJ — crijn - 1] 

* ^ lj 

= &H 
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Therefore, 


(b) N«t« ih« »[n] - x[n]. (i[n) - - ]|) Therefore, from i«n (»). we know tbw 

x|n| ■ {f|n] - Q«|n - I]] - i(n). Using this we Buy write 

sjn] * {d(n — I] — o5[rt - 2}) m J[n - ij. 

x[n] * {£[n + 1| - nt[n]} = % + 11, 
x\n], {% + 2j -<*&[* + 1]} " 6\n + 2Y 


Mow note that 


x[n] * /i|t*] - 4d[n + 2] + 2A\n + 1] + 6[n] ■+ -6\n - 1]. 


Therefore, 


x[n] * A[n] = 4j[n] * [&[n + 2\ - <*t[ri + \]} 

+ 2x[n] * {£[* + l]-«a[n]} 

-+- i|n] * (£[n) “ - l]} 

This inay be written fu 

x\n] * A[n) = x[n] * <4^1^ + 2] - 4a&{n + i]> 2% + L 3 

— 2fti[nj + - aJ{rt — 11 


Therefore t 


2.42. We have 


h[n] =s 4S [n + 21 + (2 - 4a)% i 1| + U - ^[n) 

+ (1/2 - i*)£[n - 11 - (1/2)% - 2\ 

irf() = *<!>. MO = 


m 


m f e - ^ lflT {ir = — S4»(ii^>/2)i 

J-H* 


(a) ITufl = 2*.th*n v(0) = 0 

(b) Clearly, our answer to part (a) La not unique, Any wo = 2**. k £ J and k / 0 will 

suificc- 


2.43. (a) We first have 


Also. 


{f(0 * h(OI • ff(*3 = J j £( r ) h W - T )s(* - <r')d7do' 

= ( I x{7)h(a)g{t - a - T)drda 

O oo 

set* - tf'JAMrt*' - r)<to'tiT 

-<OQ 

= J J s(<t)A[t)j(£ “ t - v)drdo 

- F” I x{r)h{a)g[t - <r - rjdfdfo 


The equality is proved 
(b)(i) We first have 


Mow, 

(ii) We first have 

Now* 


«M - -W*.W = t (4)* = I f 1 - <-|H u! " ! - 

IriD ^ 1 J 

j/jn] = wirt] * As[n] - (n + 

»[**] ^ /A t[«] *m*i = Y + ~ 

t-0 V * *“0 


v(nj = u[nl * ^|n] — tijnl * ufrc] = (« + J )u[n]. 
The sacoe result vk>*s abtained in both parts (i} and (ii). 

(c) Note that 

x{n\ - (h?{nj * hiln]) - (rln| * haH) * A||r]. 

Also note that 

x\ti] • Aj[n] = or n ufrtJ -- Q n ti[fi ~ l\ = <*!"], 

Therefore, 

i[n] * hi {n] * k j [nj — ^[fi| * sin fin; — a i n 8n 


I -14 ja) We bavr 


![i) . h(t) = - *)*■ ” r ^) h(t - r)d7 

J-VQ J-Ti 


Nate I hit A(-r) - 0 for W > T,. Therefor*. h{t-r) - 0 for t >t+Tr *o4t<~T 3 +1. 
Therefore, the above integral evaluate to aero either H T\ < 2j + t or 1? + C i 
This implies that the convolution integral is zero if t>\Tx+ T 7 \. 

(b) 0) Wc have ^ 

V[n] = A|"] * ^[n| = Y “ ^3 

*»wo 

Note that ret-*] ^ U for -ft < « < -#>■ TUetefore. *[“*+»]^ " jV = 

< „JV 3 + n ciearly h the convolution sum is not a«o if -JV a + u < A] ana 
+ n > Nq. Therefore, v(ti] is noniero for r\ < N\ + and ti > + Aj 

(ii) We can easily show that Af v = Ma + M* - 1 

(c) h[nl = 0 fox n > 5. 

(d) hYoui the figure it is clear that 


a(0 - MO * *(0 = j a *(* - T 3 dT + 1 *1* " ^ 


Therefore, 


y (0) = j %{T)dT + i(-6) 

This implies that j(t) must be kuewn for \ <t<2 and for t = -6 

2 4S - W (1) W I( t) - * - A) lt/ M-W-V 

--h A 

Toting limit as A -4 C on both aides of the above equation; 

At) ^ !/(<) 

(ii) Differentiating the convolution integral, we get 


V(0 = a 


i(f - T )h(T)dr 


r 

j -« 


I ^[*(* - r){h(r)tlr 
- J x(t — T)h{r)dT 

= *■(*). M i). 


Xft) 


KCt] 


Men 


V,(+) 




Figure S2.45 


(iii) Let us name the output of the system with impulse response «i(t) as tfl(i). Then, 
m(i) = * ui(t) = and z(£] ■ i'(t) * A(i). 

Sinrn both systems in the cascade are LTI, we may interdiaugc their order as 
shown in Figure S2 46- 

Theu, y(t) - i(t] * A(e) and p(t) @ v («l Since j(i) and p(<> have to be the snme, 
we may cuudude that i*[i) A h(£) = j/(0 

(b) (i) W r e have already proved that j/(t) ™ *'(£) *A{i). Wow we may intcrcbaugr s[i> and 

A(i) in the earher prooOt and they would all still hold, Therefore, we may argue 
that y J (() = *:(£) * A'(i). 

(U) Consider 

V(t) = fc(l) • «W] -A'(i) 

^ j(t} a [u(t) * Ui£t)] * A(£) 

= ar(0 * A(i}^ 

This shows that (i{f) v «(<)]A'(i) is equivalent to ss(£> • A(£). Now the same thing 
may be written as: 

v (0 = lx{t)*v{i)]*ti(t) 

- |[x(t)*Ui(t)'l*Ad)]*ud) 

- j ^(r)A(t - T)dr 

- ADAH*)**(*)) 

= j h{T)dr 

(c) Note that z^t) = i5(t} - !^- Sc u(£)^ Therefoxe. the output of the LTI system to i f {£) 
will be A(t) - Ssinf^O- Since this, has to be equal to /(£) = wn<tos(<*b0, wc> have 

A(£) - uocosfujot) + 5s5n(M[)t). 
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(d) (0 We haw 


y(t) - a: ft) * fvrfl) * u(*)] * M*) 

- J x'fTjaft-rJdf 

iff) w *£t)**tt) 

~ (iff) * V|(t)3 * “£*) 

= f - tJ^t 

*’<0-<*«(()+ i(t). 

jr(() — l(l) + e‘v(t) » »(i) 
irft) - 1 ]b(1) 

+ Ijt* 1 -*-*) 

- |(efl]*IO- 

(t) Using the fact that [J[n) - A[n - 1]] * u[n] - f[n] gjvw= 

I/f«] r; jx[n] - afn — Lj] ■ - l])#!^ — ^1 

k 

and oo 

x\n) = \r\n\ - x[n - I]| * u(n] - [#] - *E fc - ill 11 !" ~ *!■ 


(ki) Also, 


(c) In this case 
Therefore, 

This may be written as 


2-46. Note that 


_: - 1) + 26{t - 1) - -3*ft) + 2S(t - 1), 

dt 


Given that 

*{t)=2e“M*- 1}—Mf(fl 

we know that ^ - -3:r(t) + 2 6(t - 1 ) must yield -3p(t) + 2h(t - 1) at the output Kh>m 
the given information, we may conclude that 2A(t — 1) = e^ufa). Therefore. 


2 47. (a) v«) = 2w(i). 

(b) y(t) =JB(0-»(i -2) 

(*} lr{t) = W (t - 1). 

fd) Not enough information. 

(e) p(i) = 

<0 V(*)=1*A0 

The signals for all parts of this problem are plotted in the Figure K2.47. 



O?) 



C£) 

Figure S2.4? 


2.4®. (a) True. If A(i) periodic and noneero, then 

r«> 

/ \h( 


Therefore„ h{t) is uiu>U±blc, 

(b) False. For example, inverse of h[n\ - J[n - fc] is j[n) - 6\n + fc] whkh is noneausal, 

(c) False For example Ajn] = ujrt] implies that 


]T |h[n]| - oa. 


This is an unstable system, 

fd) Tiuv. Assuming that A(nj is bounded and nonzero in the range Ui < n S n 2 , 

S n 2 iM*]| < 60 

t-nj 

This implies that the system is stable. 

(*) Fake. Fbr example, Aft) m e'uft) is causal but not stable 

(f) False For example^ the cascade of a causal system with impulse response A k [n] 
— 1} and a non-eausal system with impulse response hjfn] — ^jn +■ L| leads to 
system with overall impulse response given by A[n] ■ hjjn] * Ai[nj| — ^[nj. 
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ft) Fake Far example, if A(<) = then aft) - (1 ^ 

|1 -e-‘]dt= i + e-'|“ - « 

Although the system is stable, the stop response is not absolutely integrable 

H 

fh) TVue. We may write ufn] ^ ^3 [ti - A], Therefore, 

*=a 

gg 

a|nl = ^A{n - k). 

If sfn) = 0 for n < 0, then A[n} = 0 for n < 0 and the system is causal. 

19. (a) It is a bounded input \x[n\] < 1 ^ B x for all n. 

(b) Consider 

v(0| = £>[-*lW 

* - « 

" khj h ^ 

- £; m\ -+ ® 

Therefore, the output ia not bounded Thus, the system is not stable and absolute 
sununability Is necessary. 

(c) Let 

f o, ifM-*)=o 

Now, 1 1 (i) I < 1 for all f. Therefore , x[t) is a hounded input Now, 

1 ,( 0 } - / x{-r)A(r)dr 

J -oo 


I. 


* h\r) 


■dr 


= /"|A(i)!dl-oo 

J-V3r 

Therefore, the system is unstable if the impulse response is not absolutely mtegrable. 

2.&0. fa) The output will be «si(£) + hiaf*)' 

(h) The output will be ij(* — t). 


2 S1. (») For tbc ty*t«a of Figuie P2.51fa) tbe neponse to unit impulse is 

For the syftem of Figure P2.&l(b) the response to an unit impulse k 

|ra[ft] = 0 

Clearly, pj[n) # vsH 

fb) For the system of Figure P2.51(a) the response to an unit impulse is 

For the system of Figure P2.S1 [b) the response to an unit impulse is 


vM-(;)"«[»[ + 4- 


Clearly, J/iN ^ K2l rt ] 
i S2, Wc get 

4 


, , tf , f , f y(A+ l)a\ n >0 

l»l = A["] * ^[n] = < 

[ 0 3 Otherwise- 


Noting that 


we gel 




, , ri-ln + ilo"* 1 . l-o" +i l , , 

*w = 1—T^.— + fr^yj“ w 

r “ {T^ji Q " + rr^ (n+1)a "] “ tn! 


(1 “ «)' 


2.S3, fa) Let us assume that 


Then, 


I 

t=.u 




S“^.(4 e '-') = £.w"'»E = o. 


k^a k-0 

Therefore. is a solution of eq. 
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(b) Consider 


(vi| Here, s = -1 ± 2j ud 




y (£) =■ te-'P 1 ± 


uo t=fl 

= /Uc'* ^at &* + A*'* ^a* — U k ) 
***& i=0 

= Ax&j+jviis**- 


[f j, is » solution, then £>«f = 0, This implte IL»L W“ is s solution. 

{c) fi) Here, 

a 5 + &s + 2 = 0, sp -s *= ~ 2 * " 1 

Therefore, . 

w,M = A* + Sc '. 

Since Vk (0) - 0, U\f0) = 2, .4 + S = Cl «,d 2,1 + if - 2. Theretorc, it = 
B^2 

(si) Here, 


Since y(0) = 1, V(0) “ -1. we have y(t) = e 1 
(itij p(l) = 0 because of initial rest condition. 

(iv) Hero, 


,a + fl s + 1.0^(,+ l) a - # = = 2. 


and 


y(f) ^ Ae _l + Ste"* 

Since u{ Q) => 1, lA<>) = U A - 1, B = 1 Therefore, 
y(<) = e" 1 + 

(v) 11ere T 

= 0 .( 3 -!)(. +I) 1 =>■ Sl« = etc' + Bt~‘ + cte'‘. 

Since m< 0> = 1. ic'(O) = I, »nd v"(0) = -*.«»***= l l 2 - B ” 3 /*> C = 5/I ~ 
Therefore, .. 

irffl- ^ + ^ + |le-V 


Since y(0> = 1. y'(D) = l, 


Therefore, 




y(t) m r ~ l [cos It +9in2(}. 


3.54. fa) Let vs assume that 

Then, If vE n ] =* A*#, 


^ojt4 - 0 


y^flfc^Ti - fc] = = Aj^y^m-zp * - 0. 

fc-Q 

Therefore 7 At^ is a .solution of eq- (P2.54+1). 

(b) If y[n} = nr" -1 , then 

^ajtjr(n — £j - ^oi(n - [S2.54—l) 

tab Jit-O 

Taking the right-hand side or the equation that we want to prove, 

N JU 

R.H.S - 2 n “ w y\rj;(-tf - + (* - 

nt t-p 


(S2M-2) 


Comparing eqs (S2.54-L) and (S2.64-2), «c conclude that the equation is proved 


(c) (H Here, 


Therefore, 


1 + Jj-'+ gi' 1 = 0 =» * = -j. * = **;- 

si-i- Ai~^r+B(~\r 


Since jf(0] ^ 1, 1/1-1] - wc get A = -1* B - 2* and 

4' 2 


»[»] = 2 (-;)*-(-;)*• 


$5 
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(hi Here, 
Therefore, 


1 - 2z + i = 0, 


y[ft] - A(l) m + Bn{lf —A + Bn 
Since, V [C\ - 1, will - 0 we get A = J, B = -l, and 
y\n] = l- n, 

(iii) Only difference from previous part is initial conditions. Since p[0| = i, Sr[l0] = 21 T 
we get A = 1* B = 2, and 

y[nj = l -t- 2n. 

(iv) Here, 

Therefore, 


1 _ 2j2 il±j) 


*H = ^(i+nr+fliAii-j)P- 


ii ^'* ■ jn ' 

Since y\Q] = 0, phi] - 1, *e &t A = B = and 

-S3, fa) y{0] — y[0] w ^[n.] satisfies the equation 


i{n] = -h|n - 1), n>l 


The an«diary condition is h[0] = 1. Using the method introduced in the previmis 
problem, we have f - 1/2. Therefore, h[n] = A(l/2) p " Using the auaihary condition. 


M rt ) = (^) “t 10 ! 


(b) From Figure P2.55(b), we know that if xln] = then 


Tln$ implies that 


u>[n] = v«! - l j )"“!«]■ 

v(n] - M"! = (^)" >4"! + 2(^r"'u|.. -1]. 


(c) Plugging eq- {P2 S5-3) into eq (P2.S5-1) gives: 

y^h|n - m]xim] - - rn ^ ^ - ^ T ' r I yn ^ 


- fli*-' 

4 J 

- *1*1 




This implies that eq. (P2.55-3) satisfies eq P(2 SS-1). 

(d) (i) Given that £ Q and that the ayatem obey* initial rest, we get 

floyjO] - 1 => y[0) = ^ 

The hoEnogeneous equation is 

£o t h[n-F|-0 

i=0 

with the initial conditions 

h[0] = l/o D , h[-l ] - ■ - ■ * h[-N + lj - & 

[ii) We have 

Af 

M n ] ■HMi[n-*] = 0i 

tM1 

where hifn] is as abow. 

(e) For rt > A/, 


with 

<f) (i) We get 

(ii) We get 

(iii) We get 


-k}=0 

1.0 

m~ Bf|0],--- .h[M]=y[M). 

, f 1, ti eoew, n > 0 

" \ 0, n odd oc n <0 

f L, n even cfirf n > 0 
h|n] — < 2, 7* vdd and n > 0 

[ n, n < Q 

f 2, n»D,2 

h[ri) - ( -1. n even n^4 

{ 0. ef« 
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(iv) i\> art 


, , i, m fr . an. 


2 56 (a) In this case, j + 2 = 0 which implies that 


y(0 = M*> - AxT 


Since ytO+} = 1. -A = 1 and 


f>{£) * 

Now consider eq. (P2-56-1). 

L.H.S. = if Jilt-rWr^+sf M*-r)*(T 

oi J_ni / -® 

- r c - 2 ^-T)i(r)jT 

J-» 

= *(t) = JULS- 

This implies that y(() does solve the differential equation, 
lb) 1hke 

y{t) = 2l<W*)- 

; 

= £(£)- 


)dr 


I 

Jc = □ I 


Integrating between £ = 0* and £ = 0 4 and matdiipE coefficient* we get A| - 0 natept 
n_,v - 1/cjv . This implies that for (T < t 5 0 + 


*N 


y(0 + )-l/(0 + )= -sT" 7 (0 4 ) = 0 

[5+ °N 


(c) The impulse response is 


AW = 2>-*s- 
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(d)(1) Taking 

we pet 


y(t) = ^ww(£) 

f 

^t a rUr+3(l) + 3ttrVr+l(t) + 2a r «rl = 


This implies that ■= -2 and a_s = I* Therefore, h{0+) = 0 and - 1 

constitute the initial conditions. Now* 

* 3 + 3s + 2 = 0 ^ s<s-2 t s = -l 

Therefore, 

h[t) = Az~ 2 i + BtT\ t > 0. 

Applying initial conditions, we get A = —1, B = 1. Therefore, 

A( t ) =(*-*_ *-*)*_!(*). 

(iil The initial conditions are h[0 4 ) = 0 and h'(0 4 )l. Also, »--\±} Therefore 
h(<) = [e“* ^n £|u_ 1 (i). 

M t 

(e) From part (c), if M > N, then ^6*^^ will contain singularity terms ar t ^ 0 This 

JUD 

implies that 

Ml) = ^OrKr(t) + 

(f) (j) Now, 

^a r u r +1U) + 2 o,n r — 4- Hq(£]- 

f 

Therefore, r„,„ = 0. Also 

ooui(£) + + 2ooteit£) - 3tq(i} + “el*)’ 

This gives i*q «= 3 and n_t ■=• —5. The initial condition is A(0 + ) = -6 and 
h(t) = Mt) - 5e- a< «_ i{£) * m) ~ 5*" 2I u{*)- 

(ii) Here, ^ = 1, a* = -3. Q-i - 13. a-? = -44 Therefore h(0 + ) = 13 and 
f/(0 H ) - -41 and 

A(t) - ujM - 3tic(£) + lSc’^u-i(i) - 5e-'"ti-i(£) 

2,57, (a) Realizing that £;[n] s j^jn], we may eliminate these from the two given difference 
equations. This would give us 

yj[fiJ = —ayj|tt — 1] + + hiTifo - lj 

This is the same as the overall difference equation. 

7U 


he 






4 


4 



(i) 

Figure S2.57 

(b) The figure corresponding to the remamiiiB parts of this problem are shown in the 
Figure S257. 

2 6S. (a) Realising that 2?{rt) - yj[nJ, we may eliminate these from the two given dilference 
equations. This would give us 

2y?H - !fc[* “11+ " 3] - JiH - Srijn - 4|. 

This is the same as the overall difference equation 
(b) The figures corresponding to the remaining paf ts of this problem arc shown m I igure 
S2Sfi 

2.59, (a) Integrating the given differential equation once and ’Simplifying, we get 

y [t) - -— f y{r}dr + — f £{r)dr 4 {L). 

a l J-ao J -00 fl| 

Therefore, A = B ” &j/oi * C - 6t>/fli- 

(b) Realizing that xi(t) - we may eliminate these from the two given integral oqua- 
tions This would give us 


y?(t) ~a( yjfr)dT 4 B f i|(r)dr + Cx 1 

J-r±> J-ea 



[e) The figures corTuspunditig to the remaining ptfu of this problem are shown in Figure 

S2 59 

2 60. (a) Integrating the given differential equation once and simplifying, w C get 

y(£) = f y(r)dT-^ / f y{o)fkfdT 

O? J-ou n i J - c<; j - Ot, 


+ « L„L „ m4adr+ ^ i-j [T]dr+ ^ ity 


(»i 


Therefore, A - «oi/a^, B = -no/fla. C • 63/^1, ^ ^ - 6n/oz 

{b) Realizing that x^(t) — we may eliminate these from the two given integral oqua- 
linns. 

(c) The figures corresponding to the remaining parts of this problem are shown in Figure 

E2.60 

2.61. (a) (i) Ptom Kirchoff's voltage law, we know that the input voltage must equal the sum 
of the voltages across the inductor and capacitor. Therefore, 

1 (t) = LC^Hjp+y{t). 
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Figure S2.59 



Figure S2.6U 


Using the values of L and C we get 

+»<!)“*«) 

at 

(ii) Using the results of Problem 2.53, we know that the homogeneous solution of the 
differential equation 

will have terms of the form K\ e*®‘ +foe' 1 ' where s 0 and a, are roots of the equation 
3 3 + <xi» + «}“!)■ 

(It is assumed here that sq ? s , ) In this problem, cm = 0 and aj ~ 1 Therefore, 
the root of the equation are .«o ** j and jj " —j.. The homogeneous solution is 

y*(t) = K\J l + Kit~ yi 


And. uij = 1 = a**. 

(tii) If the voltage and current arc restricted to be real, then K\ = Kj - K. Therefore. 
y h (t) = 2tfcos(0 * 2 K sin(£ + ir/2). 


(b) (i) FVom Kirchoff’s voltage law, we know that the input voltage must equal the sum 
of the voltages across the Tesistor and capacitor Therefore, 


x(t) = RC 


<*y(0 

dt 


+ mo¬ 


using the values of R, L, and C we get 


^ + v«> = *«)• 

(11) The natural response of the system is the homogeneous solution of the above differ¬ 
ential equation Using the results of Problem 2.53, we know that the homogeneous 
solution of the differential equation 


dy(t) 


+ «i 1/(0 


will have terms of the form Ae*°* where s 0 is the root of the equation 


a + ai = 0. 

In this problem, a t = I. Therefore, the root of the equation are s 0 = -1 The 
homogeneous solution is 

vM = Kr' 1 

And. o—l. 
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(c) (i) Proco Kircboff’s voltage law, we know that the input voltage must equal the sum 
of the voltages across the resistor, inductor, and capacitor. Therefore, 


*<0 


LC ^~$r + RC ^jr + y(4) 


Ustug the values of R, L , and C we get 

^1+^ + 5»(0 = St((). 

(ii) Using the results of Problem 2 53. we know that the homogeneous solution of the 
differential equation 


will have terms of the form K x <** + where * 0 and s, are roots of the flqiialmn 

s 3 + + aj w 0. 


(It is assumed here that s 0 ? ««.) In this problem, a, = 2 and a 2 = 5. Therefore 
the root of the equation are s 0 ~ -1 + 2; and s, = -1 - 2j The homogeneous 


solution is 


V»(<> - Kv-e* + 


And, a * 1. 

(tii) If the voltage and current are restricted to be real, then = A' a * K Therefore. 
yh (() - 2Kc-' cos(2£) « 2/fe" 1 sin(2£ ♦ ir/2). 


62. (a) The force x(t) must equal the sum of the force required to displace the mass and the 
force required to stretch the spring. Therefore, 

x(f) = + WO " *(0 

Substituting the values of m and A, we get 

^>+4»(0-2x<0 

or 

Using the results of Problem 2.53, we know that the homogeneous solution of the 
differential equation 

“5^ + a, ^F + ° ay(t) = 

will have terms of the form Kyt* 1 + K 2 e ,,c where s 0 and s ( are roots of the equation 
s 2 + <M s + oj = 0 


(It tf assumed here that *o f* S|.) in tins problem, oi = 0 and a 2 = 4 Therefore, the 
root of the equation are «« — +2 j and J| — — The homogeneous solution is 

*»«) . *,«** + Ktc-'X. 

Assuming that y(f) is real, we have K\ = Ki = K. Therefore. 

y A (0 = 2 K cos(2t) 


Clearly. y*(<) is periodic 

(b) The force x(t) must equal the sum of the force required to displace the mass and the 
force required to stretch the spring. Therefore, 


x(0 


rfy(f) 

~dT 


fcy(0- 


Substituting the values of ro and b, we get 


<*y(0 y(0 *(0 

dt ioooo ~ iooo 


Using the results of Problem 2.53, we know that the homogeneous solution of the 
differential equation 


4/(0 

dt 


+ <*iV(0 = bx(t). 


will have terms of the form Ac'® 1 where Sq is the root of the equation 


a + ci = 0. 


In this problem, <m * 1/10000 Therefore, the root of the equation are so ~ -10" 4 . 
The homogeneous solution is 

»(»)-*«-“A 

Clearly, y*(f) decreases with increasing t. 

(c) (i) We know that the input force x(t) m (Force required to displace mass by y(0) + 
(Force required to displace dashpot by y(t)) + (Force required to displace spring 
by y(f)). Therefore, 


x W = m^> + ^ + Kv«). 


Using the values of m, b, and K wr get 


. .,4/(0 

dt* dt 


+ 2y(t) * x(t). 
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dir Urn* the rwulu cf Problem 2.55, «c know ib*i the boaiogeoeous v>lniioft of the 
difcirnLjaJ equsliflfl 

^ + a ,^+a 1 vW=»^W 

dr tit 

wilt b*v* terms of the form JC^-Ufse** 1 where so and it ro&tsof the equation 

S J + *1$ + *2 * 0. 

(It it assumed here that So * »,.) In this problem, ng = 2 iod 0: = 2 Therefore, 
the not of the equation ere J0 = -1 + j and 1, - -1 - J The horoogrenenus 
solution Ls 

y h (t) = J^e-V 1 + Kie-'t ~ jt . 

And, a = 1. 

(iii)If the force is restricted to be real, then Ki - K? = K Therefore. 

y„(f) = ^JCe-'coatiJ - '2Kt l M.t + */%) 

2 $3- (o) We have 

j,[„] = Amt borrowed - Amt. paid + Compounded Amt from prev month 
= lOO,OOCJ[n) + 10l£r[n - l] - ^u[ri - l) 

Therefore, 

y\u)= LOl|r|n- 1]-D, n>0 

and y[0] = 100,000 and 7 = 1.01. 
fb) We have 

y ,[n]=1.01i, p | n -ll-P. 

This implies that VpM = IWl£>. Altai the homogeneous solution is of the form 
m[n] = dU0ir 

Therefore, 

vH = uM + vM - A(irOf) n + mo 

Using the initial condition y|0] = UXKKX), we have 

A = KWOOO - 10 OD 


Therefore, 
(c) We have 


y [n] = [100000 - 100D)[L0iP + LOOS 


(d) T«*] pajuern « 1570,296. 

(*) The toughest question in this book*! 

2 64 (a) We have y(f) = x(l) * fc(f) and *(*) = y(i) * y(f). Therefore, $(i) • A(t) = *('*)■ Now, 

fr(^l * ~ — 

M 

Therefore we want 

5^/iiffn-t = { $ n » 1,2,3 t --‘ 

*=*0 s 

Therefore, 

1 1 f“j! ,Aal 

* = v fll = -h=' «—s hr" Sr”" 

(b) In this ease, $, s 1, p t = -1/2. pa tt (-1/2) 3 , = (-1/2) 3 , and so on This implies 

that ^ k 

j»W = «0 + fj(-^) H‘-tT). 

» 

(e) (i) Here. Aft) w^Vift-T). 

Jt=0 

(jj) If 0 < o < l, then ft* < L Therefore, A(t) is bounded and absolutely mtegrable 
and corresponds to a stable system. If er > 1, then A(f) is not absolutely mtegrahle 
making the system unstable. 

(in) Here, y(t) = I - <s$(f — T) The inverse system is as shown in the figure below 


-jphL-^.T | 


J }3 




3 ,( 300 ) = 0 = {p - imoxi-Di}™ + mo. 

Therefore, D — $1028.60. 


Figure 52.64 

(d) If xi{n] = d[n}, y [n] = M4 If i*|nj - J$M + |% - N\, y[n] = h[n). 
2,65. (a) The Autocorrelation sequence art as shown in Figure $2.66. 

(b) The autocorrelation sequences are as shown in Figure S2 60. 

(e) We get 

*«[»]= E M-*W«h-*]- 

9v 

Therefore,^3cj(tiJ may be viewed as 

4>*4 n ] -* -+ ^["1- 
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Figure S2-65 


id) 


Also, 


^vyl R t = ~ *1^W- 


Thereforc,^ w [n] may hr viewed as 

tfxrM ^ |M n ] ■ hMH 4;K 

(d) ^* v [n] and $ vv as shown in Figure S2.6&. 

2 66. (a) The plot of XifO ^ & shown m Figure S2 66 

(b) The plots of r 2 [i) and ej(() are as sho« n in Figure S3.66. 


m£t) 


ru. 


-1 






tjW 


4 -t 


M 


-i 


q d; 


Figure 52,66 


(c) 11(f) * haft) - rj(t) * ^a(t) = Si (*) * A a (t) = ^ for £ - 4. 

2.67. (a) The autocorrelation functions are: 

and ■* 0jiai(“i)‘ 




and 




< 4 'M. 

0 < i ^ 
f >2 

7(1 -0. 

0< t < 1 

J - f. 

1 < t <2 

t^3> 

2 < t < 3 

3 - e. 

8 < t < 4 

1“&p 

4 < f < S 

S -f. 

6<f < 6 

f — 7, 

6< t < 7 

0 , 

i > 7 


and 


(b) If the impulse response is h{f) “ sr(T - f), then y(f) — ^xi[t - T), 
(0) We have 


u(T) 


[ 


i(r)h(T - v)dt 


Therefore, y(t) is at most M 1 ^ 3 i s (f)dfj 
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If we [K7W choose 


2 Wi We hav* 


A(£> = 


—M —xix-a. 

M T ) = J + r ) rfi 

i L xHt]di 

5 [j pVWl 1 ' 15 !J 


y{T) 


=M t * 2 [£xHm ii 


Cleanly, y£7T b maximised for the above choice of A(i). 
(d) fi} The responses axe as sketched in Figure 52.67. 



Figure S2.d7 

(ii) Let the impulse responds of Z*, and Xt be and Aj, l (*]i, fhen, 

Xa(U • Alo(*)Ii=4 = 4 

X<)(t) * AL|(*}|**1 = 2 

*i{ 0**LiWU = 2 

*!<*)■ At, (t)J M = 4 

To make the fob of the receiver easier, modify x<j(0 as shown in the Hpnr^ below 


Therefore, 

Abo* 


< J p 2 (r)dr 

#„{t) < ^(0) -> ^p(O) = 


MO - M 1 - t Q ) ^ fa(to) = M°) = a*«M0- 

2 69- (a] Let p{r) = *[* “ O’ Then 

f = - 9 £0} = -x (0 

J-v> 

(b) Consider r(t) = $r{i)/£t)- Then, 

f°°r{i)ui(i)dt ~ -r'(G) =■ -tf'fOj/ttO - 0(0)/'(O)- 

J to 

Also, 

/ » /■» . 

0(i)/Q}}ut{f)!ti - / tf(*)/'£0)ii<j(r)de = -jW/(0) - (0) 

-cm >-OC 

which is the satuc as above- 

(c) j b j"{0)- 


(d) We have 




Therefore, 
2,70. fa) We have 


= <rmm - 2g r mfm+mrm 

/tt)uj(i) - /pujCt) - 2/ p (o) u i(o +rmMu 

V i[m]uj[m] — ^xfm]{J(m] —-J(m - 1]) 

m=-« 

* x[0]-x(l}. 


(b) We have 


(e] We have 
and 


x [n\*M « a^(ft]-*lll«lB-ll + [*[OWn-l]-*W" >11 

- [nj - fx[l] - xl0)}^[n - 1] 

= z[Q]6[n} - i|l}JIfi - I] + x[l]6[n) - 

« i[l]ui (nj - {ijl] - *Pl i >&{”] 

u a (n) = u,[»] * = t\ n] - 2&[n - ij + S[n ~ 2] 


uy[n\ - d|nj - 3% - I] + 3^|n - 1} - % - 3] 
The plots for these signals are an shewn in Figure 52.70- 
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HjW J 


-i • 


u. >1 


*mW ( J 


Q l S- ^ 


£4) 

Figure S2-70 


(d) We have 
and 


u_ 3 [n] b (n + 1], n > 0 

, 1 (n + l)fn + 2 ) 
u-aN -- y L| 


1 > 0 . 


The plots for these signal* are as shown in the Figure £2 TO. 


S3 


(e) The statement is tnwr (or k = l T 2 p 3- Asrume it is true for h. Then, for k > 0 

vi+lH; ^ i n ) * ^ t 1 *!* 1 1 I‘ 

By induction^ we may now claim that the statement is true for ail k > 0 

(f) For t ™ l, u_t[nj = u[ti) which shows that the stMcment ia Fnr k = 2, 

ti-a[n] = = («+ 1M") 

which ftj^ain shows that the statement is true, Assume that it i-S true for k - \ > 0. 

Then, 

- u-*N - w-*ln - l]- IS2.70- U 


Also, 


, * fn + H - 2)1 , ! 

“-(*-‘^1 = n!( t --2T U[n| 
_ (*+fc-iv„ r _, 


{n + k - 2)! 


■ tilfJE " jj! “ l “ l (t* - ** 2)! 

Using the above equaiion with eq. (S2.70 1), we get 

, , {n + k- 1)! . t 
niCt-l)- U|nl 


w|n — 2] 


By induction, we may now cl-fejm ihar the stateniunt t£ true for all k > 0 
2.71. ( 9 .) We have 

x(t) . (aid) * * x(i) = 1 T for all t, 

[*{() * iij (e}| * u(l) = 0 * v(t) = 0 for all *. 


and 

[i(i] * u(()] = w * ui(^) — undefined 

(b) We have r(i) = e _l f A{£) - e' f u(t), and - tr^t) + A[t). Therelore, 
jf(£) ♦ lh(i) • g(t)) = i£0 = e"\ 


and 


[tM*9(*)l*MO = 0, 


s(D • WO 


*(01=9(0> 


-/“ 


undelined 


SI 









































S.fLft 


(c) We b*ve n j„ 

x[n] * [fcfnj 4 SHI “ ) “ 2 T 

(rfnj * gjn]) + h[n] - 0 * M n ) = fl i 

i*H. am * sw = «;rE l > * ?in| = "■ 

( 6=0 

(d) Let Ml) = n.(l>. Then if the mput is 1,(1) = 0, the output *i« be jn«) = « if 
I,(!) = tsngtut, theft w(f) = 0- Therefore, the syswfli is not invertible. 

Now note that 

r l ( 0 ifaatO^OVt 

{„ if^O 

Therefore, if j|‘ «ft| yf », then only x 2 (0 = 0 will yield K (i) = 0 Tlwrefnrr 


the system ifl invert ibte, 
2 72. We have 


f 4 (f) = i u (t).[f(i)-i(l-T)], 


Differentiating both sides we get 
d 


-i A i - iu'(t).[f(i)-f<i-n] 

i 


A 

^ 73 For Jt - I, u.ift) = u(t). Therefore, the given statement i* true for k 
that it is true for some k > 1 Then, 


Now assume 


u(t) 


f V_*(t) = / U^(T)dT 

J -«l 

ft^ff 


t > 0 

k (*-!>** 


r 6 j 

t* 

= TTufO' 

k(*- 1)!^ 

JL1 

ii>o Kr 


Chapter 3 Answers 

3.1. Using the Fourier aeries synthesis eq- (3.38] „ 

xW = 0l « j(hr/ni + a.,*-* 1 "™ + c#™**** + 

„ ^(S*/*)* + 2 S -/(?'W + ^ 4j e -i5t3»/V 

- 4oos(^tJ-Sran(“*) 

= 4cosf^() + fc cos[^i -h “) 

4 4 2 

3.2. Using the Fourier series synthesis eq, (3.93L 

r \n) = ft, + + o + n,e J “ 5 ’ /W ^ + 

_ L + ^■/4) e i«Ip/Sln + 

+ a B #(*« e »'/w»" + 2 e -^W4J_ 4 e“ j4t2F/jV)ft 

= 1 + 2co8(“n + -) + 4cOS(^-« + —) 

— I + 2sin(^n + ■+ 4sm {—n + —) 

3.3. The given signal ia 

x(i) = % 4. _ ajej(W»)* + 

= 2 + + 2je-J 

From this, we may conclude that th* fundamental Frequency of *(*) is 2 j r/6 = *73 The 
non-zero Fourier scries cocfftieuts of stft) arc: 

a0 = 2* da = ®-3 — c s “ “ - 2j 


3-4- Siowuo = ir, T = 2*/u* *= 2, Therefore, 

1 f 3 

“* = U 




Now, 


and For k ^ 0 


« i / S g f*U&c-i* wt dt 

2Jc 


ire 2 


g6 


3 5 Bolt ii[l - t) Jtnd 1,(1 - 1) tie periodk with fundvaiental prriod T, - Sin™ v{0 '* 
ft i.uenr comMuitioft of i,(l -1) and *i(l - 1). it is *1™ P eriodK * lth bi^tmenlal period 

T’i — ^ Therefore, ^ 

Since art (t) +S oi, using the recults in Thblc 3 1 we have 

mfti »&***"’* 

Therefore, 

*,(t + 1) +«,(!- 1) A + d-*n- > * P * m> « + 

3 6. (ft) Comparing i,(f) with the Fourier scries synthesis «1- (3.38), we obtain the Fnurrcr 
series coefficients of n(t) to be 


f (*)*. o<*£ 

1 o. otberwi? 


100 
Otherwise 


Rom Table S.l we know th.t if *,(!) is re»i, then o, has to he coujugato-symilktric, 
i e , at - a-_ k Since this is not true for 1,(1). the signal is "Ot real valued 
Similarly, the Fonfier series eoefficients of i*{t) 

f cos(^), 100 < k < 100 

otherwise 

Ronl Table 3.1 we know that if x,(f) is real, then n* has to be conjugate-symmetric. 
..e, Oe - nit Since this is true for n(t), the signal is real valued. 

SimilArly, the Fourier series cncfficieuts of Ta(f) arc 

j sin(fcst/2), 100 < k < 100 
otherwise 

From Tvble 31 we know that if ^ 3 (i) it real, then a* has to be coojugWc-symtnc-Lric, 
U. = al h . Si (ice this is true for the signal is valued. 

(b) For a signal to he even, ite Fourior scries oocfficieols must be evtn- This it true only 
for 3!fl(0- 


f 005 

at = Ut 


f J sin 
" \ 0. 


3.7. Given that 
we have 

Therefore h 


j(t) * 




it 


When k = 0, 

Therefore, 


If 2 

oj. _ — / — -v- using given informal ion 

T J<T> T 

I $. *1 = 0 

n ‘^l H^ 1 ■ 


3.3. Since x(t) is real and odd [clue 1}, its Fourier yeries coefficients are purely imEi^inary and 
odd (See Table 3,1). Therefore, a* = - fl_* and ao = 0, Also, state it ii Kiwn that a* - U 
fnr ]k\ > l, the only unknown Fourier series coefficients m a\ and a_i. Using Parsi i wiJ's 
relation. 


for the given signal we have 


i f [xwr’d! - f; | 0t i=. 
|/ a |*Wl a *= E I 0 *! 1 - 


Uyirig the infer mat ion given in clue (4) along with the above equation, 
M 3 + |u-il 2 = l =* 2|d| | 2 = 1 

Therefore, ^ ^ 

01 75 01 ai = _<1 - 1 = “^ 

The two possible signals which satisfy the given information are 

!,([) = - '-W* = — -J2 sin[ft!) 

J2] -fil 

atid * i L ^ 

Eatii - —-—,f —-e-ffafflt — -^sinfTTt) 

J s m 

3.9. The period of the giv^n signal ia 4 Therefore, 

™ n~0 

= ^(4+be ’* k ] 

This gives 

no ^ 3, ai - 1 - 2j. aa 53 J 03 - l + 2j 




, k ? 0 
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a 10. Since itwr Fourier »erja oodfieriems repeal mt; W, m: lun 


fl l ™ A|S, Uj - CiB , ifld dj = djT 

Furthermore, mou; tbs signal is real and odd, the Fourier aeries coefficients a* will be purely 
imaginary and odd. Therefore, Op = 0 And 


Finally, 


oj - -a-], □: 3 -o-2 o 3 m 

o-i ” -j\ b-j = “2j, a_ 3 a -3j 


3 11 Since the Fourier senes coefficients repeat every N = 10, we have aj, ™ djj =. S Further¬ 
more, smee ^[nj is real and even, a* is also real and even. Therefore, a x = a„ x _ b. We are 
also given that 

i£|xW» = 50. 

n^O 

Using PareevaJ’s relation, 

Z I ®*! 1 = SO 
Z I ®*! 2 = 50 

*■- I 

fo-il* + \n x \* + tj + = SO 

k=i 

I 

«q + XI I®* I* * 0 

*»a 


Therefore, a* = 0 for k ~ 2, ,3 Mow using the synthesis sq.(3.94). we have 

*i n i = XI fl * e '^* F, = xi i * p7 ** in 

t=<N> *^-l 

= + Se' J ^ n 

3 lOcos(^fj) 


3-12- Using the multiplication property (sec Table 3-2), we have 


*i[njj 2 {n} ^ XI ~ yVifr-i 

rp*cJV> *=o 

ootjt + oi&*_| + a2h-2 + fljh* a 

i* + 2A*_| 4- 2Ajt_ a + 2i t _a 
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Site b k is 1 for all «*lu» of ±, j t * tJew that b* + 2b k _, + 26*.* 4- 2**., will be 6 for all 
values of Jt. Therefore, 

riln^n] ^ 6, for all Jt. 


3 13. Let us first evaluate the Fourier senes coefficients of *(|). Ckarly, since x(£) » rc*l and 
odd, a K is purely imaginary *jd odd. Therefore, og = 0- Mow, 


a t = i f 2(t)c-rt**M kt di 


j5l‘■ 


Clearly, the above expression evaluates to zero for nil even values of Jt, Therefore. 




-l 


0. 


k = Q,±2>±4 t 
k m ±l t ±2,±$ r .-- 


When iff) is passed through an LT[ system with frequency response ff(jW), the output 
lr(c) is given by (see Section 3.8) 


» 

Vti) = XI 

- do 

where Mo = 7? - " Since o t is non aero only for odd values of jfc. we need tu evaluate the 
above summation only for odd it, furthermore, note that 

//0*H,) = W(J*W4))= 2^2 

is always zero for odd values of Jt. Therefore* 


y{t) a 0. 

3.14. The siguaJ *[n] is periodic with period & ^ 4, Its Fourier aeries wefficients arc 
« = 

rt-o 

*= 7, for all Jt 

FVom the results presented in Section 3 8* wc know that the output y[n\ is given by 
5 

y[n] - 


t 




(S3 14-1) 
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From tbe gives Information, we know th^l jrjri] m 

p[nj = cos(^n+^J 

3 C0-(|n+I) 

^ i,«WW + 

2 2 

Comparing thii with ey. (S3.14-1), we have 

//{(P°) = /f(r") =0 
and 

imd R(c 3| t) = 2c‘>^ 

HIS- FVom the results of Section 3-®, 

v(t) = Z 

*41-00 

when? (Jtj = y s 12 Sin« #0^0 is wro for [w[ > 100, the largest value of jAf for which 
a t is nonzero should be such that 

■;k\uo < 100 

This implies that |i[ 5 fl- Therefore, for |t| > 8, 01 is guaranteed to be zero. 

3,16. (i) The given signal in 

iunji C“i/ *iw- m 

Therefore, x t [n] Ls periodic with period N = 2 and it's Fourier series coefficients to the 
ratige 0 < k < I are 

an = 0, and 01 - 1 

Using the results derived in Suction 3.S, the output y x [nj is given by 

VI [n] - XI a *^^ a '^) et ^ /Jl 

*=o 

* 0 + fl,/f(e' ir )e T * 

- 0 

(b) The signal xj(in| is periodic with period JV ^ 16, The signal r 2 {nj may be written as 

13[n] & + (j/2)<"^ ,/ * , e^ l ‘ 3w/IIJ(3 ^ 

_ ,J £4*/WHO)" ^ jpjfvf*) + w «)l 


Therefore, the dod-mio FoiuVt aerie* coefficient! of X7 \ n ] in the range 0 < Jt ^ IS *rr 

“0 = I. aj 3 ^ (j/ 2]e^\ u 13 3 Q/2)e-^> 

Using the results derived in Section 3.8, the output vzM » given by 

it 

In£ 

= 0 - (i/2) t H-/*) B j(4v/38K»k + y ^ 1,4 H °> rt 

- ir. 

- ,,+j) 

(c) Th^ signal X3(ri) may be writtCTi as 

is(rr] ” [ f i}) w f n ]| * XI ^ = ?I ri l 9 r[nj 

LX / 1 *=-« 

OC- 

where g[n) = (^) u(n) and r(n] m ^ (5[f? -'4^]. Therefore. jcjJuJ may ho obtained 

*--WJ 

by passing the signal r[nj through the filler with frequency response and tlieir 

convolving the result with v[n|. 

The signal r[rij is periodic with period 4 and its Fourier series cwflfcuLs arf- 
3 I, for all Jt (See Problem 3.14) 

The output tj[n] obtained by passing rfo] through the filter with frequency response 

H{e^) is. 

*aC 

= {1 /4)(f/(^V° + 4- i >) 

D 0 

Therefore, the final output vs[a] = ^frt] *g[n] = 0. 

3.IT. (a) SIb« complex apoaeptiala are Eigen functions of LT1 systems, the input 

has to produce an output of the form dt* 41 , where A is a complex constant Bm clearly, 
in this case the output (3 not of thii fprro. Therefore, Byslem S* ht definitely not LTI 

(b) This system may be LT1 because it satisifiea the Eigen function property of LT1 systems, 

(c) In this case, the output t* of the form yj(() - (]/2)eJ SE + (I/2 )c' j3 V Clearly, the 
output cnntaiiu a complex expooedtiai with Irequcnt^ —5 which wm not present in the 
Input x 3 (£). We know that an LTI system can never produce a complex exponential of 
frequency -5 unless there wiu* complex exponential of the san*e frequency at its input. 
Since this is not the case in this problem, S 3 is definitely not LTI. 
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3 16 (,) By using no argument .imitar In the ooe 0*=d ■*> P*« (a) of the previous pmhi™, -e 

conclude that S% ie defintoly not LTT. 

(b) The output io the CM is nM - ***■ - r*t+* Ctabr this M the -s- 
function property of LTl systems Therefore, £a * definitely not LTI. 

Cc> The output in this case is *N - *«-«* = ■ T “ ** 

function property of LTI systems. Therefore. & could P^sibly t* ui LTI syswm. 

a. 19. (ft) Voltage across inductor “ 

Current through resistor = , ,, , 

Input current x{t) ~ current through n»istor + current through inductor 

Therefore, 

iW = s^r +v(£) 


Substituting for R and L we obtain 

dy{t) 


y[t) = *{*)■ 


lb) Using the approach ontlincd in Seen™ 3.10 1. we know that the this systeni 

will tat wbea the input in «*"*. Substituting in the different Lai hi, nation el 

P “* (&! ' jwHUa>)t^“ + Hti")*** « 

Therefore, ^ 

(c) The signal r(t) ir. periodic with period 2*. Since *(l) can he expressed ip th, form 

,(() - IttV’W + l.-J-P'W, 

the noo-zero Fouriet series coefficients of s(t) at* 


Using the results derived in Section 38 («e eq(3 124}), we ii*w 

V(f) = 

- (us)( T | 7 »i‘+ r b e ' J,) 


(l/v/2)oos(t - 


S.20. (a) Current through the capacitor » 

Volt*fip acres rseistor — 

Voltage across inductor — LC-ffi. 

Input voltage = Voltage across resistor + Voltage across inductor + Voltage anrosti 
capacitor. 

Therefore, 

x {t) = LC^ + R C^1 + »W 

Substit uting for R, L and C , wc have 

(b) We will now use an approach similar to the one used in part (b) of the previous problem. 
If wo assume that the input is of the form e? w * t then the output wilt ho of the form 
Substituting in the above differential equation and simplifying, we obtain 


H{j *)« 


—w ? + jw + l 

(c) The signal s(i) is periodic with period 2n. Since i(f) cati bo expressed in the form 
iff) = 

k 1 2j 2j 

the non-Kore Fourier soiifei coefficients of i(fj are 

1 

Using the results derived in Section 3.8 (see cq.{3.124)), we have 
y {t) = - a-xHi-ti*-* 1 

= a 

= (-1/21(0* +«-*> 

- -cw{t) 

3 , 31 , Using the Fourier series synthesis eq. (3.38), 

i(i) = + 

_ _ j e -«aw/«» 4 . + 

- -isin(^t) +4coa(^t) 

* -Scoat^-'/aj + dcoof^i), 


3 23. (ft) Ci) T= l, aa = 0, o* -= k ^ 0 

(ii) Here. 


f<+2> -2<t< 

x[l)=i l, -l<t< 

1 <t<2 


T = 6. «o — 1/2, and 

r [} k e ven 

(iii)T =3 t 0fl = l, Mid 

= JL.I e J^'/ 3 6ifl(fc2 1 r/3) + ae# ta ^*iB(fcw/3)), ^ ^ 0 

2if 

(ivJT - 2. (Mi = -1/2, o* = f ^ ?* 

(v) T = fi, tJ& 

cos(2hrr /3) - ms{^/3) 
at “ ;Mt/3 

Note that On “ 0 and at ei nn — 0, 

(vi) T - 4, ^ = Jf/2, ao = 3/4 ^d 

£ - i-1'/ 2 sia(JtTr/2) + e^ 1 ' /4 $in(^/4) w t 

a * " -- - k* 

(b) T - 2, a* ** - e_1 l for 401 fc 

(c) T= 3, tH) ■ 2ir/3, on = 1 and 


Qfc = tL^— sin(2vrJt/3) + 


3.23. (ft) First let us consider ft signal y(f) with F£ c*effident!> 

sicffcr/4) 
k kit 

Ttom F.y.,mple 3.S, we know that jr(t) wail be a periodic ^aare wave which over one 

?e,Wl ‘ S fl, W < 1/2 

vJ1) - \ a, 1/2 < |il <2 ' 

NOW aote that to - 1/d. Let us define another signal *((} - -1/4 whose only nonaero 
FS coeffic^t isX - -1/4. The signal p(l) ~ * AO M have FS eoefficenrs 

( 0, k - 0 

d t = a k ■ + Ct - ^ otherwi^ 

Now note that at - d t e' I '' ,) '- Therefore, the signal e(t) =f(l + D -hieh is as shown 
in Figure S2.23(a). 



fb) First iet us consider a signal yft) with FS lYwffickints 
r jin(feir/S) 

b *-~ a^r"- 

rvom Example 3.5, we know that y(i) must he ft periodic square wave which over one 
period is 

e.tflA M<i/4 

“ \ 0, 1/4 < |£| < 2 1 

Now note that a k = Therefore, the signal iff) = yfi + 2) which is as shown m 

Figure 52.23(b). 

(c) The only nonrero FS cnEfficients are ai — = j and “ fl -3 — Using the FS 

synthesis equation, we get 

i(f) = 

= ^(a»/0* _ j e -jf3-/<)i + 2 J V 2 ^ /4)f - 

- -2sio(^f)-4sin(irf) 

(d) Tliu FS coefficients a* may be written as the sum of two seta of FS coefficients fri and 

where 

b k = I. for all k 

f 1 T k odd 

^ ft even 

The FS coefficients h correspond to the ^ign-xl 


m = E fu - 4 *) 

ii-tu 

and tile FS coefficients e* comap nnd to the signal 


a(t) = E - 2 *'- 

fcs -» 
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Therefore, 


3 2-1 (n) We have 


*(«) - irCO + rtO - £<S(t-«) + E 


n-lj'M + yfv-tW-Vi. 

(b) The signal fffr) - difO/dt is as shown in Figure S3 24. 




1 



0 

1 



i 

— 

—t 





Figure S S. 2 4 

The FS coefficients it of ${t) may be found as follows 


and 

(c) Note that 

Therefore, 


** = yy ) ' i, «-yy ,u * 




g(t) = t* = ;**a*. 

3.28. (a) The nonzero FS coefficients of x{t) are &\ “ o-i = 1/2 

fb) The nonzero FS coefficients of *(*) are h - frLj = l/2j 


(c) Using she multiplication propsty, we know that 

N-W 

Therefore, 

4j 4j 

This implies that the nonxero Fburicr series coefficients of x(f) are cj “ c"L-j - £I/4j) 

(d) We have 

*(l) = eiu(4i) co*(4t) = i$io(8£}. 

Therefore, the camera Fourier eeriee coefficients of z(i) are cj = c-j = (l/4j)> 

3 26, (a) If x(f) is real, then x(£] = This implies that for r(t) real at. - u’ Sine* this is 
not true in this case problem. z(i) is not real 

(b) Tf i(e) is even, then x(t) ^ i{-i) and a* » p n |. Since this is true for thi* ca*e, .rft) is 
even. 

{cj We have 

A* l 2 * 

S ( fc-'V* 

Therefore, 

-jt(l/I) lJ:| (2s'/T e ) i otherwise 
Since 6^ in not even, p(r) is not even. 

3.27, Using the Fourier sens syuthtsis eq- (3.3S), 

x\n] = <n> + a 2 +a^-> 2 &'W' 

= 2 + ■ , < a, ^> n 
= 2 + 4oc»[(4vn/A] + */6] + 2c<»f(8*n/&) + */3| 

= 2 + 4 sta((4ito/$) + 2ir/3] + 2 iin((&m/5} + 5 jt /6] 




3.2&. fa) It = 7. 


Je -jirt/T ai(|(5?ft y 7) 


* 7 sin(*Jfc/7) 

fb) jV = 6, c* ovtet one period (0 < k < 3) may be specified as = 4/6, 

6 


07 


{<) *=6. 


o* = l + 4c»{jrit/3) - 2ea$tt*kffl. 


fd) N = 12, Ok one period (0 < it < 11) may be specified as; or = Oj t , 

aj = -J- = a ;, flt ±s 0 otherwise. 

fe) - 4. 

o t = l + 2[-l) fc (l^)c«^). 

(t) N = 12. 

a k - 1 + (1 --^)2cqs(^)+ 2(1 - ^)cosfy) 

+ 2(1+ ^)co*(^)-§-2(-l)* +2cos(^). 

J 29. (a) N = 8 Over one period (0 < n < 7) ( 

ifnj * 4% - L] + 4(J)n - 7| 4 4;i[n - 3] - 4j&\n - 5), 
fb) N =8 Over one period (0 < n < 7), 

,. 1 . v’F.in(;(? in ] 

T ' 1 - a [ sinU^M!! - 5)) j 

(c) - 8, Over one period (0 < n £ 7), 

1 ' ’""'Y 

(d) S’ = S Over one period (0 < n < 7), 

*H - 2 + 2 «* (t) +< " (t) + 5 “ (t 1 ) ■ 

i-30, (a) The rwtsJtra FS coefficients of i[£] are 04 = 1, 01 » O-t = 1/2- 
(b) The nontero FS coefficients of iff) ate &i - 8*j “ e - ^*/2- 

(e) Using the mulLiplication property, we know that 

s 

z [ ti \ = z[n]y[n3 +—+ c* — ^ ai6i_i- 
t--7 

This implies that the nonzero Fouri*T aeries coefficients of x[fi[ are o> •>&[*/4)f2, 

c, » e* j b rcj — c* 2 ~ 


j(n] - 1 +(-1)™ + 2eos[^) + 2cffli(^J 


(d) We haw 


This implies that the nonzero Fourier series coefficients of *[n] an; r* - <xjsfjr/4)/2. 
= cli = ci * cl a = e-M/i. 

3.33, (a) 0)n| is ns shown in Figure S3 31. Clearly. p[n| has a fundamentai period of 10, 


■W ■ s ™ (t b + 7 ) +,in (t" + j) cm (^" n ) 

. f2w it k 1 [ 4t it h , n 

= B m^ yn+3 j +i [ 8)n { T »+j> + siB(j 


1 


i 


t (TTTTTT 

-1 


^ in II 1A ex tv U- it 1+ 

-i 


Figure S3.31 

(b) The Fourier series coeffiriennts of j[n] are h k * {3/lO))L - 

(c) Since p(nj - i|n| — j[n - l) T the FS cotifTcients at and 6* must be related ns 

b k = 0* - 


b k (1/10)[1 - 

j Z C "ji2*nm ~ 1 _ c -jez*/iqi* 


3.32. (a) The four equations are 

®C +4] + 03 + O3 = 1, 


oo + jfli -01 - ;oj e 0 


a& - ai + 03 - aj * 2, oq - ja } - + jaj - -1 

Solving, we gel on = 1/2. oj =-1^1. fl3 = -1. 03 - 
(h) By direct calculation. 

This is the name as the answer we obtained in part (a) for 0 < k < 3. 
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l.M. IVe will tat estate the &«!«** of .be **«.. C^itte. » i-P-t* *<*> *** 

fnrm «!->. From the discretion in S*t.on 3.9-2 «t knc™ that the repots to the- -put wtl 
be j,( f j « ff Therefore s substituiug these in the given different equation, we get 


(c) Hert, T = 1. wo - 2* *nd 


Therefore,, 


Jf(jw)jMs iW +4« M =< AX - 

Htfu)= — 

Jti? + 4 


From cq (3,124), we know that 

»w - E 

tc-B 

, whea the input is x(i) hM the Fourier series coefficients a* and fundamental frequency 
wh. Therefore, the Fbufier series coefficients of !fW are 

(a) Here, u* = 2* find the nonzero FS coefficients of s(f) *re fli *= a-i = J/2 Therefore, 
the nonzero FS coefficients of y(f) axe 

i, =„,»(*■> - iiTTjs^- b ~' = = std-iitO- 

(b) Here, tifc - 2« and the noniero FS coefficients of r(f) Art = a ■ - L/2i ttnd 

03 - rtl , - Therefore, the nomciO FS coefficients of y(l) arc 

h = .,«(* ta) - Sj(4-t J^V i - I = 0 - ,ff( " i4 ’ r) K “S,(4-j4tf)’ 
h.j =0. 3 ff(-j6tr) = - 2( 4_j S ») 


3.34. The frequency response of the system is given by 

»(j“i - ■ 4^ + 

(s) Here. T = 1 and re - 2* Mid a, = 1 for alt t The FS coefficient* of the output are 

b ‘ - “ —j2ch + d-jffoi' 

(b) Here, T - 2 and £J<> « * and 

{ 0, fc even 

L, k odd 

Therefore, the FS oonfiioieuta of the output are 

( p, It even 

h - at “ { t. + -J_ fr odd ’ 

t Ttjak ^ 4-JwJr' 


f !A * 

b = N * 


= u 

even,* ^ 0 
odd 


™ Wfl | 

Therefore, the FS coefficients of the output arc 

{ 1/4, * = 0 

o, fceven.MO 

“tt* [«*■ + **«]■ hM 

3.3,5. We know that the Fourier series coefficient of y(f] are £>* ~ ,ff (j£wa)o*, where 1*14 is the 
fundamental frequency of r(() mud a* are the FS coefficient* of x{*)- 

If y(t] is identical to r(i), then b k = tt* for all k. Noting that H{ju) ~ 0 for \u\ > 2S0, 
we know that //(jW = 0 for |Jb] > IS (because u* - 14), Therefore, a k must be zero for 

|*1 > 1S- 

3,3(5. We win first evaluate the frequency response of the system. Consider an input zin} of the 
Form e jl “ ,| \ From the discuss ion in Section 3,9 we know that the response to this input will 
he y[n] — //(e' Jll ')e J “ rfi , Therefore, suhsti tiling these in tiio given difference equation, we get 




, - e* 4 *™. 

4 


Therefore, 


H(jv) = 


1 - 


From uq. (3-131), we know that 


l=c«> 

when the input Is z[nj, ifn) has the Fduritr series cocfhrlcnis a K and fundamental frequency 
2i t/N. Therefore, the Fourier seriet coefficients of y(n] are (e ] ‘ 2jr *^ ; '). 

(a) Here, N = 4 and the nonzero FS coefficients of x \«] are a 3 = u' 3 ^ If2) Therefore, 
the nonzero FS coefficients of y[r*] aie 




2j(l-{l/4)e-^*r 




(b) Here, N — 8 and the nonzero FS coefficients of z[n} are ei k 
*^2 = L Therefore, the nonzero FS coefficnents of y{t) are 


2;(1 - (1/4)^W<) 
a_j = 1/2 and ay = 


6, ^a,tJ(e” M ) = (1/ 4 )e t - 1 * <1 " |W(t - 2(1 - (I/4)c'-^i' 

t, - = (1 _ *’"= " , ’' Sl “ (1 - (l/l),''-' 3 )' 
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i Z7 The frequency resyoaje of the syrtem may be esaily shown to be 

* 1 - Je Jw ” i _2i-jw 

(a) The Fourier series coefficients of x(n] are 

for all k. 

Also. N - 4 Thcrftfore, tho Fourier series coefficients of p[n] are 

b k = ^ A ^ 2e-J*W«] 1 

(b) ^ Lhis case, tlw Fourier Series coefficient of i[n] are 

ajt = ifL+2Ms(*ir/3)lt fOTallfc 

o 

Also, V = fi, Therefore, the Fourier serieti coefficients of tf[fi] are 

b, = = j[l + S«s(t*/»)1 [— 

3 38. The frequency response of the system may be evaluated as 

- -t 2 ** - *?» + 1 + =" jMf + * 

For z|n], A r - 4 and » */2. The FS coefficients of the input xlnj are 


.jw>/3 


«*= T, 


for all n 


Therefore, the FS coefficients of the output arc 

i, = a t Hi^) - ^[1 - + 

,. M . L ,, t a , e FS coefficient* of the inpot be The FS oofitat* of the output nre of the form 

whvot m = 2e/3- Note that in the ranjtc 0 < k < 2, = 0 fcr t = 1,*. Therefore, 

only bo has a nonzero value among it in the range [) < k < 2. 

3,40. Let the Fourier scries coefficients of 3 (t) be a*. 


(*) x(f - t«) is abo penodk with period T. The Fourier series coefficients t* of x{f - fo) 
are 

= 1 __ / 

T Jr 

SimUarly, the Fourier scries coefficients of x({ + f&) a^e 
^ 

Finally, the Fourier series coefficients of z(f — f$) + x(f + fo) «e 

d k = b k + c t = c ~ fki2wfTiit » k + = 2cosf*2xfo/r)ai 

(b) Note that Tv{x(t)) = |i<l) +i(-t)j/2. The FS etiufiiefouts of j{-() are 
h = ^j^x(-t)e~ jk(:trrn< dt 

- Ifsto**"** 

— C-A 

Therefore, the FS meffieients or E u{x(l)} arc 

A k 4 b k a* 4- a_t 

** - - T~ ~ 2 

(t) Note that Kr(i(t)) = (*[i) + **(1)1/2. The FS coefficients of r‘(t) sre 

b> - ~/ r *-( 

Conjugatiri& both sides, we get 

Therefore, tho FS eoeffieients of 7Ze(T(t)j are 

o k + h* ** + ®!U 

“ 2 = 2 

(d) The Fourier series synthaiit equation gives 
x[t)= 
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^Sen-ntming both nde* wrt | twice, — g* 






This tmpiffi that the FS c«ffidcma 
Jji} is real, then 


¥tvm the previous part, we know chm if 


By iupo'iiw. « know tW the Fourier aria coefficients n rrf>r(c)/<*= „„ -k‘£„ t 
(ej The period of x|Si] is ft third of the period of i{t). Therefore, the sigml j(ji - n 
" pW *T t . w,t )' T/3. The Fourier «ri« concerns «f*( 3 t] », iffiln, Using 
^ PWl * ' ” tww ,bl1 tllB series coefficients of *(3l - |) , s 


3.01. Since ee = u.„ we « quil * that « W = *(-(}. Also, not, thftt since e, = „ itI , we require 

t(t) m 

This « turn implies thftt *(() may hive houmm values only for ( = 0. ±1.5, ±3, ±a y 
SiDW L ZW “ miy madaic th “ *(<) - Ht) for -0.5 < t < 0.5. Also, ,j nr( . 
Li :{t)di ~ 2, ** m * ! ' (0Bdude ths[ *(<) - m - 3/2) In the range 0.5 £ t s 3 / 2 . 

Therefore, *(i) may be written m 


m : 


OO PQ, 

£ -^) + lY' t(t - 3k - 3/2) 

. —' 


3 W ZrLT m .t*’- 1 "?,™"' 31 >■ - k "™ »“ PS coefficients of f M are a-. 

Now, we know lt,»i ui «(i) is real, then i(t) _ x*(J) Therefore, a, = a' . Not.' that 
his implies do - dp. Therefore, ao must be real. 

(b) ftom Problem 3.40 (ind Table 3.1), we knew that FS coefficients of x( >) arc a„, II 
m a even, then x(i) = *(-«), This implies that * 


~ V-k ' 


(S3.42-1) 


FS CS *® Ckllt * “* ™ FtCm thc P™ ViOUS P*^ ** know that 


[Jssng e^ s {$3.4*1} and {S3.42-2), we know that djr = Therefore, a A is real for all 
Hence, wv may conclude that <n is real and even. 

(C) From Problem 3.40 (and Tabic 3.1). we know that PS coefficients oft(-r) are a., If 
e|t) is odd, then s(t) at -*(—f). This implies that * 

a* - (S3 42-3) 
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^,TJ S3 42 ' 3) “ d ,S3 ' 42J,) ' « taw. ^ - -«;■ Therefore, a* is imaginary 
: v ^ CCl ** D0I>c]lid< w rtaJ *nd even, Noting that eq. (S3.42*3) 

req I ts that ae — -ag, we may ulyc conclude tbit «o = 0, 

w ^ n, 1 iif*™ thC P revioui P^' we fcnew that the FS 

««**£ SJSgj r'laSr/r: 1 ^^;^ 05 ' <ss - 4a - 2) ' - ^—*«« 

(e) Now that 0<f(x(l)} m |x(i) - ±{-t)j/2. From the previous parts we know that the FS 


3'dS, (a) (i) We tave 


Therefore, 


1(0 - Ok**^*. 

odd * 


+ Tf 2) i 


Since eJ 4 ' = -I for fc odd. 


odd t 


*(t + r/2) = -T(f). 

(ii) Thfli Fourier senes gtrefficienis of j(t) we 


1 ^ t i rT 

" fi + = f x(l)e-'*«'d t 

* Jm 

i 

* f MO + *{* + r/ 2 ) c -J*'|r-J^ r di 


Note that the rigbt-hemd aid^ of (be Above 
vaiiHs of * if i(t) = - X ( Z + T/ 2 ). 

(b) The function m as shown i a Figure S3.43, 

Note that T = 2 and ^ Therefore, 


oquAtion evaluates to wro for even 


a* 


■{ 


0 

jfc + f£t 


If «vea 
kodd 


a. t .... ^ loiiow toe reasoning of 

xii} x(t 4 T/2), Ip this cfl&a, the fuiidanieuta] period is T/2. 
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Figure S3.43 

(d) (1) If a\ or o_i is Boatero, then 


*{0 - + 


and 


r{f + £o) - 

The smallest vilue of |foj (othet than !^f -- 0 for which i ^ tht- turn 

mental period. Only then is 

ar(f 4 t 0 ) = Oiie^ 2 * 1 / 7, 4 - = j;(() 

Therefore, fo has to be the fundamenta] period 
(2) The period of iff) is the least common multiple of the periods pf A 

f tJl,/TJr The penod or isT/fc and the period aud T/i Kin 

k and 1 ha\-e no common factors, the luast common multiple of Tfk anti Ttf i?i' 

Tl!* oiily unknown FS coefficients are o- U o 3l o_ 2 . Siru;c 3(1) JS real. o : -.■.»* * 
{ i-i Since fl| is real, = «_ 1b Now, ar(f) is of the form 

*M = + X a cos(2^t 4 tf), 

where wio ^ 2 a/ 6 . From this we get 

x{t - 3) - A\ cos(uti( - 3u^) + Xj cw(2iJn£ + 0 ~ 

Now if wc need 3 ( 1 ) “ ~x{t 3), then 3u^ and 6 wt, should both be odd nuiltiples of i 
Clearly, this is impossible. Therefore, o 3 = n_ a ^ 0 and 

l(i) = XiHWfcftJct) 

Now, using PamvaJa relation on Clue 5, we get 


y: +io-i 


Therefore, |o,| = 1 / 2 . Since a, b positive, we haw o, = o_i = 1 / 2 . Therefore f(t) 

COG(rt/ 3 ), r w 


^ 45 By mspect™, we may omxdude that tbr FS corf&cients 


of T(f) j 


J to. 

{ B* + 
t B t - 


+ jC t , 

JC*, 


* - 0 
k >0 
Jt < 0 


(n) We know ixom Problem 3.42 that if *(f) b r ^|, lbe Fs 
«e(TA). Therefore. 


ajdficicn^ of £v(n:(W ari> 


<*o = Afl, 


jT^rTbmfore™ 1 ’* 6 ” 3 42 ltM “ r “ 1 ’ tlw ^ «KfB=fon« of i 


A = 0, 


*■{5 


JO*, 

jC*, 


it > 0 
* < 0 


(b) Oj =: q^j- and $ k - —0^ k 

( C J The signal ie 

F (0 = I +£u{*(!)} + i£c{x(i)} -Ci{l{<)) 

This is as shown in Figure S3.45. 



Figure S3.45 

3.46. (a) The Fburi* r s^riea coefficients ora[i) are 

JT "■ i 

^ ^ (n+/>} 

■ i 

n 


10 $ 


m 














3.49- 


3.50. 


(b) {») Here, T fl = 3 sad va = 2*/3. Therefore, 


O = [ii(i - 30) 4- ii(i 4 30)] . 2S> °3^S ~ 


Simplifying, 


sinU^ - 30)2 jt/ 3! . dnf(* + 3P)frr/3} 

Ct “ 3(Jfc - 30)2* /3 3 (* + 30)5*/3 


-lunrt c*jo = 1/3. 

(ti) Wc may express Ja(t) *s 

i 5 (() = sum of two shifted square waves x cos(2t)wt). 


3 47 . Ckasideniig x(t) to be prod* with period l. the nonzero FS coefficients of *{t) are oj - 
a_, - 1/2 If we now consider x(i) U) be periodic with period 3 T then the the nonzero FS 
coefficients of x(t) are fta — ^-s = */2 
3 . 48 , (a) The FS coefficients of x[n ™ n^} are 

a* = 

null 

- 


Here, To = 3, = 2*r/3. Therefore, 

-* » 3' ’* (*-M)2„/3 + 3 (* +30)2^3 

+ 3 C (il-30]2*/3 + 3 C E* + 30)2r/3 

(in) Here, To = 4, w* = jt/ 2. Therefore, 

ck = - 4 °) + 2 ^* + 40i J ' 2[1 + (feu*)’] 

Simplifying, 

j{(Jt - 4 &)u)n + e" l {sin(i - 4 D)wo - cos{lc - 40 }^}] 

* " _ 4 [ 1 + ([A- 40 W'] 

jiflr + 40/^ + e "*{ain{A + 4t)]ida - co s( fc + 40Mi}] 

+ ' ' 4[l + {(* + 40)u*) a l 

(e) From Problem 3.42, we know that t >* = o'.*. Ftcm part (a), we know tliat the FS 
coefficients of *(() = i(f)yM “ = |a(t)f will be 

Ck — ^ ^^ 11 -* = ^ OflOn+i- 

Zl - Llri fl"- W 

From tbs Fourier sCri« analysis equation, we have 

^ ^ i- / 5 1 x( 0 |V J<a,,/r * 1 *'di - Y «no; + * 

TbJq n*-» 

Putting it = 0 in this equation, we get 

1 ( n \ x m (•* - E ki 1 


(b) Using the results of part (a), the FS coefficients of i[nj - z[n - 1] art? given by 
di = o* - *-*■*/■* m [1 - e-J 2 ^>*. 

(e) Using the msuits of part (a), the FS coefficients of *[n] - x[n - Nf 2] art* given by 




it even 
k odd 


(d) Note that xtrtJ+xJn+iV/Zj has a period of N/2. The FS coefficients of x|ft)+i[n - W/2j 
are given by 

*.-£jZ [- 1 ") + * 1 " + yl] - *w 

for 0<k< (JV/2 - I)- 

(e) The FS coefficient of x*\-n] are 

n=0 

(f) With N even the FS coefficient $ of (—l) n i(n] jitc 

(g) With JV odd, the period of ^-1 ) t, x1ti] is 2 N< Therefore, the FS coefficienLq arc 

1 TN-i rt-i 


•Nf 3 


at = 


2N 


integer and 
rw<fc-yy _ _ 

-{r 


Note that for k odd fcjti a an integer and k - N w an even integer. Abtf>, for k even, 
- jV is an odd integer and c ~= -1. Therefore, 


a* : 


k odd 
k even 




(b) Here. 


v[«] = j!*h]+ (-!)"*[«]!■ 


For N even, 


For M odd. 


atk) = 


o* - -[njt +**_£]. 

l K- 


k even 
k odd 


(a) Thr FS coefficieutf are given by 




T 5-0 

, fjv/ai-i 


- ^ E 




i r «wrJV + *^ V ^ + ^^=0 
jv *-* 1 1 w 


md 

, *W 2 J-t 


i r .we-'^-V E 

n ~0 


JV 

0, for k even. 


[b] By adoptiog an approach similar to part (a), we may show that 


■f-i 1 

YJ {1 - e " ji#/2 + e *'* - 


= 0_ for k •=■ 4r,r € I 

(e) If NfM it an integer, we may generalize the approach of part (a) to show that 
Y\l - e->™ rf + t~ jiwr -+ - * V )x[n| c -} 

t3 0 

where B = JV/A/ and r = k/m. From the abow equatiOP, it is dear that 
<H = 0, if k s= rAf,r ^ I. 

From Table 3.2, we know that if 

f ] 

x[n] 4 —fc- 


(- 1 )**W = ^ »t-w- 

In this case, JV ^ 8. Therefore, 

Since it iy given that tii — we have 

x\a] - -(-l) rt r[n]. 

This implies that x[0] * a[±2j = x[±4j — ■ - ■ — 0 

We are also given that x[l] = 4 p{ 5) = ■■ ■ = 1 and x(3] m x[7| - -1 Therefore. on« fieriod 
of x[n] is as shown in Figure S3-5Q. 




& I j. 
—I 


-l 

Figure S3-.50 


3.5X. We have 

^if<av/l)n f | n | _ ^™ x [ n ) m (- 3 fTffi| +——f flt -4 

and therefore, 

If a* a -ajt-i, then x[0] = x{±2) - i{±4] = ^ Q Now, note that in th^ signal 

pjn] = x|n — 1], Jfljdblj « p{±3] * — = 0. Now let us plot the signal xjn] — (1 + f- 0 rt )/^ 
This is as shown in Figure S3,51. 

Clearly, the signal p[nj - z[rt]p|n] = p[n| bccaipic p1ti| is zero whenever x\n\ is zero 
Therefore, p[n] = x[« - 1]. The FS coefficients of p[n] arc 

3.52. (a) If is real, x|nj ^ x*[n\. Therefore, 


FVom this result, we gpt &_* - h t and c_t ** - c*. 


Ill 
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(d) If c* * A k e*\ then 6* = Acoe(^) and e* - Asin^J. Subatitutiflg in tl* 1 result of 
the previous part, we gel for N odd: 

(N- 1 J /2 

x\n] ~ a$ + 2 ^ A «*(£*) c«(2 irkn/N) - o* si n(G*) sil *{2*kn fN) 

*=i 


(W-l )/2 * t 

- «o +2 52 A t tM{ — +e*>. 
*=1 


Figure SS.fil 

(bj If N is even, then 

o K/I = ~Z*Hc- Sw " = - ~i- 

* n rt 

(c) If N is odd, then 

tN-n/3 

■H - E 

i— 

(jv-ij /2 (N-iy/? 

= 52 cte ,<aT/jV> * fl + X! “*e" >P * /#)fcn ft' TOm W> 

m 

IN-d/s (/v-iy/i 

= *„ + £ (h + jc.w 11 ' 1 ^ V h-jaj.-*-'**- 

t — L *-l 

tw-iy/3 

- a(> 4 . 2 52 ** k «ft{2** n / JV ) - cjt sip(2jrfcn/Jtf) 

If iV it even, then 

JfesD 

tN-2)/2 

- N+ (_ip w+s £ «■ 

Jkt | 

= ^+{-1^+2 V (FK'in fa'll 

*=1 

w-im 

= aft + (-]) ft c W3 + 2 ^ ^ra(2w^/lY}-t*au^2*W*0 


Similarly, far fV even. 

(N-i)n 

x[n\ = a*+C-l} h a^ 3+2 52 *«“(**) “ «*9fa(tf*)siii(23rWtf) 

t-1 

- *o++ 2 52 003 ( ^ 

(e) Tbs signal is: 

y[n\ - d.e{s{n|} - d.c.fzlri]} + £v{rj + Od{i} - 20d{*). 

This is as shown Figure S3.52- 



Figure S3.5 2 


3.53. We have 

A <JV> 

Mote that . 

“o -ff E *w 

which is real if ff[n] is real 


113 


114 


fa) If V is even. then 

" <n> <»> 

Clearly. a Nn & also real if ae[n) is real. 

(b) If N is odd, only a$ is guaranteed to be real- 

J 54. (a) Let k m pN , pel- Then. 

N-J H-i (t! 

0 [pW] - „£«>***■-£i = w. 

ASO 14=0 

fb} Using the finite sum formula, we have 


<c) Let 


■W- L _ e Xw t =°' *»<<**>«*- 


4+Jf-l 

-1*] = E 


whB[e , is s0m5 arbitrary .oteger. By putting k - pN. w* mjy again easily show that 

r+ir 1 n5r‘ 

0 [pJV] = £ = £ e>>i- = £ 1 = ^ 

n-a "=fl n=fl 


Now, 


JV-1 

a | fc ] _ 

n=0 


Using [>art {hi, we m-ty argue that o\k\ = 0 fnr / p/f, P € I 
L 55 . {ft) Note that 




r J 4“ + ^Ji n - 0*±m ( ■ f i(^]i n “ ' ' « *«H 

[rnmfVl otherwise \ ^ otherwise 

Therefore. r (fll )[r*] is periodic with period mN, 

(b) The time scaling operation disemaed in this problem is a linear operation Therefore, 
if i[n) — v[n\ + ty[rt), then. x m \n\ -= + uu[n|- 

u s consider 

j,| Tl J - _Ly^gj {2w/^.N)[k^+tflf)n _ 


ThiE may be written at [From Probitm 3.54] 

^{fr/mNyttan n = 0, ±fV, ±2iV, ■ 


f l / ^ 

rfn] ^ \ o. 


Now, *1» note that by applying timp-srAling, on ![«}, w^ get 


-Mr 


/mNjfcpTi „ = ± 2 Af h 


(S3 56-1) 


fS3-56-2) 


Comparing eq^s. (S3.55-1) ftad {S3.K-2], we see that y[n] = 

(d) We have 

rt =-D 

We know that only every mth value in the above Summation is notiscro Therefore. 


1 

- ^vE'wi ' 1 




mN n ^ 

J-£x (m) |^ ]e -^-/«l- 


Note that 3f(m|[nAf) - *[n]. Therefore, 




3 . 56 . (ft) Wc have 


t[nj n* and +^+ w* k . 


Using the muhiplicatk>n property. 


x[n)i*[nj = |*H 1 2 52 0 #a 2 +*- 

t*e^> 


(b) From above, it is clear that the answer is ytsi. 
3 . 57 , (ft) Wc have 


.[%w = EE.^ IMi 

ft-0 uu 


Putting (' = k+l, we get 


(ff-i) ?a+yv-i| 


*-□ P=k 
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3.59. 


Bin snxs both br-t '*‘■1"*' w* periodic -ilh Period N. «. mjy uvmv ihi* “ 

af-uv-i 




7f-t 

.*=0 




Therefor*, 


ct — y^ah^-*> 

i=o 

By interchanging a k and b k , we nay show that 

N-t 

CJfc = 

fc-'Q 

that sine* both a k and b k are peroidie with period AT, we may rewrite the above 
e* - - 5 ~* bjt&t-k- 


(b) Mote 

summation as 


<ZPi> 


(<=> ti) Hem. 

Therefore, 

(ii) Period=JV. Also, 
Therefore, 

{iii) Here, 

Therefore. 


c, = ^i(j[l-3j + i[(-JV +311^.1. 


1 1 

2 ° 


fc* = -j~. , for all k. 
N 


. rT - I 

<s ‘ = w£>' 

t=Cl 

fr *(l + e -* r *' 5 + =-**n 


c ‘ y'll +r -' ! -" 3 + 

N h 


(d) Punod -12 Alto, 


drtl o ? = o ]Q -= l/2 h All other o* - 0 n 0 < k < II 


, , FS r , 1 ,»in7*fc/ 12 " 

„(«] M 4, - <__>___, 0<*<1L. 

Therefore tine period of ot i£. 

I - 2)/12} k - 10)/12) 1 Q<k<l 

“ 24 [sLc{7r(fc - 2)/32) + sin{T(k - 10)/12} j ’ 

(e) Using the FS wialysiB equation, we have 

n £ = £4*Mr*-w. 

Putting it = 0 in this, we gel 

A? ^ S 

Now let j^nJ = x*\n) Then ^ = a\ v Therefore. 

N ®W = 

Therefore. 

n 52 i a ii* “ 52 M n J |T 

t-<s> <N> 

3.56. (a) Wc have 

z[n 4 JV] = 52 j[rJjr[rt + Af - r|. 

Since yfn] i* periodic with period N, y[n + JV - rj ss yjn - r\. Therefore, 

z[n + N] m J2 *t r M n “ H = J N- 

<l> 

Therefore, sjnj is also periodic with period N. 

(b) The FS coefficients of rjn] are 


i*;I E •A-''**' 

= s E E 


= t zNatNbi 
A 

= /Voibf. 


ns 


(c) Here, rt = &. The noraefo FS coefficients in the range (J < k £ 7 for i[n | are flj -» - 

1/2;. Mote that for y|n], we need ooly evaluate hj and bi. We have 


^ =4i = 


4(l-e'A>/*)' 


Therefore, the only Bomcro FS coefficients in the range 0 < A £ 7 for the periodic 
convolution of these signals are Gj ~ Sa.ita C& - 805 ^. 


(d) Hero. 


Therefore 


x(n] i 


S f 1 _ | _ 


’ 16; 11 _ e -^3«/r-wi/4) J _ e -i(.3*^r+<t/4> 

r _ 3 r i-a/ 2 > a 1 

y[nl ^6* g [” {i/2) e -r* F / 4 j 


xfn] = x[n]y[Ti] 4 —► 8 at 6 i- 

(a) Note that the signal i(f) ii periodic with period ATT. The FS coefficients of 


-wu 


tW(* - p t ) 


Note lhat the limits of the summation may be changed in accordance with tin 3 liEuits 
of the integration so that we get 


, = j_r 

f ntJh 


r fl-l 

53*[pIJ{i - pT) 
i>=o 


t -jPifHTVUfa 


In!Prr.h!ing)Tig the summation and the integration wri simplifying 

^-1 i-A r T 

p=o 

= (i/Arr)^*b]e" >(B ' / ^ 

p^O 

- nm ■ 

L p- n 

Note that the term within brackets on the RHK of the above equation constitutes the 
FS coefficients of the aignal x[n). Since, Efeis is periodic with period N, <tw' ^l^^ 
be periodic with period N . 


(to) If the FS coefficieniB of r(<) art periodic with period AT, then 

tifc = Oi-,V- 

This implies that 

*(0 ^ z(t)e>V'rn»\ 

Tbit it possible only if x(e) is mto for all t other than when {2n/T)Nt = 2 nk, where 
Jtf I, Therefore, x(t) is of the form 

s(i) w f; g{mt - kT(I'f), 


(c) A simple example would He 2{*) - ^(f ~ fcT), 

u-» 

3.60. (ft) The system is not LTI- {1/2}" is ftu eigen function of LTI flystems. Therefore, the 

output should hive been of tho form AT(l/2) rt , where K is a complex constant. 

(b) Ii is possible? to find, an LTI system with this input-output relationship. Tire frequency 
response of this system would be ) — f 1 — (l/2)c -,s "l/(l - (l/ j l)e' JW ). The system 
is unique. 

(c) It is possible Co find an LTI system with this input-output relationship. The frequency 

response of tha system would be = (1 - [I/2K^>/{1 - (l/ri^ The system 

is unique 

(d) It is possible to find an LTT system with this input-output rcla-tionship The system is 

uot unique because we only require that = 2. 

(e) ft Ls possible to find mi LTI system with this input-output relationship. The frequency 

response of this system would be — 2 The system is unique. 

(F) It ib possible to Sod mi LTI system with this input-output relationship, The system is 
not unique because we only require that H(o JirjfJ } =* 2(1 - 

(g) It is possible to find an LTT system with ibis input-output rclaiionship. Thu system is 

not unique because we only require that - 1 - j^/5- 

(h) Note that x\n] and yi|nj are periodic with the same fundamental frequency Therefore, 

it is possible to find an LTI system with this input-output relationship without violating 
thtf Bigen function property, The system is not unique because U{c^ ) needs to hi: have 
specific values only for The rest of fi{'?'*’) may be chosen arbitrarily 

(i) Note that xjftj and yi jn| are nut periodic with the same fundamental Frequency- Fur¬ 
thermore, note that has 2/3 the period of zfnj. Therefore, y\n\ will be made up 
of complex exponemials which arc not present iu x[ti]. This violates the eigen function 
property of LTJ systems. Therefore, the system cannot be LTI. 

3.61. (a) For this system, 

x (t)x(tl 

Therefore, all functions are eigenfunctions with <vi eigenvalue of one 


m 


12b 

















(b) The blowing is an eigen function with an eigen value of 1: 

m-T, 6it ~ kT] 

* 

The following is an eigen function with an eigen value of 1/2: 

*W = S<5 )t,[l " kT) - 

The following is an eigen function with an eigen value of % 

■to-Ew^-w* 

* 

ft) If h[t) is real and even then (w) is real and even. 

^ hu^ 1 

r.nd _ _, 

*->“* ->[ 7rjj^)] -> - Hi}*)*-’-*. 

fYom these two statementa, we may argue that 

cos(wf) - + e“ M ! -> \ )■ 

Therefore. cc«(tiJi!) is an eigenfunction. We may similarly show hat sm(ui) is eigen- 
function 
(d) We have 

Therefore, 


A 0 U>. 


X4(t) 


= J *£r)dr 


Differentiating both sides wet I. we get 

W'(!) - #(t). 

Lei 0(0] - 0 d Then 

0<t) 

3.62. (a) The fe.ijsmenlil period of the inpul in T = 1* The fundamental period of the input 
is T = it. The signals ar* as shown in Figure S3.62. 
fb) The Fourier series eoeffients of the output are 

° k " *(i - 4J^>’ 



(c) The dc component of the input is 0. The dc component of the output is 2/tr. 
3-63- The average energy per period is 

We want N such that 


This implies that 

Solving, 

and 

3.64. (a) Due to linearity, we have 


E 1 ** 1 - M r^a- 

^N-n 

1 - 2 Q™ -f 2 « J = 1 + a? 
1 — o 3 l — a 2 

log[l,45cr 7 + 0.95] 


N = 


2 logo 


(b) Let 
Abo, let 
Then, 


*» <w< ULzlh. 

4 4 


y{t) - E c * Ajt ^^' 


X) (*}—and u(t)—^(0 
I3 (t) = ar,(t) + 6*^(0 —► 

Vs( t) = i 3 (ur i *{ 0 + &*/{*)] + *[“i {t} + W( t ) j 
- + bys(*) 
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Therefore, the system is linear 
Now consider 

= *(i ** to) — 1 1M.(0' 

“ wM .f£*F±+&ts*+#-> 

Therefore, the system is not time invariant, 

(o) For inputs of the form 4^[0 — the output is 
y(t) = feV = 

Thcrefore, fait) arc eigenfunctions with eigenvalue X k - * 2 - 
(d) The output is 

3 65 . (u) Pairs (») and (b) wn orthogonal, Pairs <c) and W «<= »« unhu B cnal 

(b) Githogonal, but not orthonormal A m - 1/wo- 

(c) Orthonormal. 

(d) We haw 

L 


it) W> haw 


rU>+T 


, i e it*'-P* - 1] 


(m - n)^ 

This evaluate. to o'whcn . 4 « and to ,7 when » —. Thetefore, the tali.* «* 
orthogonal but not arfhonormal 


(r) We have 


\‘ - ; f [*m+ 




(f) Consider 


1 =0 tW 4«w jt =[ mmw- 


Tins ualuateu to aere (or k 0 I. Fte k = l. It evnluatt* to dt/h t - 1. Tteefore. the 
functions are orthouormal 


fh) Wo haw 


3.^6- (a) We have 


jfiidii ** = £xmnw 

6 J 

- Ewi a - 

y{T) = j^hiiT-rfairydr 

f *(W^(T)<fT 
j -» 


(W 

{t)di 


= &ij = 1 for 1 = J Mid 0 for i 4 j. 


-/: 


*(o- E *rf*w 


**w- E*i«M 


Now, let o, ~ 6, + jCj. Then 

dB 


din 


* 0 


- £&{t)x{l)dt + 2 ^ “ ^ 


and 


= 0 ^ s f\(t)x'it)<it + 2o, -jjy:(tMt}dt. 

Mutiiplying the last equation by j and adding to the one before, we get 

2 b,+ 2 j & = 2 /‘i(tW(t)di, 

This implies that 

ai - J 

(b) In this case, a, would be ^ 

a, = 
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(c) Choosing 


we have 


I ri+Tfl 


a= / U>- E 0 ‘^' 

j7 ° 1 --JV 


Putting = 0 , -m? get 


o t = ~[ x(i)e-< w *- 
fo/To 


(d) » = V-, <■> = = e. a, = an - WSVr, « = (WP- 4 c “W« + 

(e) Wc hEive 

jf£M«wrwo-S>*Mi* - IX/ *w*;<o* 

* * 

(f) Nol orthogonal Example; j $Q(t)$i(t) ** tdt = 1 ? Q- 

<g) Here, 

on = jf - e - 1 - 

(h) Here, i(f) = «o + ait Therefore, 

E = j (C 1 - a> - “ **0 - 

Setting dE/doo - 0 - we get a* = - 5) a»d a* = *0 “ *)■ 

3.67, (a) from eq. (P3.67-1) and (1*3.67-4), ** S«* 

-1 j. / w 2 *" 1 _ IjlJ V' 

2^ jSjrrvMr)^ - 2_ ^2 ^ 

iui-«A n=-» 

Equating coefficients or ^ mnt on both rides, we n-Qt 

~Tz* ~ jt 2 wl- 


(b) Since j 3 — ^Tjn/Jf 3 , 

For n > 0, 

is a stable solution. Foe n < 0, 




\/2?tt;(] ■+ j) 


/KH(i-j) 


is a stable solution Also, fc rt ( 0 ) — fl-n and 


j a fte -VSifi+il*/fc i n> o 

^ = \ ft <0 


(c) (* = 2 . fa = (I/ajle-O’fl*. »-, - -(l/^lc-O-^. 

TfAv/i^^i} = 2 + e _ 'sin{2iri — nr). 

Phase reversed. 

3 6S (a) ar(tf) ~ r(0)cos{0) = Jr(tf>e* f 4- If 

!<«> = f; 

then b* = (i/ 2 )<n + i + (l/ 2 fot_L 

(b) x(&) bi- Then z(tf) = r(0 + -r/4). The sketch is as shown in Figure S3 68 

(c) bo = flQ. Rrat of fr* is all zero. Therefore, the sketch will be a circle of radius a* w 
shown in Figure 53-68. 

(d) (i) r(b) - r(-tf). Even. Sketch as shown in Figure 53-68. 

(ii) r(tf + Jbr) = r{0). Sketch as shown in Figure S3. 68 - 

(iii) r(0 + kit{2) - r(0). Sketch as shown in Figure 53.68. 


3 .G 9 . (a) ^ < £*l n ]$*[ m I * X# - ^t 11 — m ]‘ This is l for k = m and 0 for k $ 

l _ ] _ f 0, 

i - ” \ N> 


n^-S *~-f« 

Therefore, crthogon&L 

(b) We have 

r+tf-l 


flaf 

Therefore, orthogonal 


m 

k — m 



Set d£fdb = 0 . Then 


(c) W T e have 


^ |r[n]f “ ^ 

t-i 

iW M &a 


fc=Ii=l 


(d) Lena, -b,+ja. Then 

& 


*»n=i 4=1 

b = e ixMi-+E>? + - £ I i , ’E (,,| ■ >o#ci«i 

nx-JV, i*l izai 


fVj W 


\ = [«ij" 
Similarly, 

Therefore, 

(e) &[n] = d|n - tj. Then, 


E (*[«»;w+*■[»]*[«!) 


■ j,*' | E ^:h| 


e, = | E *[ n i#i n i J 

i & 

Oi =b,+jd = T £ 


E -*1 = x l*l 


3-70. (a) We get 


«*. - 5 ^r T ’ d!, 


(b) (i) T] — 1 1 2^ = r. e= 1/2, n. i,_j ™ 1/^ ffost of the coeGicieuts are all wo. 
(ii) Here, 

l/(ir 2 mfi), m.nodd 
otherwise 


_ / 1 / 
° mn “ \ 0 , 

3.71. (a) The differential equation f t (t) and /(f) is 


|M> + ,,( 0 -/( 0 . 

The frequency response of this system may bo easily ^hown to be 

* 1 + (B/Jf)j^- 

Note that for w = 0, i/fow) = I and for u/ -4 oo. //(/w) ~ 0- Therefore, the system 
approximates a lowpass fitter. 

(b) The differential equation /*{*) and /(i) is 

dfM . * t m _ <V(*) 

~sr + 5 WI1 - sr- 

The frequency response of this system may b« easily shown to be 

Note that for w — 0, /ffow) — D and for u -# co, H{jw) = 1. Therefore, the system 
approximates a highpass filtM 1 . 
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Chapter 4 Answers 

4 1 (#) Let t(i} ~ - i) T Then the Fourier transform Xtiw) of r(i) is; 


x(h = r^-iud-i)^ 

/ —CO 




|X(j'h)( is ac shown in Figure S41- 
(b) Let a[t) - fl“ a|t - 11 . Then the Pouncr transform ^fyu) of x(() is: 

- rv^-v*** 

J-oo 

= J"^ 1 -^+ j' 

= e'* 7(2 +■ ju) + - jW) 

- 4c* JW /{4 + w 2 ) 


|X(jw)l is *6 shown in Figure S4.I. 



4.2. (*) Let ii (f) - d(J + l) + J(t - 1)- Then the Fourier transform Jfi{j'w) of r(f) is- 

xm*) - r +1 >+«»- i))t- ,ut <k 

= = Sogsh 

hi as sketched in Figure S4-2- 

(b) The signal *?{f) = u(-2 - t) + u(i - 2) is 3 * shown in the figure helm . Clearly. 

^H-2 - t) + v(t- 2)} = &tt - 2) - &(i + 2) 


Therefore, 

tf a (jH) - /" f S{t -2)-6{t + 2)je JUfl dt 

■/-00 

= - e 2 ^ - ~2f sla[3w) 

is as sketched in Figure S4.2. 



4.3. (n) The signal i|(i) = sm(2** + jt/ 4) is periodic with a Fundamental period of T - I 

This translates to a fundamental frequency of w& — 2u. The noniero Fourier series 
coefficients of this signal may he found by writing it in the form 

*,(() - i 

_ A-WO™ _ 

- 2j 2 / 

Therefore, the nonzero Fourier series coefficients of i|(£) are 

a , = Ir-'/V 3 * 1 , a. i = > 2 " 

2; 

From Section 4.2, we know that for periodic signals, the Fourier transform consists of 
a train of impulses occurring at kw<}. Furthermore, the area under each impulse is 2ir 
times the Fourier series coefficient Therefore, for r^t), the corresponding Fburiei 
transform Jfityio) is given by 

XlfjH) — 2 * 0 |£{w - Hq) + 4 Ho) 

^ {W >)<**? A &{<» - 2x) - fx/j )e"^ 4 &{h + 2x) 

(b) Tbe signal ia(l) = l + cos(67ri +*/$) is periodic with a fundamental period of T =- 1/3. 
This translates lo a fundamental frequency of Hd = fir The nonzero Fourier series 
coefficients of this signal may be found by willing it in the form 

12 (f) = 

= 1 + + -W* 
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Therefore, the oomero Fourier senes coefficients of xj(l} are 
a, = 1, ., = !,!*/»«*« = 1 

FYom Section 4-2, we know that for periodic signal, the Fourier transform consists of 
a train of impulses occurring at kuip. Furthermore, blvc axea ufidtr each impulse is 2n 
times the Fourier series coefficient a± Therefore, for xj(i)* the corresponding Fourier 
transform XiijtJ) is given by 

X^jh) = 2xdo<S( h) + 2xfljrf{iiJ - wo) + 2xa_ + ho) 

= 2 jt*(u) + ~ + *e-> wI *6{u + 6 x) 

4 4 (a) The inverse Fourier transform is 

st ( t ) = (1 / 2 x) j^ | 2 xJ(h) + iti(w - 4n) + + 4x) ]e^dH 

= (l/2ir)(2xe^ + xeJ 1 ^ + 

= 1 + (l }2)e* 4 ' l + (1/2}e -J ^ 1 + cos {4*t} 


(b) Thu inverse Foorfor transform ia 
Ej (r) = (l/2ff) 

J -Off 

e {l/ 2 n)J 2 e^<iw+(l/ 2 K)J '(- 2 )* }UJi <^ 

~ -(4jsin 2 t)/(xf) 

4.3. From thu given information, 

*(t) - u/2t) (°° xu^<^ 

J -to 

J-w 


= (l/ 2 x 
-2 


)J 2 e"f" +)r e^foj 
sinl3{i - 3/2)| 


ir [t 3/2) 

The signal i(t) is *ero when 3 [t- 3/2) is a nonzero integer multiple of tt. This givra 


t = £w + l for k £ I y and Jt / 0. 
2 2 


4.®. Throughout this problem* we assume that 

t(I) m 


(#) Using the time reversal property (Sec. 4.3.5), we have 

i(-£) A 2 + 3f(-iw) 

Using the time shifting property (Sec. 4,3-2) on this, we have 

i{— t + 1) <—t j) and x{^t — 1) AA jh) 

Therefore* 

ri(l)=iH + l)+i{-l-l) ^ e -**X(-fa) + 

^^4 2Jt (“jw) COS W’ 

(b) Using the time scaling property (Sue. 4.3,5), we have 

Using the time shifting property on this, wo liavtr 




(e) Using thu iliffcrontiation in time property (Sec, 4,3,4), we have 


dl (0 FT 


}uX{ju) 


Applying this property again, we have 


dt 2 




Using the time shifting property, we have 

w(t) - 11 s -«f JCOw)*'*"- 

4 7, (a) Since ^i(i^) is not conjugate symmetric, the ooirfapunding Eiignai yj(0 is not real. 

Since JTiOh) ia neither even nor odd, the corresponding signal xi(f) is neither even 
nor odd- 

(b) The Fourier transform nf a real and odd signal ts purely imaginary and odd. Therefore, 
we may conclude that the Fourier transform of a purely imaginary and odd signal 
is real odd. Since Jfs(;u) is teal and odd, we may therefore conclude* that the 
corresponding signal i;(f) ie purely imaginary and odd. 
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4.S. 


(c) Consider , aipud «<() Who* rr^tnde „( tb* fWer a™*™ » 

.>jid whose phase of the Fourier transform b m **' S,DM 

|y J (- J£i? j| and <{Y 3 (M 1 = ** “»* <» nc1 ^ that th * H * ,ial ^ 

U reaJ [S« Thbfo 4,1. rropeJty 4.3.3), _ 

Now consider the signal «(*) with Fbwfer transform *ati^) - ' 

iY^i Using the result from the previous paragraph and the UnoariLy property 
of the Fourier transform, we may conclude that x j(i) has to imaginary , mrv 
founv transform X 3 (jw) is neither purely imaginary nor purely real, the sign*! 
is neither even nnr odd- 

(d) Since X K \jv) is both real and oven, the corresponding signal i A {t) Is real and even 
(a) The signal x{t) x as shown in the figure S4-S 




x[t) = f y{t)dt, 

/-B6 


whete tjU) is the ™ct»g»to pube shown in Figure S**- U.m* «« P™l" rt * 

of the Fourier transform, we have 

s(() S X^w) = pV(i^) + 


We know from libfo 4.2 that 


Therefore, 


X(M 


Y{ju) = 

tmn[u/2) 


2 ain(uj/£) 

+ irJ(sej) 


jw 2 


(b) If (j[i) ~ je(£) - 1/2, then the Tburier transform £(jca) of j(i) is given by 

„ , 2 sin(^/ 2 ) 

G{jw) - X {jut) - (1/2)2^(ej) - — 



4.9- (a) The signal x(t) is plotted in Figure S4U. 

W'e so? that this signal is very similar to the one considered in the previous problem. 
In fact wc may again express the sign&E r(l) in terms of the rectangular pulse y[t) 
shown above as follows { 

i[±J = j v{t)dt -u(£* 

Using the result obtained in part fa) of the previous problem, the Fourier transform 

X ( jw) of x(£) is 

XU*) ~ 

glnu e^ JW 
ju 2 jw 


(b) The even part of t(0 is given by 


af(fl+*(-<> 


£v{x[t)) 

This La as shown in the Figure SO. 

Therefore. 

rr{£u[z{t)}} = ! 

Now the real part of the answer to part (a) is 


Ke{“^-} = (iM^e {j(cosu/^ j sm <j) J ■ 

or the odd put of *(i) is same a* j 
5 have 

{ smiv e - *""! sincJ cosut 
jij 1 }ti) ) w 2 + ur 


(c) The Fourier transform or the odd put of ^(f) is same as j timrs imaginary pu t of the 
answer to part (a,). We have 
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Therefore, the desired result is 

gin cp cos w 
FTjOdd part oCr(i)} ~ ~J ~ ~ 


4 . io. {a) We know from Table 4.2 that 

Rectangular function YEj&j) [S™ Figure £4-101 
ir£ 

Therefore 

[Rccungulu function * Rectangular function Y tjw)l 



This is ss r.tow U m lh' *Kum above. may he «p,«5«! matt.ematie.vliv “ 
[ j/2", -2<we0 

X(jw) - { -j/ 2 ». »<"? 

I 0. otherwise 

(b) Using Parseval’s relation f 


i ll. We know that 

Therefore, 

Now note that 


*m a l*o|), km & 

t?Lr^) = ^T{r(3t) * h{3t)) - 


Y(jo>) = TT{x(t) * h(t H * X<ju)HU*) 


FVom this, we may write 




Using this in eq. (**}, we have 


and 


eo«)-jvuj) 


»w = 3^(30- 


Therefore. A — jj and B = 3- 
4.12. (a) Pram Example 4.2 wc know Umt 


*-W JZ* 


Using the diflfeientiatioa In frequency property, we have 

u -m £?* jS- f -1 ) = -. 4jt ^ 

dui \ 1 + ci? a J (1 + 
(b) The duality property states that if 

s(t) QM 

then 




Now, since 


wc may use duality to write 


te 


£7(£) +■—t 2^jr(jw). 
-w JZ, 

(l + u 2 ) 2 


-iTTW ■ a —-“ 


Multiplying both sides by j t wc obtain 


^ /I, 

TTTW ' ' 
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4.13- 


4.14, 


4,17. 


4.18. 


j Takinjt the inverse Fourier transform of X (jt*"), obtain 

■w-s + 5r ,+ 5^ 

The signal x(t) is therefore a constant summed with two complex exponentiate whose 
fundamental hcqucades are aw/. 1 ? rad/sec and 2 tad/sK These two complex expo¬ 
nentials are not h^ajoaitally related That is, the fundamental frcquenru* of these 
complex complex exponentials can never be integral multiples of a common fundamen¬ 
tal frequency Therefore, the isignal is not periodic 

(b) Consider the signal y(() - x[<) * M*) From the convolution property, we know that 

= X{jv)H(jw). Also, from MO, bnow tbal 

The function HU*} * KT0 when tu = k*, where k is a aoruero integer Therefore, 
Y(Ju) = jwjWO^) = + — 

This gives 

•W-5T + 5** 

Therefore, y(£} is a complex exponential summed with a constant We know that a 
complex exponential is periodic Adding a constant to a complex exponential docs not 
affect its periodicity. Therefore, y(i} will be a signal with a fundamental frequency of 
2tt/5. 

(c) From the results of parts (a) and (b). wc sec thar the answer is yes. 

Taking the Fourier transform of both sides of the equation 

JF-'{{1 « j42-*yiK 

we obtain ^ f 1 l 1 

A[jj) - ^ + + juj A 11 + jtj 2 + jw J 

Taking the inverse FburkT trails form cf the above equation 

x{±) = Ar -, u(t} - Ae _3, u(£) 

iJaing Parseval f s relation, we have 

r \Xiju}ptL> = 2x rWrdt 
J-QG J -» 

Using the fact that f j A (jw)j 2 du> - 2*, we have 

J -» 

W0I’<« = 1 


r 


Substituting the prcxkuBJy obtained ecpressioii (or t(C) in the above equation, *r have 

jf* [AV a ‘ + aV 41 - 2A a e-“Wt)dt - 1 

p [A a f-“ + AV« - 2A*e- u ]dt - 1 

A a /12 - l 
=> A ■ Jl2 

We choose A to he v^2 instead of - v / 12 because we know that x(0 is non negative. 
4.IS. Since z(i) is real. 


We are given that 
Therefore, 


faW»)l- ‘ (,| Y M fl WW 


XTT{K'{XUu)}} ~ 


£,{,(0}= ,| ‘ 1+ ; | -- ) ' = Kk-" 1 - 


We also know that w[t) - 0 for £ < 0, This implies that *{-£] is zero for ( > 0 We may 
conclude that 

E[tj = 2[£)e -|i| for t > 0 


Therefore, 

4-lS. (a) We may write 


s(£) = 2£e *tx(£) 


*» = t w,i) 

Jt= —« 

= ^ E *<(*-**/<) 


Therefore, $(t) = ^ wJ(£ - fcir/4). 

t - — — pc 

(b) Since *j{t) is an impulse train, its Fourier transform G(ju>} n> also an impulse train. 
From Table 4.2, 


_. , 2* ^ t { 2vrA\ 

aM " 

= 8# 22 ^ ^ 
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We sec that is periodic with a period of 8, Using the multiplication property 

wy know that , , . t 

"■iH'lH 

If we denote TT { ®^r) by A{jur), then 

■» 

X{ju) = (l/2*)[A(jm) + Str ^ 4 f* - St) 

in-M 

= 4 ^ ftfc) 

may thus b* viewed as a replication of 4A(juO every ft rad/sec. This ifi obviously 
periodic, 

Using Table 4-2, we obtain 

AtiA j 1, 

| 0, otherwise 

Therefore, we may specify over one period as 

yr 1 M £ 1 

| 0 1 < jw < 4 

(a) From Table 4.1, we know that a real aad odd fligttaE signal x{t) has a purely imaginary 
and odd Fourier transform X(/w), Ut us now consider the purely imaginary and 
odd signal jx(0- Using linearity, wo obtain the Fourier transform of this 'icnai to 
be jX(&)- The function jX(jtf) will dearly he real and odd. Therefore ^ lven 
statement is fftlsc. 

(h) An odd Fourier transform corresponds to an odd signal, while an even Fourier transform 
corresponds to An even signal. The convolution of an even Fourier transform with an 
odd Fourier may be viewed in the time domain as a multiplication of an and 
odd signal, Such a multiplication will always result in an odd time signal The Fuurfor 
transform of this odd signal will always bo erfid. Therefore, the given statement is true. 

Using Table 4.2, we sec that the rectangular pulse lift) shown in Figure 54, IS has a Fourier 
transform - sm{3oj)/w Using the convolution property of the Fourier transform, 

we may write 

**(0 =- *i(0 **iW = ( — ir - ^) 

The ai £ n*I j?(£) U shown in Figure S4.1S. Using the shifting property, we also note that 

s, p(^)' 


Adding the two above nquatiorLs, wo obtain 

MO = + 1) + |ia(t - 1) ^ «xi(tj) ^ 3 '°^ j 

The signal MO ** *- q shown in Figure Sd.lft. We note that lias the given Found 
transform /J(jul). 



MathematicaJly h(ij may be expressed a.s 

M0 = 


4,1®, We know that 


Since it i* given that y{0 — t - c 4, «(0i w<? ^ impute Y[jw) to be 


4 

\t\< 1 

“f + *' 

1 < \A < 5 

-f + i 

& < U\ < ? 

0. 

otherwise 

if (jfw) - 

Yfju) 

X{j») 


Y{j v ) - 


l 


1 


3 + ju? 4 + jut (3 + j'u»K4 + jiu} 


HO 


139 




















Sm«r, Hfjw} ~ 1/(5 + jw), we have 

taking tin* inverse Fourier transform of X(ju/) t we have 

M) * tf~"u(0- 

151 ll “ "™' r w Probl{ ™ 3 20, wc ,h« th, frwmeaty respond of tV ore.,,. , 5 

H<J») = ■ , *. ■■ - . 

-[rf 3 + JU + 1 

Breaking this up into partial fractions, wc may write 


Simplifying;. 


“ "M f J - f j + > u + j ~ & + j J 

Lsmg Fourwr to*™ pair, pravidej ip Tahir 4.2. » C obUin (hr Fdufioi •nrAu 
Qi to be 

*(<) - u( „ 




4,21. (a) The gtvec signal is 

c al coa{Mj£M0 = ~< _aI c^u(£) + 

Therefore, 


X(jw) 


fb) The given signal is 


We have 


2(q - /wo + 2{a — juq +■ jm) 


M) = e"* ain(2t)u(t) + e M *in(2*M-<> 


MO = e~ 31 Bin{2t)tift) S X t (jwJ =*_^_ V 3 J 

3 — jf2 + jw 3 4* j2 + ;v 

Also, 

*»W = ***!a(2t)»{-t) - -i,(-i) S *, 0 ^) - _ _‘fif _ 

3 - j2 — jw "l + j2 — jo 

Therefore, 


^(j^J — ^i(jw + : 


3i 


3j 


9 + (u + 2P 9+(^-2 ) 2 


(O Using U» ftuw trios form mmly*, (4.9) „ b,™ 

X(ju) = - ,in “ + *”*■> _ «mw 

u T - to nr + iO 

(d) Using tlw FourW Iran, fora, OMjysi, (4 9) „ ba „ 

1 


(cj We have 
Therefore, 

(f) We have 


*w-ras*- 


X(jw) 


l/2j 


l/2j 


MO 


(2 - jA + jto) 3 (2 + j4 - jto)^ r 

Kill*! prj' 


Also 


Therefore, 


MO 


* A|(ju) ■» / *• M<» 

l u h otherwise 

i t J Krwts 


*“> “ ->«**) ^ *(*0 - —{*,(*,) . 


[ M<W 

(ju) % I (l/a*)f3» 4- to) 6 -^. -37T < w < 

{1/2 W )(3T- W je^, *< w < 3x 

' otherwise 


(S) Using the Fourier transform analysis eq {4S) W{! ohuln 


X(j* J 


^[ppsao-^j 


(fa) if 


then 

Therefore „ 


MO = ^ i(t - 2ft), 

k^-ao 

=(£j -a^to+.tCi-i). 


H2 


{i> Using Ifo- Fourier tramfonu analysts eq (4.9) ** obtain 
(j) *(t) is periodic with period 2. Therefore, 




W 

A-(jw) ^ X0^fr)5[^ - A^rJ, 

i = -« 

wlrere A''ju) i, the Founct transform of ooc period of i[t). That i,, 

JCCF-) = r—-—« f 1 -^ 1 ^’ _ *- 3 fl-a-^) ] 

1 ~ C [ ] -jil) J' 

22. ( .M0={f' W< 3 

1 Wj otherwise 

(b) - 4) 4* + 4 ). 

(c) The Fourier transform synthesis eq (4.S) may he written as 

From tho given figure wo have 

m - - f si& fr~ 3] + n 

» l < -3 j 

(d) t(0 + i HH(2?ri) 

(o) U&ing the Fftnrier transform synthesis equation (4,8), 


cnfi ^ + siat - sin at 
jat jiri* 


For the given signal Soft), wu use the Fourier tranaform analysis eq (4.«) to Evaluate the 
^rrtKpondpng Fourier transform 


-To(jw} = 


I + ju 


[i) We know that 


MO = MO + M-I). 

Using the linearity and time reversal propertis of the Fouricx transform we haw 
Xi(jw) = JToUui) + X a {-jv) = 

1 + 


11*1 Wr know that 

^C0 ■ loft) - io(-£). 

Us '”* ,ht lilW,lIr “ d ,im ” "™ 11 of .fa* Fpptks trmvsfo™, * w* 

X lUv) = X e (jw) - Ao(-Jm) = j F 2hk~' CQ8hi ) 

l l+« a ~J 

(iu) We know tJiat 

Mi) = MU + MI + 1) 

"""* tl “ *-** “ d «” of UK Fouriir lnBhn w hiw 

1 + JiJ 


- Xq(ju) + ***Xo(-ju) 

(iv) We know tiiat 


^(0 ^ ex 0 ((). 

Using the differentiation m fteqnency property 


Therefore, 




t v~ Sf - j Mg -i^-jvr 


Xi{jtAf) *- - _ 

(i + yw)3 

ww ^a^^fa^ 

” “ hc - “ d - 

(iii) For there to cjisi a real o such that vu i ^ 

,i¥) £ S stsi ^ {0)= 0 “ p - *- - «.«. 

(vi) For this to be true, the jiccaJ -Wtl h** i« i . ,. , 

fa** <hi* pruperty * ‘ ^ *”*«- ^ ^ ■» K^re 

(b) For » sijpml CO «li^ only prOp«« (i), ^ (v) _ l( ^ „„ ^ ^ ^ ^ 

xit) * 0, x'{Q) = 0. 

The signal shoan bciow it an esamplr of that, 
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-1 -1 


Itltl 
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-I 


T3 




Fircure S4.24 

, 2 1 - Nate that iff') = *{£ + 0 is ft real and even Signal. Therefore. T(jw) is also **•* Mtl 

W ™thttV(M = 0- Ata, tiuce rw - +x<M. - *“ 

<X{jW) — ~<Jr 
(b) We have 

X(j0) «= / - 7. 

J -« 


(c) We have 


f* X0'w)dW = a«(0] * 

/*» 


(d) Let F{ju) - laaaa<’ J ". The enrrcsponduLg sign** yU) & 

f h -3<I<-1 

^ J | 0 f otherwise 

Then the given integral ^ 

/* X(jw)yU^)<^ = 2*{s(t) . &r(S}}f-C - Tn- 

(*) Wc have 

f fX<Ml 2 ^ = 2 */ W«)l^* Wff ' 

J-ao J -^ 

(f) Thu inverse Fourier transform of RefXtjw)} ’ s ^ f u i*U)) wt| ich is f*(0 + =t~*)J/ 2 ' 
This is as shown in the figure beiow. 


i ~a -i C 


1 

r 1 


\ _ __ 


1 . 

% 

a 


Figure S4.2S 


i r- l 


4.26. (a) [i) We have 


ym = *(M»w-[p4^][«T5:] 

(1/4) (1/4) , (V2) 

4+j«t 2 + ju (2 + j&y 1 


Taking the inverse Fourier transform we obtain 

(ij) We haw 


y(t) = ’;-“«(!] - is-“»W + 


I'M = [(T^W] 

(1/4) (1/4) (1/4) , U/4) 

2 + jut (2 + jv) 3 4 + jut (4 + jut} 1 

Taking the inverse Fourier transform we obtain 

y(t) = j C -"u(l) + in-“u(t) - + Ite-'VO. 

(iii) We have 

Y{j u ) = 

[l+jhi] [ 1 - J«] 

1/2 i 1/2 

I ■+ jut 1 ~ jit j 

Taking the inverse Fourier transform, we obtain 

*m - \ c ~ m - 

(b) By direct convoEutiun of =(t) with h(t) we obtain 


{ 0, * < 1 

l <f<5 

*-<*-*» _ r (i-D h t > 5 


Taking the Fburiar transform of y{t). 


Y( M 


2e-* s<# aill<Qitfl 


w(l + jtu) 

= [<2L\ 




= X0w)^(jw} 

4.27, (a) The Fourier transform is 

JE(H -- 

_ 2 — n -(—^ (1 — #- _JUI }£~J 3 W 1 


(b) The Fourier aeries coefficients o t we 

. '/ i(i)«-lV*< 

J /<T> 


aia{ br/2) ^ g j*v - iVnji 


Comparing the Answers to parts (a) and {b) b it is cieai that 


ojt - -X{j^jr)> 


where T = 2, 

2S. (a) Froiu lable 4.2 we know that 


From this, 


ce w 

P [t) * « pm = 2 ^t £ 

fi=— oe 

oo 

F(jw) - r(^) 4 

Sir 


(b) Tire spectra are sketched in Figuxv S4.20, 

"■ (,) ^ h ~ - lATO^I^— - ^)«-- 

FVom the time shifting property we know that 

i a (f) - r(t - a). 

^(ju) = 

FVom the time shifting property we know that 

=fr(0 »*(l+6)» 

(til) We have . 

JCtU*) * - X M 

From the conjugation and time reversal properties wc know that 


<U 




■Hi. -ft o ‘h Ut 


Si'll 




4 !«“' 

% 




-r -I O i i i 




{(Mt ) 

^ 


Figure S4,2S 

x d {ju) -1 XU»)\*- s * XUw) + i ' tu ~ 


(ivl We have 

Xdtju/) = lA M|e --“ A V*)*' 

From the tonjugation, time reversal, and time shifting properties, we know that 


Since ir{0 « real, i*(i) *= x(-t - <f). 
4.^0- (a) We know that 


w(t) = cue I h—1> Wljw) = *[<*(« “ l ) + ^t 4 * 1 + 


and 


Therefore, 


- i(t)cos f S “ =“ {XM it W{j<*>)} 


C{jw) - ^XOftu- l))+^X(j(tJ+ 1)). 
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Since i(t) ^ real, X'(t) = x(-t). 
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4 31, 


1,33. 


S,o« C(JU.) » u sbu— LO Fi*ure S4.», it i> cfcu troo the *bov* eot^tion [ t>« Jr O J ) 
is as shown in iht Figure SI-30. 


(lilt We have 


MO = 2 *e“M 0 ^a(jw) = 


(I + jV-) ? 






/ 






-1 d 

l 0 


Figure S4.30 


Therefor*. 


*(0 


£sin £ 


(b) Ai(icJ) is as shown in Figure S4-30. 

(a) We have 

a (i) = c&s t + 1} + “ U|- 


(i) We Lave ( 

A|(t) “ u(i) +^+ m ~ + 

Therefore, ^ 

V(jcj) » XUu)**iiiv) = 4 1) -i{v - Ml 

Taking the inverse Fburier transform, v.^ obtain 

y (0 = sin (0 


(ii) We have ^ 

MO = -2${0 -F Se“ 5f u(0 S HjCM * -2 + ^7” 

Therefore, * 

y(jw) = X(juJ)tfitM = “[*(« + l) - ^ - 0] 

Taking the inverse Fourier transform, we obtain 

y(i) = ap(f)r 


Therefore, 


TO^) = XWIfi(icJ) - j[*{u + 1) - - HI 


Taking the inverse Fourier transform, we obtain 
y(l) = sin(tj. 

(b) An LT1 system with impulse response 

M*) = ^(hi{t)+Mt)] 

wll\ have the same retponse to j{f) = eos(f) We can hud other such impulse responses 
by suitably sealing and linearly combining MH> M ! ). an ^ ^( 0 - 


4.32, Note that fr(£) = M* - I}, where 


*1 (*)-■ 


The Fourier transform of M*) i$ as shown in Figure S4.3®. 

From the above figure it is clear that h A (i) is the impulse response of an ideal low pass 
filter whose parch and us in the range H < 4 Therefore. A(i) is the impulse response of an 
ideal lowpaM filter shifted by one to the light. Using the shift property, 


H(j^) ■ 


f e"*. 

l 


M<4 

otherwise 


X : (jw) » -6) +*«'"£{**’ + &). 


(a) We have 
It is dear that 

Yiti*) - - 0 *^i([) = 0 . 

This result is equivalent to saying that ts rero in the passband of H(ju). 

(b) We have 


X 7 {jw) - j 


Therefore, 


Y 7 {jw) = JfetMffW*) - y [(I/2){*(* - Z) - 6(u + 3) l*"*']. 


This implies that 




We may have obtained the same result by noting that only the sinusoid wub frequency 
3 in li« in *ke pAsaband of 
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(c) We have 


This implies that 


W ^ M<4 

AatjLj) “ | otherwise 


sln(4l) 

ya(() = M<- H = “ 7 ~- 


We may have obtained the same r^ult by ^ing that X 5 0w) li» entirely in the 
p ash hand of H (jw)- 

(dj X 4 (yw) ts as shown in Figure S4.32. 

& ^U«3 
i 


-H 


Mr 


Therefore, 


This implies that 


-<f 0 * 

Figure S4.32 


Ki(jw) - Xi(jv)Hti u ) ~ 


/sia( 2 (f - l))Y 

t-D J ' 


V 4 (t) = * 4 (f - 1 ) = 

We may have obtained the game result by noting that X 4 U^) 1«» ™t3r el y ,n thc 
passband of AT(jiJJ - 

(a) Taking the Fourier transform of both sides of the given differentia] equation, ^ obtain 


H[ju) = 


V (jw] _^_ 

X Cjw) + 8 


Using partial fraction expansion, we obtain 

1 




Taking the invert* Fourier transform, 

h{t} = e - 2 , u[t) - e" 4 < u{£). 
(b) For the given signal i(i). ere have 


= (ITT^p 


Therefore, 


2 1 

r ti"> = X{ju)H(M = jz^Tij^Ts) (j+7^5 1 


Usiug partial fraction expansion, we obtain 

Vl , m i n . 1 _ K±. 

r ' JU> ~ ju + 2~ (jw 4 2} 2 (J^+ a)-' jw + 4 

Tbklng the inverse Fourier transform! 

&K 0 = ^e _ 31 u(f) - - ^e" 4 l u(t). 

(c) Taking the Fourier trtmaform of both sides of the given differential equation, w C obtain 
t,, ■ i v M 

xJM ~ - J* + 1 

Using partial fraction expansioti, we obtain 

-y/Z+’iv^j 


H{jv) = 2 - 




Taking the inverse Fourier transform. 

MD = W) - V2(i + - V5(i - 

4.34, (a) We have 

y(yw_ 4- 4 


A (jwl = 6 - tj= +5ju 

Cross-multiplying and taking the inverse Fouriet transform, w* ohtuin 


(b) Wc have 




F(jw) = ; 


^ 4-2 juj+4 


‘l + jp 3 + jw ’ 
Taking the inverse Fburier Uaiisform wt obtain, 
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[«) toe haw 


Therefore 


= ^) a M = n^'ii^ ' 


Finding the partial fraction expansion of KQW) and tailing the inverse Fourier Trans’ 

form. * 

1 .-A 




4.35. (a) From the given information, 


Also, 

Also, 


’" u “ w "vB*+3" 11 

, bi i tit _ _ \ t * 1 

■nH{ju) = - tan " 1 - - tan " - » -2 tan -, 

2 <i 


H{jJ] = -1 + 


a + ju 


h(t) = -£(0 + 2ae" Dl u(*) 


(b) If a -- I, wo have 


Therefore, 


v(t) = c«cjj - ^ ws{t- + cw(v/5e - y) 


4,36* (a) The frequency response is 


H Ow) = 


V(» 3(3 + ju) 

X{j^) ” (4 + jwK2 + ja-)' 


(b) Finding the partial fraction expansion of answer in part (a) and taking us inverse 
Fourier transform, we obtain 

fct‘) = 5 [»■'" + «'*] »«)■ 

(e) We haw 

y(jW) = (9 + 3jqj) 

X (jof) B 4 fiju — 

Crow- multiply mg and taking the inverse Fourier transform, we obtain 


4 37. (a) Note that 

wine re 


r(l) 

„«_(»• H<» 

' | 0 t otherwise 

Abo, the Fourier transform X|(juJ of ®i(i) is 

Xih^) = 3——— 
Using the convolution property we have 


XM = X,V*)XiU») = [^ J ‘°^‘ ---j 


(t>) The signal r(;; is M shown in Figure S4.37 

' Sc« 


A-A-A^ 

-* -* ‘S -i w 1 1 s 4 ^ -t 




uco 


■ A_ 

I i ? 4 J- t ^ 


-t -* -i -* - 1 

Figure S4.37 

(c) One possible Choice of 9 (e) is as shown in Figure S4.37. 

(d) Note that 

TO ” n 

X{Ju) = “ * 2 ^ 

This may also be written as 

XM = 5 £ x(j.t/*)* 0 (“ = I £) «l3»t/awi(“ l ‘ 3 » 

.=-=> <■ ■« 

Clearly this in possible only if 

G(j*k/2) = X(j*k/2) 
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1 . 38 , (a) Applying a beque&ey shift to the analysis equation, we have 


(b) We haw 
Also. 


wit) - i** 1 W{ju) - - u>o ). 


A |X(jw) v W 0^}1 
3 X(jw) *d(w — M&) 

- X(j(w-wu)> 


1.39. (a) Frvw the Fourier transform analysis equation, wc have 

0 (jw} = 

J-TO i-05 

Abo from the Fourier transform synthesis equation, we have 

x(i) = A 

Switching the variables i and u\ we have 

t(v) = ~ /* XijtW^dt. 

2ff J-at 

We may alio write this equation as 


(S-i FJ i] 


For n — fir 4 . 1 we may use the differentiation in frequency property to write, 

t FT 1 /f X frt {J ) 1 

a« + i(f) = -ZntM ^ (M “ -3 ^ 7 — “ (1 + ju>) M+1 

This shows that if we assume that the given statement is true for n = m, then it is true for 
n = m + 1 . Elincc wr also shown that the givon statement is true for n = 2 , wc may areu^ 
that it is true for n - 2 + 1 = 3 , n = 3 + 1 = 4 . aud so on~ Therefore, the given sUi^mcnt 
is true for any n. 

4.41. (h) We hav^ 

S (i) - ^£^{X(j*)‘Y()«’)}e r " t '^ 

= hLh[L xmv ^- e)) ^^ 

= hL xm 

(b) Using the frequency shift property of the Fourier transform we have 

-L f°°Y<j{*>-e))c»*fa - j* v m. 

2 tt j. w 

( 0 ) Combining the nsjulte uf parte (a) and (b). 

?(|) = 

= tM—fjcUW*# 

- v(fMf), 


J.® 

Substituting this equation in eq. {54.39^1), we obtain 

(b) Tf in part (a) we have z(t) = *(< + B), then we would liave i= X(j0 = and 
C? 0 w) = 2 te(-u) ■= 2*&{-w + S) -= 2 tJ(w - £) 

4.40. When n = 1 , nff} = e" fl V 0 *nd Xitfv) * l/(o + jur). 

W*hen n = 2 , raft) ** ie" a 'u(i) and Ay(jiu) — l/(o + jw) 2 - 

Now, let us assume that the given statement is true when n * m, that is. 


4,42. i(f) is a periodie signal with Fourier series coefficients 0 * The fundamental frequency of 
s(£) vt wf — 10(3 rad/sec. From Section 4.2 we know that the Fourier transform A r (yw) of 
*<0 is 

^ 2 rrujt^(w “ 100 k). 

Ie-® 

(a) Since 

3,1 (f) = y(()eo3(wo<) +^+ ^t?(^ X(i(M +uo))| 

we have 

W 

Vi(jw} - 11 y, - 100k - tjp) + ajt^fu - lG0k + wo)l 

*=-» 

^ T V (o_*dfw + look - «o) + - took + mg)! f 54 42 *) 
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If ^ — ^00. then the term in the above summation with fc ^ 5 become 


3fd_i^(w) 4 xas&{w). 

Since x(i) is real, a* = al*. Therefore, the above expression becomes SirEe 
which is an impulse at w - 0, Note that the inverse Fourier tranofoma of 
is 3 t[t) = Ke{as). Therefore, wc now need to find! a HiM such that 

= GiUu) - 2*Ht{a$}6(d>) 

We may easily nhtnin such a JfM by noting that the Other terms (other than that 
for 5 ) in the sumroatfon of eq, (S4-42-1) Kautt m impulse* at v - 100 m, m / £> 
Therefore, wv my chow any WfjtJ) which is zero for<J - 100m, where m - ±1» ±2, ■ ■. 
Si mildly since 

yj{t) - ;(t)ain(utf) ^ FjM - - ^)) “ + 


we have 


Y 2 {M = 1 ^ [a t £{w - 10 Ofc - Mf) “ - 100 fc + (Jq)} 

ta-oo 

- f ^ Jo-ik<J(w + lOOit - fa*} - at&fa - mk + djo)l (S4.42-2) 

Jte—» 

If wo _ SOO, then the term in the above summation with k = 5 becomes 

- - fEj3(w). 

Since i(0 is real n* - o 4 fc . Therefore, the above expression becomes 3ir£m{4a}J(w)> 
which is an impulse at w = 0. Note that the inverse Fourier transform of 2*Im{asHM 
ts ff2 (0 51 Therefore, we now need to find a H{M such that 


y a {jw)//{jw) “ G?b^) = 

We may easily obtain such a H{ju} by noting that the other terms {other than that 
for k =* 5) in the summation of eq (S4.42-2) result in impulses at w ^ 100m. m ? a 
Therefore, wc my choose any //(jw) which is r*ro for u = lWhn, where m = ± I, ±2, ■ - 

(b) An example of a valid ft{M would be the frequency response of an ideal lowpast filter 
with passband gain ol unity and cutoff frequency of 5U rad/sec In this case. 


mo = 


sin (MQ 

irt 


y,ti w ) = »««) + - 2 ) + + 2 ). 


Therefore, 

jfc{e) » MOlhtO = *{t?oe* 2 (t) ^ * Y'iM) 


This gives 

& -X(jfw) + - 2}) + -^CjV + 2 ))- 



Now. 


mt ft vt . * fit 

IfifO * ** | ^ 


Ml < 1 

otherwise 


Abo, 


s (0 “ J/l (0 • 5ft (0 


F*om Figure K4.43 it is clear that 


G(jv) = V a {i*j)yj(ju), 


4.43. Since 


*i (0 = «»** = 


1 + coa( 2 t) 
“ ~2 


CM 
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Therefore, an LT1 Bystem with impulse reponse h(0 ~ jMO ®*y ^ uS *^ 1:0 ?C0 

from x( 0 - 

4 44 (a) Taking the Fourier transform of both sides of the given differential equation, we have 

yM[io + » = M\Z(M - >i- 

Since, Z(M - + 3 , w* obtain from the above equation 

. VQ'itf) _ _ 3 •+- 2juf _ 

” JTM “ (1 +jW){10+ju?)’ 

(b) Finding the partial frAetion expansion of /ffo^ 1 ) 8,11 ^ t ^ e,1 ^ iuverso hourier 

tranafomi we obtain 

hit) - i =-'«(0 + -j-e- ,c M<) 

4 45. We have 

v {t) = x(t) * h[t) ^ Y M = X M 

Ftom Parseval's rulatiou the iota! energy in 1/(0 is 

E = j’jyWfdt = jjY(ju>)\ a fa 

= ix()w)i 2 |irtfw)l s iw 

4!f /-«) 

I t-vn-t a/3 1 i-mo + A/2 

= -L / IXMfd^ 

2*L^-Af2 ' 2*Vi/ 3 

® ”|X(“jwti)j a ^ + ^|X0*4 d)| 4 A 

For real * {i), |X {) | a = t X (j) ( 2 . Therefore, 

B = 

4 . 46 . Li-t fis(t) be the response of to j(t)C04^t Let g?{t) be the response of HAM ^ 

x(i)sinw s (. Tlten, with reference to Figure 4.30, 

y(I) = - a(f) C09M c e + i*W sia U'U 


and 

Also, 

Therefore^ 


w(f) = ffi (0 + 

/(f) = e _Jl ^ ( -ti3(0 - [cosw £ i - ;*lnt4clI!Fi(<) + JSa(0l- 


TCe {/(£)) = 

This is exactly what Figure P4.4fi impfooiants. 


4 47. (m) We haw: 


h.{t) = 


MO + ftt-i ? 


Since A(i) is causal, the non^seru portions of h(t) and h(— t) overlap oniy at I — 0 
Therefore, 


{ 0 , t < 0 

h c (t)r i *=0 

2 h^( 0 , * > 0 


(S4 47-1) 


Also, from Table 4,1 we have 

A*(f) + 7?.e{ff(jar)}. 

Given we can obtain h^i). F^om A*(f), we can recover A(t) (and mnav 

quunlly by u$ing <tq. (S4.47-1). Therefore, ^ completely specified by 

If 

- cc«l = ie ^ 1 + ie"^ 

then, 

A.W + !) + ;*<*-!)■ 

Therefore frem eq. (S4.47-1). 

h(£)=i(f-i). 


(t) Wc have 


^(0 = 


+ hi-t) 
2 


Since A(f) is tausal, the non-zero partiumi of A(£) and fi(—f) Overlap onlfr at t — 0 and 
hp(t) will be zero at i s* 0 Therefore, 


f 0 , t < 0 

A(f) = 4 unknown, i =s 0 

{ 2 Mi}* 


(S4.47-2) 


Abo, from Table 4.1 we have 

JUt) ^ rm{ff(j U ». 

Given Im(ff(;u?), w C can obtain /!„((). From A fl (t), we can recover A{t) except for 
t ^ 0 by using eq (S 4 . 47 - 1 ). if there are no singularities in M 0 at r ^ 0 , then tf(jw) 
can be recovw^d from MO even if h(Q) is unknown, Therefore JffjoO is completely 
specified by Im{//(jw) in this c#3f 
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4 4B 


(m) Usm E the multiplication property « have 

hi i) - M<MO ^ { w l*"l * + ^ ( “’ ) ]}' 

The right hand side may be written as 




That is. 


a [*<*"> •:]■ 




drj. 


Brewing up into real and ioia^iiaiy parts, 

, , i r u ^,-,)+ _ i r 

Wr(ju) + ^ y_ M S ij" ** IT J-M " ■ ’! 

OompMiag roii »nd ifnaeinaiy parts on both sidffi. we obtain 

Hsli") = ;“ d H ’ UU,) ' ~*l.J^" in 

(b) From ec L . (P4.48-3), we may ^rit* 


v (j) = x(t) + ^ => Ytirt) - X1/(^0) 


(S4 48- 1) 


Also, from Table 4.2 

Therefore, 


u{ij -ft — + 7T^(w)- 

ja> 


2u(i) - l ft 


Us:n® the duality property, we have 

^ ft+ 2?r[2ti(“w)i — l] 

or 1 FT * 

Therefore, from eq(S4-4B 1}. wc have 

y(ytu) = XfJu)H(jw) 

where 


f ** j, ui > rt 
II(jv) - w> - 1] ~ | j w > 0 


(c> Let y(t) be the Hilbert transform of *(i) - c«(3iV Then, 

yW - Xtiu)H<ju) = *[*{“ - 3) + + 3)1^^) - - 3) + + 3) 

Therefore, 

\i[i] = siii(3l). 

4 49- (a) (i) Since “ real and even, ft{t) >s *1®° real and even. 

in) 

|A(1)| = ji j“ ^ 

Since HM ia real and positive, 

IMO! £t-T = '*(«}■ 

*?T J—it, 

Therefore, 

max[\m\\ • MQ1- 

(b) The bandwidth of this system is 2W. 

(c) We have 

R w H[jQ) ~ Area under Ftji*’)- 

Therefore, 

B ~ = umL m ^ 

|d) We have 

( <M L> Wt H[j°) __fr 

M°) 1¥ / ^ f 

J-&, -/“» 

(c) Therefore t 

4.SO, (ft) Wc know from problems 1 45 and 2.67 that 

<£jry(*} = 


Therefore, 

Since is real. 
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(to We may write 

- / x(t + r)y(r)dT = e{0 * 

Therefore. 

Since y(if is real, we may write this as 

4>xvO) “ 

(c) Uam^: the resulLs of part (b) with y[t) - j{t), 

= xwrw = [A(jo,)i J >o. 

(d) From pari (h) we have 

= xwi/KM^owir 

5= 


Also, 


(e) fYorn the given information, we have 


JftH 


c‘ lw - l 
w 1 



and 1 

ff w = rr^- 

Therefore, 2 ~ 2 cosu' 2sinw 1 

- \X(ju)f - —^“ + 

f2-2cosu 2Emw l 1 [ ^ 

*=■ ~/i _ [a- 


, f2-2coatu 2sinoj 1 ] [ 1 

■♦»Ow)IWI ~ [—^7 u* + u» ? ] W > ib' J 


(f) We require that 

The possible cau£&I and stable choices for are 

*<**-£££ ^ 

The coifospondirig impulse responseE are 

A 4 (f) ^ + 5e -! Mt) and ^a(i) = -^0 + l$« -ai w(f) 

Only the system with impulse response hiW has a causal and stable inverse. 

4 51. (a) M(ju) = 1 fGijwh 

(b) (i) If we denote the output by y(iU then we have 

ym = \ 

Since JJfyO) = 0, it is impossible for tw to have T(jO) - X[jO)H (j0) Therefore, 
we cannot find an z(l) whiqli produces an output which kotos like Figure P4 50. 
(ii) This system is not invertible because is not defined for all <*'■ 

(c) We have 

HU^ 1 ) ** tTfi J “ ftr ^ _ (,-p+j^jr ' 

tsD 

W r e now need to find a G Ejw) $udh that 

F[jw)f?(jw) ^ 1, 

Thus G(jtij) is the inveree Eiysteui of jFffjw}* and is given by 
f7(jw) ^ i - r (l+ ^ T , 

(d) Since H{jw) = 2 + jw T 


G{jw) = 


YM 


JfOw} 2 + jai 

Cross-multiplying and taking the inverse Fourier transform, we obtain 

Mt) 


+ 2y{t) = ■(!). 

ol 


(e) We have 


HM - 


-J 1 + 3ju + 2 
-u* + Gjw + V' 
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4.52. 


Therefore, th* frequency response of tbe inverse is 

^ 1 -lj* 4- 6ym + 9 

= = -w 1 + 3i^ + 2 


The differentia equation describing the inverse system is 

*m + 3 *&+ 2,(0 - + +mo. 

dt dt at a? 

Using partial fractiuu eapamion (alt™™) by appbeatior of tbs inv«« Fpucier trana- 
form, we find the impulse responses to be 

h(t) = &{t) - 3e (t) + 2£e _]U u{t) 


4-53, (a) From tbe give* definition we obtain 

jryw.M) = J" J2? 1 

= f" Jf(wi, 

(h) From the result of part (*} we may write 

*(ti,i*> - rrz!iTT^{x{ju, u w))) = 4 


3.nd 


? (0 = j(0-* _ ”“(0+ 4 «"‘“(0. 


(a) Since the step response ia a(t) = (1 - e-'^MU. the inajaulse response has to he 
Mi) = 


The frequency response of the system is 
l/(M* 


i/a 

4 + ^ 


We now desire to build an inverse for the above system 
response of the inverse system lias to be 


C(j^) = 


1 

HU*) 



TherofoTCi the frequency 


Taking the inverse Fourier transform we obtain 

g{t) - J(t) 4-2«i(i). 

(b) When Ein(wt) passes through the inverse system, the output will be 

yfl) = ttinfud} + £ufc«(t»Ji). 

We ** that the output is directly proportion to tu. Therefore, as lu increases, the 
contribution to the output due to the noise also increase? 

(c) in this case wc require that CM) * i whtE1 ^ Since 

l* f Wl i “3rb' 

wf require that . 

._L. < —, 

+ as - ie 

Therefore. a S 
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a . ... * 

(c) (i) Abu;,,^) - VtCmT fi-^r 

(ii) “ 1 -rrrjWxi+jJi) 

(ill) X(>*,ua) --- 


Cl+/oi)fT^jwi] 


' (t-jU 


(tv) X(wi.u>a) = — JJJ { -- 


“-if**, -ui 1 j 


-JUn-wi j, 

(v) As shown in the Figure S4.53, this signal has six different regions in the (It. (is) 
plane. 



The signal is given by 


=( 1 i^a) : 


e-«S 

in r^on l 

c - ** 1 , 

in region 2 

f 3h 

in region 3 

e 2 * 3 . 

in region 4 


in region 5 

e -«» ( 

in region 6 


L66 


Therefore. 

1 ._2___ 

x fa***t - j2lw+w){2 + M-j^) P + J*a)(2fM + M) 

1 i _ L, __ 

+ (2 - jua)(S + jvi - J^j) - j^z)[2 - - M) 

2 _ _*___ 

(2 - JUJ| - JL^}(2 - M + JUU) + (j^3( 2 ■ M “ 

(d) *(ii T f a ) = + 2tj) 

(e) (i) e ->"« r »e-^ T *Jf(jirf|*jvs) 

W **(#*■*?> 

(ill) X(jU], juf2)//(jUl, jon) 


Chapter 5 Answers 

5.1. (a) Let x[n\ ~ (l/2}"”Vf*i - l]- Using tbe Fourier transform analysis equation (6 9), the 

Fourier transform A{e^“) of this signal is 

*<**“) = J2 *Nt-^ 

n= — oo 

DO 

- ^(1/2)"“^"^ 
nm] 

S 52(l/2) ,i e"^ ,i+u 

n-D 

" C JW (l -(l/2)c-^} 

(b) Let rfn] — {l/2)I n “ l l. Using the Fburier transform analysis equation (5-9), the Fourici 
transform of this signal is 

X(c^) = Y, x[n]e~ lwn 

na-« 

TUT « n=l 

The second summation in the right-band side of the above equation is exactly the srunv 
an the result of part (a). Now h 

't (l/Zl-t- 1 ^-^ - « Q) , . ; i ' / , }e ,-. 

a- -« n-0 

Therefore, 

fl\ 1 . _ iw 1 _ 075e-^ 

X(en — J j _ (i/2)e>v +e (i _ (l/2) e -^) L25 -eosiu 

5 . 2 , ( a ) Let x[n] = % - 1] + S\n + 1]. Using the Fourier transform analysis equation (5,9), the 

Fourier transform X(e^) of this signal is 

= f; 

nm^vo 

^ — 2eoew 
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(b) Let i|fi] = % + 2] - tf[n - 2j- Using tbe Fourier transform analysis equation (5,9), the 
Fourier transform X{c JV ) of this signal is 

= f) *[»)*-*" 

= e I>J — e -2j41 ' - 2j &iu(2w) 


a. We note from Section $ 2 that a periodic signal sr|n] with Fourier series representation 

*[»] = V 

JU<A> 

has a Fourier transform 

4p-» V ' 

(a) Consider the signal xt[n] - sin(^n + }). We note that the fundamental period of Hie 
signal Xi[n\ is N - 6, The signal may be written as 

t,[n] = (l/ij)e<j"+H - <l/^<i" + 5» -- <l/ij)*'le i V" - 

Ftom this, we obtain the non-zero Fourier series coefficients a* of Si [n] so the range 
-2 < Jt < 3 as 

Oi = (l/2j)e**, a-i — -U/2j)c ** 

Therefore, in tlie range -* < w < *, we obtain 

Jf{e*“) — 2xui(ffav #- +2jra_|£{w + 

= (x /})i* /A S(u - 2x/6] - + 2*/e)J 


5,4. (a) Using tbe Fourier transform synthesis equation (S 8), 

*lN = {lf2w)£ 

= (1/2 if) J [2xtf(«) + xdfdi - x/2) + if^(w + ir/2J|e l ' Jrn *k/ 

S e*° + (1 /2)e*+ (1 /2)e " iiw 
1 + oos(xn/2) 


(fa) Using the Fourier transform syutLeut equation (5.8), 
1 


**[■! = (1/2#)/' 
= -ti/2#: 


= a/#) 


)y° + {1/9* )J'i}4" l du 

l J- ^ In j 


- (4 ( (na)) siiT (nx/2) 


5.5- From the given information, 

sin) = (1 f2*)J* 

r H i 

- (l/2ir) / e"! e J i±-' 

■/-*/4 

sin(f(n-3/2)) 
xfn - 3/3) 


(b) Consider the signal x t [n] = 2 + cos( Jn + J). We note that the fundamental period of 

the signal xi[n\ i» N w 12. The signal may be written as 

^[n] = 2+ (l/2>if*Wi) +a/2)e -i(i,1+t) + (l/S)*^*"^" 

JVom this, we obtain the noo-scro Fourier scries coefficients c* of x?[n| in tbe range 
-$<k<$as 

ao = 2, ai = (1/2)^' . *-i = U/2)c” J *. 

Therefore, in the range -w < u < w h we obtain 

Jf(e^) = 2xVM + + 2 tto- ,d{w + ~) 

« 4w6 («) + - */6) + + ir/S) f 


The signal i|n] is zero when ^(rt — 3/2) ift a nons«ro integer multiple of it or when 
|nj —+ oo. Tbe viilue of J(n - 3/2) can never be such that it is a nonzero integer multiple 
of r, Therefore, a[n) ^ 0 only for n = ±oo. 

5.6. Throughout this problem, we Assume that 

(a) Using the time reversal property (See. 5.3,6), we have 

*[-■>[ A JC(e-") 
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no 


Usiog the lisoe shifting property (Sec. S.3.3) op this, we have 

,l-„+1] ^ *t-» 

Therefore, 

Sl |n] - 4-n + I) + *H* - 1] S 

A SXfe-^OMW 

(b) Using the time reversal property (Sec, 5.3,6), wc have 

*[-n] ~ xir**) 

Using the conjugation property on this, we have 

*’(-*) XW) 


Therefore, 

i*[b] = (l/2)(*-(-ii) + *N) s (1/2HA'(^“1 + A”(^l 
A RtlA(e'“)} 


{e) Using the differentiation in frequency property (Sec. 5,3.8), we have 


nx[n} 


FT , dX[^) 
* * 1 V..., 


Using the same property a second time, 

* 2 *[nJ S 


<FXW“) 

dJ 2 


7 , 


Therefore, 

Xifn) = n 3 je(ii] - 2nir)Ti3 + 1 4^+ 


tfX[e^) dX{en 

dJ 2 " 7 <L> 


+ X{^) 


(a) Consider the sigual yi[n| with Fourier transform 

10 

V'j(e^) = ^£iii(W), 

± — i 

Wc see that i* real and odd F^rnm Table 5,1, we know that the Fourier transform 

of a real and odd signal is purely imaginary and odd- Therefore, we may say that the 
Fourier transform of a purely imaginary and odd signal is real and odd. Using this 
ubservation, we conclude that ^(ti) ifi purely imaginary and odd. 

Note now that 

Xd«^) = e^y\{e* u ) 

Therefore, Xi[n] - ^[n - 1|, Therefore, xijn] is also purely imaginary But Xijn] is 
neither even aor odd 


(b) We mote that Af a (<^) is purely imaginary and odd Tbctefore, ^[n] has to be real 
and odd 

(c) Consider a signal j&Iu.] whose magnitude of tbe Fourier transform is |y'j(e ,IJ )| “ A{u), 

aud whose phase of tbe Fourier traagfonn is = “*{3/2)w Since jVafe-^JI ss 

]V^(c^ I4, )j and <{Fa(e' w )} = — we may conclude tliat the signal j/j[n] is 

real (See Table 5,1, Property 5.3.4). 

Now, consider the signal 3=a[rtJ with Fourier transform — 

— YjijJ). Using the result from the previous paragraph and the linearity property of the 
Fourier ir&jiEloriu, we may conclude that x$[n) has to re*l. Sihce the Fourier transform 
X.jfcJ 1 *') Ls neither purely imaginary nor purely real, the signal sjfnJ is ueitbee even 
nor odd 


5.8. Consider the signal 


From. Table 5,2, we know that 


r t f U N<1 
'*W “ \ 0, jn| > I 


*tH xxt**) = 


sin(3u/2) 


siu(w/2) 

Using the accumulation property (Tible 5.1, Property 5.3.5), we have 

E i 'i t l ^ f; i(--2»n. 

Therefore,, in the range —w < x. 

TT 


IE r, w < 

i = -flo 

Alsn f in the range —x <u<!t, 
Therefore, in the range —x < w < a. 




t 2 xfi(a') 


i[n] - 1 + xt\ t] i 

iu-» 


1 




1 - e-** 

Tbe signal z[n] has the dusireU Fourier transform. Wo may express x(n] (nathematically as 


xlrt] 


m ( I, n < “2 

^1+ Y, x,[AI- J «+3, -l<n<l 

t--w l 4, n > 2 
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.... Fiom Property U< i. 5-*. « *“ ‘ ^ * W ' 

Orf{l(n]} +^ J jXrn{Jt(c* 1J )} 

From thft given uiforoaitlon+ 

jlmiX^)) ■= 5J . 

^ ^- e +e ' 

Therefore, 

o^xwi=- «/»(*•+«- * - 11 " %+21+% " 211 
We also Itnnw that Jnl _ xl-nl 

0d{«H} = - 

and Lhat *[n| = Of»fl>0- Therefore, 

,j«] = 20d{*tr>)) - i[" +1] - *1" + 9. [0 ' n <ft 

Nw we only base to 6nd *10]. Uiin £ ParKvnTs relation, we have 

'- r |X(eni’^ = it I*!"!! 5 - 

2n Jr —Bg n~^co 

t\om the given information, we can write. 

3 = (*[0])' + t l*Ml’ = + 2 

This gives *10] = ±1. Sft since we are given that *[0] > o, we «>** ** * - 1 
Therefore, ^ c i[n ] + * [n + 1).- ([„ + 2). 

5 JO. Ffom Table 5.2, we know that 


:.j t 

= «(!)" «l») * *C"1 “>E ( rr} = (1 - ie--)’ 
** ■« 


Using Property 5-3.8 in Tbbk 5.1, 

4 

Therefore, 

W 


5 11. We ke<?w tom the time ajHBtflo property (Table 5,1, Property 5-3-T) that 

9 [n] =r xfj}[n| & G[^) = X{^). 

Therefore, G<«f“) is obtained hy cdmpraMPg X(<**) hy a factor of 2 Stare we too*.tWt 
A',,-’-'! js periodic with a period of 2s, we may conclude that ■<[?■' I hi* a pono wn 
0/2)2* = r Therefore, 

Q{^*) = and o - ’r 

5,12. Consider thu siKtul t ■ * \ 

»M -(=?)■ 

Ftom Tafak 5.2, we obtain the Fourier transform of xi\n\ 80 ^ 


r, f f I- 

| 0 | < M <if 


The olot of x.ld-t is as shown in the Figure S5.12, Now consider the Signal *iW “ 
(Tjrr^, Using the multiplication property (Table S.l, Property 5.5), we obta.n the Fourier 
tranforcn of es|,M to be 

x 2 i^ = (U^}[xd^)^d^)V 

This is plotted iQ the Figure £5-12. 




r 




/ 


-■ 

Vq- 

- +, 


4 

f 







O 

Fi|urc 55.12 


From Figure S5.12 it is clear that XiU”) is wrn for M > */ 2 * lic involution 

property (Ibbk S.l, Property 5,4). we note lhat 


Y(*.x&vr {*=&*}■ 
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The plot of FT {^} » shown m Figure Si. 12. It it clear that if Yt+i - W*). 
then (*/2) 1 Wcl ff - 

5 13 When two LTI systems are connected in parallel, the impulse response of the overall system 
is itTsmu of the impulse respond ol the ind.vidual systems. Therefore. 

h[n| n hi[n] + As(n], 

Ussng the linearity property [Table 5*1, Property 5.3.2), 

~ Hilt**) + f^A^) 

Given that h s [n) - we obtain 


HiilF) = TT, 


-12 + 5^“_L__ — zL 


Therefore, 

-w + i L - * _, -- 

HA? ) * la-Te-^ + c-aS l - ^ e ' JW 1 - : 

Taking tht inverse Fourier transform. 


s.,4. From the given information, we have the Fourier transform C(^“) <A dW “ bc 

G{<^) = M + 

Also, when the input to the system is *[«] - (V*C«W- tht mlt P Ul ^ Therefore 


H{ * ) X(e^) 


From Fable 5-2, we obtain 

Therefore 


- (.,(0] + ?[ii.'<“){i - ?-n=m +wi - \m‘ ,u - 


Clearly, h|n] is a three point sequence. 

We have „ h [Q] + hllle-^ + 


= h(0] + h[l]e-«"-* t 

= 5[0] - 5111=''“ + h!2]i _li “ 

We see that H{^) = if = 0 

We alto hive 

Hit**? 2 ) - 

- hp)-tm 

Since wc are also givtn that F{^ K ^) = 1, wv have 

M0]“M*I = 1- (S&-W-1J 

Now note that 


»[n] = M"] • {(!/•>)"“["]) 

tr-6 

Evalualtng thU equation at n = 2, we h&ve 

sp] = 0“ 4 mo] + 3Ml] + M2) 


Since h[l| — 0, 

Solving equation* (£5,14.1) and {55.14-2), we obtain 


-Lh[0l+hpi-0, 


Therefore, 


M0] = and ^I 2 ) 


(£5.14-2) 


5 I & Consider slnl = ain^n )f(*n)- The Fburier triform X(^) of s{«l ^ ^ 3 hown in Figure 
^.15. We u!otc that the given signid y\n] = *W*N' Therefore, the Fourrer transform 
y(^)ofy[n]« 

^ / X{c>*)Xi^-^dO 

2?t 

Employing the approach used in Example 5.15. we can convert the above periodic convc 
lution into sn aperiodic signal by defining 


*(**-> = | 


X(eJ“), -it < (U < ■ 
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Then we may write 


* T J-« 


This is the aperiodic convolution of the rectingulii pulse k(t? ) shown in Ft^pre S5.15 
«ith the periodic *jua« wave X{^). The result of this convolute, is ss sbuwu 



5„1Ej, We may write 


u-here . deputes aperiodic couvoiut.oo We .rucy also rewrite this as . »-** convolution 

X[e jo ) = * ra^»)0(^^)<w 

2n Jq 

where 


and 


Q(e'“') = 2*£<!1 m- forO<tJ<2e. 


(ej Thkiue the inverse Fourier transform of&V) (see ThhleS.I), we get 9 M - (W-H 
Therefore, a — \- 

(b) Taking the inverec Fourier transform or Q(^) (&* Tahlc 5 « a )> ** 

, [n] = l+ ^W=l" + Ie>’" + iesl>'f 3 >". 

This signal ■* periodic with A fundament*! period of N — 1. 
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{c ) We cap easily ahow th*i X{t*>) is not conjugal eymmnrit. Therefore, xfnj ift not reai 
5.17. Using the duality property, we have 


518. Knowing that 


Hr A W =sa,Ai(-l)'‘^!-l]' 


/l\« sr 1-j _ 3 

\2/ 1 - costs/+ £ 5 - 4cOSu? T 


wc may use the Fourier transform analysts equation to write 


- /]VW 

;= Z UJ ' 

hb-U % f 


5 — 4cosu/ 

Putting u/ = -2*t in this equation, and replacing the variable n by the variable k 
. OT | / | \ W*t 

1 _ V 1 (i j 

5-4 cos (fort) .fr^ 3 W 

By comparing this with the continuous-time Fourier scries synthesis equation. it ip loi' 
mediately apparent that u t = 1 ftf' w* itw Fourier series coefficients of the signaJ 
1/(5 - 4<=os(2irt)). 

5.19. (a) min* the Fourier transform of both sides of the difference equation, we have 

VC*»“) [l - - XV*}. 

Therefore, 

F(<J W ) 1 __ \ _ 

^ - " _ , e ^ JW _ * (l-J e *iw){l + 

(b) Using Partial fraction expansion, 

. 3/5 2/5 

+ 

Using Table 5 2. and taking the inverae Fourier Iran form, we obtain 

h w - I G) u M + I(- 5 ) uW 


, 20 (») Si»™ the LTI system is »™l “3 ><•**. ■> Bidgk iopui-output pui « “ uffio ' D * “ 

Ibf MufWV response of tbc system In this case, the input is i|«l - 
n/srot-l tlm output is v («| - n(vsr-ln) The froquency response is Riven by 

D ,_, ti^) 

= xfa) 

wliete AV") and Vfe 1 ") are the Fourier transforms of *|nj and p|nj respectively Using 
Thhlc 5.2, we have 


„, l s(i)",wafWv r j ?; 


Using the differentiation in frequency property [Table 5.1, Property 5.3 8), have 

\ n nr , . d^T(e^) _ (4/5)c~^ 

M = n J u[n] < ^ V{e ) “ J ^ ^ 1 

Therefore. ^ 

h ^)=TZ 

(b) Since - F(^)M(e^). wc may write 

[(4/5^] ■ 

Taking the inverse Fburier tranform of both sidei 

pH] - pil* - 1 \ “ |*H' 

i.31. (a) The *ivcn signal is 

*(„] = u(n - 5] - u[n - 6) = i[« - 2 ] + i[" - 3 ] + 3 !» “ 4 1 + “ 5 >' 

Using the Fourier tranafoun analysis cq. (5.9), we obtain 

X{^) ■= e- 2j “ + + e _4it# + c ' iJ “ 

(b) Using the Fourier transfur m analyaifi cq (5.9), we obtain 

x(o - £ 


« i 

Ds^r 

t>“ i 

2 (l-^rJ“) 


(c) Using the Fourier tramform analywis eq (5.9). we obtain 

= £ (i)-"*-*" 
!!■“» 

= £(^') n 


nrt 
r 2 ’~ 1 


9 (1 -Jow) 

(d) UsinR the Fburiur tnuisforio Analysis cc (5.9). wr obtain 

JT(f^) = £ 2* S m(vn/4)s-^ 

■=—eo 

= -^2- n 3in (/m/4}^ 

FI — O’ 

- * -L i /2}" - (l /2) n ] 

_ ± r i _ i _1 

' 2j [l - (l/S)e>V*eH 1 - (l/2)c-"' 4 eH 

(e) Using the Fourier transform AnalyHk cq. (5.0), wr obtain 

X(e**) - (l/SjHcos^Cn-D/ffJe-^ 

n=—oo 

e -j*/a _j 

1 - (1/2)*“^* 


1 - (i/2)e#^ a e-^ 1 - ( 

1 - + 1 - (l/2)<-W» e .-J 

(f) The given signal is 

z[nl = -3J[n + 31 - 2&[n + 2} - 6{n + l] + -l) + 2i(n - 2| + Sijn - 3). 

Using the Fourier transform analysis eq. (5.9J. we obtain 

JT(c^) - _3e s ^ - 2e ljw - f 11 " + e"^ + 2e" ;iJW ^ 3e -1 ^ 

(g) The given signal is 

i[n| = sio(jm/J) + oos(n) - - (-l'"' 5 ) + \[e>~ + c-”}. 

Therefore, 

» j|J(*J - tt/2) - 6{u.' + tt/ 2)1 + 1) + *(w + i)l> i" 0 < Ml * * 
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ISO 






































(h) The given signal is 
tH 


« flm(5xri/3)+cw(7*ii/3) 

= — sin£irn/3) + fiw(frn/3J 

2j ^ 


Therefore, 


X {^) = \ {5(w - ir/3) -t[* + t/3)] + - */3) + &(u + x /3}j > in 0 < M < *- 

(i) ilnj a periodic with period 6, The Fourier series coefficients of i[n] are given by 

ai = i£>(n] e -^'‘>*" 

n- C 

_ -JV**"^**" 


j 


1 _ 


Therefore, from Lite results of Section 5.2 

*■*-£* G) 


1 _ 

1 _ e -J(Sw/6Vfc 


Sfa-21-2 *1). 


0) Using the Fourier transform analysis 04 . C5-9) we obtain 

m w /r f * 

\3/ 5-3e«w‘ 

Using the differentiation in frequency property of the Fourier transform. 


/l\kl ft I2sinu 

n U) S - J7 


J [5^ Scoew) 3 ' 


Therefore, 


(k) We hare 




5-Secret “ J (5-3 cosmJ 2 


l2sirtiu 


, t sia(*n/5) ft. v # ^ wv _ f >t M < 5 

M >" \ o, | < M < " 


Also, 

J 2 [fj| - «A{7xn}2) B COa{w r n/2) +^-1 X^e* 1 * 1 ) = x{&(w - xft) + 

in the range 0 < M < it. Therefore, if x[n\ = *i[n]z*|Ti), then 

Jffe^} = Periodic convolution of and A 2 (e j4f ). 

Using tbe mechanics of periodic convolution demosmrated in Example 5.15, we obtain 
in the range 0 < |w| < it. 


X{^) 


-tt 


J, ft < M < ft 


otherwise 


5.22, (a) Using the Fourier transform synthesis eq. (5-5), we obtain 

i /-»/* l r 5 '/ 4 

*N = 5 - / + 5 - / e ,hm ^ 

= ™[sin{3irn/4} - Bin(im/4)] 

(b) Comparing the given Fourier transform with the analysis eq {£ &}, wt obtain 

i[n] = £[n] + - 1] + 2&[n - 2| - 46\n - 3) + &[* - 10]. 

(c) Using the Fourier transform synthesis cq. (3.RJ, we obtain 

x[n] - 






(d) The given Fourier transform is 


= cos 2 ut + sin a C3iu) 

l+eos(2w] i-c«[3w] 

= —s- + -a- 

= l + b 1 *" + je-V" + -ie* 1 ” - 

4 4 4 4 


Comparing the given Fourier transform with the analysis eq (5.8), we obtain 

■3* 


^In] - ^lr*) + — 2] + ^{n + 2] - jdjn — 3) — + 3]- 
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This il the Fourier transform of a periodic ngual with fundamental frequency ftp.. 
Therefore, its fundamental period U 4 Also, the Fourier series coefficients it the 
Eigual are si = (-1)* Therefore, the signal is given by 

x [ n ] = = 1 - ^ + <?*” - 
t’rO 

(f) The given Fourier transform may be written as 

x { e> w ] = t 1 n e *' ,Lm ~ *■' 1 ft -> ^ i l ^ n *~ 3wn 

n^C nr, ° 

= 5£(l/sr«-**-[l/S)f;(l/S)-e-*“ 

B=1 

Comporing each of lU two terms in the right hand side of the shove equatim- he 
Fourier iransform analysis cq. {5.9) we obtfvio 


*W=(})" ‘-t»->]-(}) “["!■ 


{g) The given Fburier transform may be written as 


2/9 7/9 

*!^>-rrT^ + iTF^ 


Therefore, 


i[n i ^ i (j) *i"i + K - 0 u[ni ' 

{h) The given Fourier transform may be written as 

X{J~) - 1 + \v~>“ + y ^ + + 


Comparing the given Fourier transform with the analysis eq. (5.8), we obtam 

1 
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*W - %! + |«[» - 1 ] + |i[» - 21 + ^[n-31 + ^[" - e + - *1- 


5.23. {a) We have fcom eq. (5-9) 


a-(^)= £;*[»!-«■ 


(h) Nnt<- (hit vtnl - j(fl + 2) K .in even M*H*l Tbmforf. V(e^) is r«aj «irf This 

implies that - 0- Furthermore, from the time shifting property of the Fourier 

transform we have y(e^) = Therefore, <X{^) = < ^ 


(c) We have from oq. (5.8) 


Therefore, 


(d) We have from eq. (5.9) 


2«[0] ■ f* X[e^)du. 

f* X{e iv )&* - 4 it. 

X(^)= f; r[n)(-ir-2. 


(e) From Tbble 5.1, we have 

Sti{t[n]} ££>H*{X (e*-)}. 

Therefore, the desired aignnl L<i£w{j7[fi]} =t {r[n] + i(“n])/2, This is as shown in Figure 

S5.23. 

evK-ol 

-]. 'fT .. T 1 

i 4 •' “ i 4 i 


-t 


-1 O i q- 

Figure S5-23 


-'4 


(f) (i) FVom Parseval's theorem we have 

/» ill 

/ ix^p =ijt x; t*wi’ - 

ft-=—eo 

(ii) Using the differentiation in frequency property of the Fourier transform wt- obtain 


, , ft. dX[^) 


Again using Faraevai’s theorem, we obtain 


r 

j 5 


dX[r^) i2 




= ^ M’Mnl! 2 = S16*- 


5.24. (1) For 10 be aero, the signal must bo real and odd Only signals (b) and (i) 

are real and odd. 

(2) Fbr Im{X{e^)} to be zero, the signal must be real and even. Only signals (d) and (b) 
are real and even. 
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(3) Assume V(e^) - Using the lime shifting properly of the Fourier trans¬ 

form we hive y[n] = *[« + o|. if Yfe^) ia real, theft vl^l * real and even (assuming 
that xjnj is real), Therefore, x[rt] b*s to be symmetric about a This La true only far 
signals (a), (b). (d), (e), (f), and (h). 

(A) Since j = 2ex[0!, the given condition is satisfied only if xI0| - I). This is 

true for signals fb), (e) T (f], (h), and (i), 

(5) X (e^J is always periodic with period 2*. Therefore, all signal* satisfy this condition 

v> 

(6) Since X(e*°) — ^ x[n), the given condition is satisfied only if the samples of the 
signal add up to zero This is true for signals (b), (gl, and (i). 

5.25. Tf the inverse Fourier transform of #(e* w ) la x[n], then 

„ , ; i, r|n] + ,fT u 

T t [n] w£ofx[Ti]) = -y 1 - 


* A{w) 


Z'[n] = £M<*lnJ) - n) * j»M 

Therefore, the inveree Fburfor transform of B(w) is -jr e [n ]. Also, the inverse Fourier 
transform of Is s c [n + 1]. Therefore, the time function corresponding to Uie inverse 

Fourier transform of + A(u)t iv will be x E [n + l] - JS^H- This is u shown in the 


Shifrti l 

■ i - r 

-iL “I 


4 

1 

f 

i 

1 

i 1 i ti. ^, 

T , J_i_j 

i 
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t 

1? 

l * J ■ 

-i 

J 

1 ° 
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*,[*+■!-j Tt*W- btMd. 


Figure S5>25 

5.26. (ft) We may express Xjfe^) as 

Therefore, 


x a [n] = £v{i x \n)) 


(b) We may 

Therefore 


Xii**) aa 

A,tO = + Zm {*,(«*“*’>) J. 


*i[n| = 04 i,[n]} [e' m + - 2{-l) n Oil{ii[>t)>- 

(r) We may express it as 


j JJC t Cr^-> K 


(d) Using lire fact that U{e* iJ ) is the frequency respond of an ideal lowpass filter with 
cutoff frequency rr/6, we may draw as shown in Figure S5.26. 



5.27 r (a) W(V 1J ) will bo the periodic convolution of X (f^ 4 ") with P(e^'}. The Fourier trans forms 
are sketched in Figure S&2T. 

(b) The Fourier transform of Y(c>“) of y{n] is The LTI system 

with unit sample response /i[rt] is an ideal lowpws filter with cutoff frequency n/2 
Therefore, y'(^ lJ ) for each choice of p[n) are as shown in Figure £5.27 Therefore, y[n] 
m each case is: 

(i) y[n]^0 

on •w- a SP l - tl S(P a 

(Hi)a[nl = - 00 

(*)„(«]-2 

(v) (r|nj - \ [fiSiBSlj 


5.2ft. Let 


i f XV‘)G('’'*- ,i )‘H> - 1 + = v{^). 

J-w 

Taking the inverse Fourier transform of the above equation, wc obtain 

flW*W = *[") + ~ 1) = yM« 
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Figure SS.27 

(a) If x[n\ = (-!)% 

g [n\ - %] “ ^[n - lj- 

(h) ff xfn] ^ fl/2) n u|w[, p[ti| has to be chosen such that 

n - 0 


1 1, n=0 

o, «>! 

any value, other 1 


otherwise 

Therefore, there arc many possible choices for 
(a) Lei the output of the system he y}n]. We hnow that 
Y{t&) = 

In this purl of the problem ^ 

^> = r^= 


(0 Wehaw 


Therefore, 


^-TTTF! 


V(^) = 


1 1 

f 1 1 




-a . I 

1 - Je-^“ 1 - Jc-^ 

Taking the inverse Fourier transform, w obtain 

v (n] = 3(!)\|n]-2(|)" U | n ). 

(Si) We Haw 


X(^) i 


{i - 


Therefore, 




1 

[ 1 1 

CM 

l 

i 

V 

1 

l - 


) - j*-i“ l - Je~J“ (1 - 

Tbking the inverse Fourier transform, we obtain 

u[ni *-3{n + I) u{ti). 


(iix) We have 


Therefore, 


X(^) S 2it 6{u - (2Jfc + lh). 


Y {>- 


2* V 6{bi - (2Jt + l)a) 




- y jr Hw - (2 k + 1)tt) 

Jt=“« 

Taking the inverse Fourier transform, wt obtain 

*l«) - |(-i)*- 
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[b> Given 


we obtain 


(i) We have 


1/2 U2 

= YTJ^TtPJZ + l - 


X(e> w ) 


Therefore* 

Y{c^} = 


1/2 


1 - yi*! 2 e-i v 

A 


1 ^ 

m 1 f_j_ 

i _ [i - $*-»■ 


1 - [l/2^^ 2 e-^ 1 - {im*-* 1 - C- 

where A = -j/W - J)], ^ = 1A = VW 1 + i»- Therefore. 

- *xh ©" " w+ arb H)' ’‘ lnl+ 5 (0" ,lK 


y[n\ 

(ii) In this case. 


y[n\ 




(c) Here, 


y(^ J ) - X{f*Wi&) = “ «*" 4 1 - 

+fe"*' + 2 e~^ - 2e“ J *“ + 4*~^ 

+3 ^ + ^-^+2e>- 


Thereforc, 

Jfjn] =■ 56{n + 5] + £[0 * 4| - % + 3j - 35[n + 2| 

+f|n + 1| + i\n] + W[n - 11 - 2<1» - 31 + «|1 - *1 


5.3ft. 


(a) The frequency response of the system is as shown in Figure SS.30. 

(b) The Fourier transform X(^) of x[n) is a* shown in Figure SS.30. 
(i) The frequency response JT(e* w ) is « shown in Figure 35*30. 

sia(wn/8J- 

iil) The frequency response is as shown in Figure SS.30, 

2siaf*n/S) - 2coe(Trt/4) 

(in) The frequency ittpOnK M{^) is as shown in Figure S5.30. 
^siu(WS) - \ cD&ixn/*). 


Therefore, yin} - 


Therefore, y[n] = 

Therefore. jf[nj “ 



Figure £5.30 


(iv) The frequency response ff(e^) is as shown in Figure S5.30, Therefore. y\n] - 
-iir»(im/4). 

[c) The frequency response /f ft 3 ") is as shown in Figure 55.30. 

(i) The signal *[n] is periodic with period 6 The Fouricx series coefficients of the 
signal are 

ai = iX>| e -'t’*W" 

°n-0 

The Fburier transform of this signal is 

■» 

X {e u ) - Y, 2 * A * s t* - «/*)■ 

* = “90 

I ke Fourier transform F(e^) of the output is Y(e> u ) = X(^)H(^ V Y Therefore. 
y(c^) = 2ir[aflJ(w) + »iS(w - a/4) + <^i<S(w 4 ff/4)| 


1&9 
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tn the range 0 £ M ^ * Therefore, 

V|n| = cm + 4 4.1^ " | + [(1/4) + (l/2)fl/\/2)] ouis{™/4). 

(ii) The signal x[n) is periodic with period R. The Fourier series coefficients of the 
signal are 

« = 

The Fburigr transform of this signal is 

fid 

X{t**) = ^ - 2»*/$)- 

Thu Fourier transform Y {of the output ia K(e^) => Therefore, 

y(e^) ==1 2ir[ao^(aJ) 4 - rt/4) + + */*)] 

in the range D < M < »- Therefore, 

v(n] - a, +a 1 f J ’ r,/ ‘ + = J + J 

(HiJ Affd" in this case, the Fourier transform X^) of the signal z|n] is u( the form 
shown in |vuL (i). Therefore, 

y[„t - O0 + O.e'"'/* + o^e-*"* = i +1(1/4) - (l/2)(l/*/3)]™(iraM). 

(iv) Fn this case, the output is 

. . , , , sln!ir/3(n-l)] , $&[*&( ” ± Hi 

»H = h W “ *W * - <n -D + *{n +T) ■ 

> 31. (a) From the givon information, it s dear that when the input to the syStom is a complex 
exponential of frequency wu. the output is a complex exponential of the saint frequency 
hut scafori by the |uq|. Therefore, the frequency response of the sysrem is 

= Mi fm 0 ^ M < a. 

(b) Taking the inverse Fourier transform of the frequency response, wti obtain 


AH - ±.J’ 

— j — r"''"/ti- f 

2jt j_,. 2 ttJ 0 

c= - / WC06(4Jn)tfu/ 

ir/e 

i - 1 j 


5.32, From the synthesis equation (5 8) wc have 

[2*/* {$nf_ 

Abo, since 

A,(nl*h 3 W^/f,(e i “)/fi(e^), 

we have 

^ j = (AjM . k 2 [n\} n - a 

Therefore, the question here amounts lo nuking whether it is true that 

MD]M(1| = [*iWI ’ ^iNJii-o 

Since Ai(n) and A 2 {n] are causal, this is indeed true. 

5.33. (a) Taking the Fourier transform of the given difference equation we have 

_ W _ 1 _ 

(b) The Fourier transform of the output will be y(e^) = X (e J ‘" r }. 
(i) In this case 


X(e>") = 


1 - je ri 


Therefore, 


Y(^) 


1 - 

1/2 


1 + jfi w 


1 _ j e -j* 1 

Thkiog the inverse Fourier transform, we obtain 


(ii) In this cane 


Therefore. 


“ w - 

Xtf*) - --4—z- 




3f(« J ") = 

Taking the inverse Fourier transform, wc obtain 
y[n] ^ (n + J) 
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(lii) In this cast 


(in) We have 


5 35. 


*(«*“) - 1 + je-*-. 

Therefore, 

>v w ) = l. 

Taking the inverse Fourier transform, we obtain 

yfa] - *M- 


(iv) In this cam* 

Therefore, 


X(c**) m l - ie -»*. 




- -1 + - 


Taking the inverse Fourier transform, we obtain 


(c) (i) We have 


„|n|- -<In] + 2(-iy„[nl 

■ MN MM 


i _ 

(1 4- }e-^)2 (l + {e>)2 
Taking the inverse Fourier transform, we obtain 


(ii) We have 


y(n]~(n + 1) (“$) " J n ("j) v[n - 1). 

Ns] Mr 


Y{ t»") 


= rrr^ 

Taking the inverse Fourier transform, we obtain 


yH * (]) “K 


Y(c**) = 


Thking the inverse Fourier 


[(1 + J<-x)(l - je-»-)] [l + Je-J-] 

VI . 2/9 1/9 

(I + }«-*-)* 1 + Je-w + 1 - 

transform, we obtaiu 


(iv) We have 


Id"! - j(n +1) (-|)'W-1 +1 ♦ 5 (;)“ 


vto ~ [i + w-*l[ TT ^ = ] 

1 + 2c-*** 

I 4- Je~^ * 1 4- 

Taking the inverse Fourier transform, we obtain 

VN = *l«) 4- 2 (-i) u (n - 3). 

5.34. (a) Since the two systems are cascaded, the frequency rtsponse of the overall system is 

#(«*“) = 

2 - c-*~ 

1 4- Je-/^ 

Therefore, the Fourier transforms of the input and output of the overall system are 
related by 

Y(e**) 2 - c-** 

x(e>*) * rrjr^- 

Cross*multiplying and taking the inverse Fourier transform, we get 
»W + ^y[ n - 3) - 2x(n] - x[n - 1). 

(b) We may rewrite the overall frequency response as 

H(c**) = — V 3 4 - P+jV3)/3 . (1 ->n/5)/3 

1 ♦ Je ** 1 - J c* ,30 e-*-' + 1 - J c -> ,30 e 

Thking the inverse Fourier transform we get 

AM - ; (-5) «H + (i«-' ,J0 )"«(o]. 
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(a) Taking the Fourier transform of both sides of the given difference equation we obtain 

H{C ^ ] X(^T) “ 

Iu order for |//(o^)! to be one. we must ensure that 

1 4- 6 3 -f 26 cos u- 

This is possible only if 6 » -a. 

(b) The plot is as shown Figure S5.35 

(c) The plot is as shown Figure S5.35. 

*»tf**) 

./?v 


11 -m-*i 

1 + a 2 - 2a cos u 


CM 



£fL 


y&o 


<*> 

Figure S5.35 


(d) When a = 


Also. 


Therefore. 


H(c^) 


-i 


+ «*>' 


W - )* 




1 + \f**' 


1 - Je-^ 

? + e-^ 


- 1-Je 

Taking the inverse Fourier transform we obtain 


(1 4- }e~V)( 1 - Je*-') 
S/4 3/4 


1 + Je-^ 

»M-^Q) “M-j(-j) «m 


This d as sketched in Figure S5.35 

5 36. (a) The frequency responses are related by the following exprcBion: 

a ^ m W=) 

(b) (i) Here, » 1 - }«-*'. Therefore, C(e>-) - 1/(1 - $<-») w d 9 |„| . (i)" u |„| 

Since 

<**) - rea . » 

*(e*0 1 - Je-iW 

the difference equation relating the input xjn] and output y{n] is 
y(n] - ^y[n - lj « x (n). 

(ii) Here, H[e **J * 1/(1 + \c'**). Therefore. G(c**) - 1 + ie ** and ofnl - <$[n] 4- 
j£[n - lj. Since 




Y{<**) 

X(c>~) 


I ♦ •€-**, 


the difference equation relating the input x(n] and output y[ri) is 
y(n] = x[n) + ^x(n - 1] 

(iii) Here, H[e*~) = (1 - Je - **')/^ + Therefore, G(c**) (1 + A<~**')/(1 - 

je-^) and yjn] - (J) n u(n) + J(}) n -'u(n - 1). Since 


ow.n&.itk-*: 


tlie difference equation relating the input x|n] and output y[n) is 
y(n| - ^y{n - 1) = x(n) + I*(n - 1). 

(iv) Here, H{c**) = (1 - \e~^ - Je"^-)/(l + Therefore. C(r’") = 

(I + } e -i« _ Je‘^)/(1 - \e Therefore, 


<7(0-U 


and 


Since 


1 - (l/2)e-^ “ 14- (l/4)e-^- 
y(nj = ^(nj 4-2 u|n)-2^-^ u(n}. 

_ n<t) _ (i ♦ 

; X{*») (l- Jc-I-- 

the difference equation relating the input x(n] and output y(n) is 

y( n ) “ ^y( n “ 1| - gyh - lj = r(n] 4- ^x(n - 1] - gx{n - 2). 
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(i) Since 


M Here, H = (I - 4* }e'^- ie” 5 ^). Therefore, ~ (1 + |p _ jw - 

ie-^V(l - |e-^)Sio» 

_ t't*’") = (i + ^-j"-j e -^) 

■ (i - ’<->-) ■ 

Hie difference equation relating the input i\n] and output ^[n| U 

Vl n \ ~ ^w[™ - 1] = x{nj + jx[ti - 1) - ixfn - 2j. 

{vl) Here, H{t *»J =: 1/(1 + 3 e ^ - Therefore, G{e**) = (1 + je~ jV - ) 

Since 


we have 


g\n] = d[n] + ^fn - 1) - gfln 2J 


and the difference equation relating the input xjn] and output yfnj i*^ 
yfn] - x{n] + ^[n - 1) - |x|n - 2]. 

(c) The frequency response of the given system is 


= : 


S 3T, Given that 


I +e“> f + 

The frequency response of the invert# system is 

‘ ,^+1 +K" 

Therefore, 

*H " Q) “t n + *! + Q) “W + j Q) “I" -!] 

Clearly, jfn] Is not a causal impulse response. 

if we delay this impulse response by i sample, thou it becomes causal Furthermore, 
the output of the inverse system will then bo xjn - 1], The impulse response of this 
rAus&l system is 

*l»J " sI TI - *) = Q) “["I + Q] u[n - 1] + J (jj u|n - S[. 

*(") ^ W“)- 


X{<n ■ E 4"]^. 


we may write 


X m {iT*>) = £ 

Blri-OO 

Comparing with the malyris eq. (5.9), we conclude thAi 


Therefore, 


(ii) Since 


we may write 


Therefore, 


*>] iP X-{c>-). 


R.{,i n j} = pu x±^\+x-('-^s 

2 2 


X(t^) - E 

11 — -E?? 

X{*-**) = xhnjc-*". 

n« -flo 
sf-rtj ^ 


From the previous put we know that 

*'H A **t* r ^). 

Therefore, putting these two statements together we gel 

(iii) from our previous ta ultra we know that 


£v{x[njf i 


xlnj t xf-nj /-/■ ACe^) + X{e -*•*) 


S.aS. From the synthesis equation (5.8) we obtain 


m 


hiace xjnj is real, X[e**) = Therefore, 

*1") - £jf ^lX(^ J ))l>r‘+t~’^}d u , + l ; J’xmlX^m^"-e->~}dL, 
~ -1 - ~J'lm{X{c^)},m{wn)d^ 

Therefore, 

ff(uj) = -7£ef Afe^Jeosftvn). and — ^-Tm(A(e^)jKin{fcm) r 
S-39. Let jrfn] ^ x{n] » A[n). Then 

v{^) « f; {^1*^},^ 

- E £ *i*W" - *]«-*“ 

H^-aoS.-os: 

- E *1*1 r %-*]e- Jwn 

*-•0(3 nr -r»;, 

- E 

km -6e 

at, 

= Yi *[*Je" ib '* 


i.40. Let p|n] =? xjnj ^ A[nl. Then using the convolution sum 

m = E 

h— — <u 

Using the convolution property of the Fourier traobform. 


(S5 40-1) 


(S^.40-2) 


Now let %] « x*|-n|- Then H{t&) _ X'fe 1 ^, Substituting m the right-hand sides of 
equations (Sfi.40-1} ^nd (S&.40-2) and equating them. 


E i r X(r^)X'(t>^. 


Therefore, 


E W"]l 2 = ^/'pc(OI 3 ^- 

ls-u 


N<w in A|b] . *•(-*]- Tbeo »(*>“) = *•(«)-). SubWitaUag in the rieht-hond sides nt 
equations (SS 40-1) and (S5,40 2) And equating them. 


*=-ao 


5 41. (a) The Fourier tranaforai A(eJ“) e f the signal s[n] k 


Therefore, 


“ no+tf-| 

^ x[n]c-^. 


nu+jv-i 

nn*4 


{S5 41-1) 


Non., wc m*y write the expression for the FS coefficients of £fn] as 
1 ,_, , «oi-a‘-i 

firing 

(BecauM x(n] = x(ri) in the range n Q < n < n D + N -1 ). Comparing the above equation 
with eq. ($5.41-1), we get 

= ±X{*W}- 

(bj fi) FVom the given information, 

*(0 = l+e-^ + *-^“ + a ^ 

- e“ J {eJt3/2V + j + e -j(i/ajw^i/ajw + /a>^j 

_ 2 e^^^{ep 9 ( 3 w/ 2 ) + crB(in/ 2 )J 
(ii) From pan (.»), 

<3, = = ±2 e -iO/llJ.W« {0M(srt/(M)) + f ^(„ A/w) ) 

5-42. (a) PfeJ'*') — - (mm) for |uj| < x. Thu, k as shown in Figure S5-42 


m 


m 









-El 


tf m 

Figure £5,42 


(b) Freni the multiplication properly of t he Foutier transform we have 

G{*?"} = 

= -L 

2» J-w 

* X(^^) 

=,43. ^ a j Usiug the frequency shift and linearity properties, 

V(fn „ *(«*■-■>) + *[■»" ) 


(b) Let y\n\ = «[Sn]. Then 

y(=n - £ vpnk—" 


Since the odH-indexed biuuples of n|n] ire ttm, we may put 


equation to gel 


2n in the above 


(Note that the subslltulton of n by 2m is valid onfy if the odd-indexed samples m the 

summation are aero ) 

(c) x[2 n| is ft new sequence which consists of only the even indeed samples of i|ti]. wN » 
a sequence whose evenindtxed sample* are equal tox[n]. The odd -indexed samples of 
„[nl are sero. v( 2 n) is ft new sequence which consuls of only the even indexed 
of tj[n). This implies that u[2n] is a sequence which consists of only the even indexed 
samples of r[»l- This idea is illustrated in Figure £5.43. 


From pan (a). 


G{^) = 


+ jqe^/2) 
2 _ 


5.44. (ft) The signal %i\n) is as shown in Figure S3,44. 

(ij Taking the inverse Fourier transform, the signal zj|n] is 

ac?[nj ^ i|[n + 1|. 


d 



O Y\ O V\ 


Figure S5-43 



(ii) Taking ihe inverse Fourier transform, the signal a\t[n| is 

s 5 [n) = ii[n - 3/2J - sinfim/3) + sm(?rn/2)raK(3iF/4] - cwOu/2) sin (3*74) 
This is as shown in Figure $5.44. 

(b) FVoro, pari (a), 

i 2 [n] - iiln + 1} = tu(nT -+■ T). 

Also, 

T 3 [n 1 = s,|[n - 3/21 “ ~ 3T/2). 

Therefore, a — - 1 and /? = 3/2. 

5.45. From the Fourier transform analysis equation 
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(a) Comparing the equation for Xi(f) with the above equation, we obtain 

Sl (tH 

Therefore *i(£) Is as shown in Figure S5.45. 

(b) Comparing the equation Tor 15 ft) with the equation for we obtain 


Therefore i?(f) is sa shown in Figure S5-45. 

(c) We know that Od(x|nJ} = (x[n\ -s[-n|)/2. Therefore, 


X(^j-KUrn m f MfrHK**- 


Comparing this with the given equation for wo obtain 

Xic-rn'm) - 

*a(i) -5 —- 

Therefore Sa(0 Is as shown in Figure 55.45. 

(d) Wc know that 7£e(z[n]} = <*[rt] + x>]]/2 Therefore, 

2 nr-PO 

Comparing this with the given equation for wc obtain 

Xit~ + jrie**'™*) 

t 4 (t) = — —2-— 

Therefore 14 (t) is aft shown in the Figure 55,45. 

S.«S. (a) UL z[n] = d"«H Then A(*T = Uni-MS U» dHfcr«lti«toi, in fr ^ ueB ^ 

PrCP ' tly ' „ .«(*) 


Ticr n u(rt] * 


du (1 - o<rr~) 7 


Therefore. 


, ., „ , , rr dX(e^) ... 1 

(n + 1)0 v[n]l-t)' ^ - (l-ae-J-)* 


(b) Fboin pJ,t (a), it is dear that the result i, true tor r = 1 usd r = 2 Lei us assume 
that it is also true tor fc - t - 1. We will now attempt to prove that the result is true 
for k = r. We have 

” 'uKr - !)!' a "“ lnl ^ AVlt< ^’ = 


4.&K£t4} 

rv 

i M ftrCH ] 

k nov- 

-ie -><4 

\ n] 

8 % i. ' t _; 6 -i w i 

r»[VT» 

K 1\ y _ rf* 

5 Jj 10 t 

? *- * * r *. 

n r 

[ v S s |t- 

h. it. --I p/ 

P 8 ' 

ND r. - * 

-< '*t <! 

K £ -3 “V x a 

V, * i 


Figuro R5.45 


From the di^erentiation in frequency property. 


Tilr-l[n] 


FT a(r - 

(1 -ae-^) p - r 


Therefore, 

(n + l)s r _i[n + 1} fl ft^ l 

a{r - 1) (1 - ae"J“)' r ' 

The left hand aide of the above expression is 

(n+l)z r _l[n+11 (n + r-1)! fl , , _ r i 
" r.!fr-l)! “ ^ = I ' [ ’'■ 

Therefore, we have shown that the result is valid for r If it is valid for r - 1. Since, 
w« know that the result is valid foi r — 2, we may conclude that St is valid for r s 3 t 
r s= 4, and so on. 

5,47, (a) If XfeF 1 * 1 ) — AT(e J ^* i— then AfeJ 1 **) is periodic with a period Of 1. But w nircady 
know that periodic with a period of 2*. Tins is only possible if X[e JW ) is ft 

constant foe all u. This implies that h[ti] is of the form fcifrt] wher« k is a constant. 
Therefore, the given statemet is true. 

(b) If X(^) ~ then is periodic with a period of ?r. We a]*o know that 

is periodic with a period of 2 jt. Both these condiiiona can he .saiishetl even 
if lira some arbitrary shape in the region 0 < |w[ < x/2. Therefore, X(e^) 

need not necessarily be a constant. Consequently. x(tiJ need not be just an impulse. 
Therefore, the given statement is false. 
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(e) We know from Problem 5 43 that the inverse Fourier transform of X{t f ~ r *) is the 
sequence v[n) = (x[n) + eJ* n x[n))/2. The even-indexed samples of u{n| are identical 
to the even-indexed samples of x(n]. The odd-indexed samples of u(n] are zero. If 
Affe^) — X(e* uti ), then x[n) = u|n]. This implies that the even-indexed samples of 
xjn] are zero Consequently, r[nj does not necessarily have to be an impulse. Therefore, 
the given *.utciueut is false. 

(d) From Table 5.1 we know that the inverse Fourier transform of X(e ,a ‘') is the time- 
expanded signal 

. . / z[n/ 2 ], n = 0 , ± 2 , x4, • • 

olhmrise 

If X(e' u ’) = X(e> a *’), then x(n) » *(j)[n]. This is possible only if x(n] is an impulse 
Therefore, the given statement is true. 

• 48 (a) Taking the Fourier transform of both equations and eliminating W'(c ,u '), w** >b»*in 

T t±l 


X(<^) (l - je-^)(l - Ae-'-O 

Taking the inverse Fourier transform of the partial fraction expansion of *.h« ibove 

expression, we obtain 

A[n] ■ 4 u(n] - u[n]. 

(b) Wc know that 

= I!£) = 3~F »’ 

V ' X(t**) (i - 

Cross-multiplying and taking the inverse Fourier transform, we obtain 
y[n) - jjy(n - l] + gy(n - 2] = 3x(n] - ^x[n - 1] 

5.49. (a) (i) Consider the signal x[n] = oxi(n] + 6 x 3 ( 0 ], where o and b are constants Then, 
X(* Jm ) * oAf,(e^) + 6 X 2 (e^). Abo let the rrspoases of the system t«; r : («l and 
x?[n] be yi(n] and 1 / 3 ( 0 ], respectively. Substituting for X(c**) in the equation given 
in the problem and simplifying wc obtain Y (e^) = «y , J (e , ' ,/ ) + 6 V 2 (e , “ / ) Tlierefore, 
the system is linear 

(ill Consider the signal Xj(n] = x(n - 1). Then, Afi(e^) = e _,w X(e ,w ). Let the 
response of the system to this signal be yi(n). FVom the given equation. 




2X 1 (e^H-e 


= c-* ^2X(^) + e-^X(^) - -*• jr^X(^) 

Therefore, the system is not time invariant 


(ui)If x|n] = tfra], X(e^) - 1. Then, 

Y(e~) = 2 + e * 

Therefore, y(n] = 24{o] + £(n - lj. 

(b) We may write 

*V"> “ i r" ' 

1 * /*-*/« 

where H(c^) b as shown in the Figure S5.49. 


/ 

' »ci u ) 




0 


—V, 


Figure S5.49 

Using the multiplication property of the Fourier transform and Table 5.2 we obtain 
,sin(xn/4) 


y(n] = 2 x(n]- 


5.50. (a) (i) FVom the given information. 




r(e>«) 


Liil 


*(<*0 (i - l«-^)(i - J<-^) 

Taking the inverse Fourier transform, we obtain 


/l,nJ “ 3 (i) ~ 2 ( 5 ) U H 


(ii) FVom part (a), we know that 

Y(t^) 


± 


X(e>*) (1 - Je-^)(1 - Je-^) 

Cross-multiplying and taking the inverse Fourier transform 

VM - -1) + ^y(»» - *| « xjnj - i*|n - I] 
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(b) From the given information. 


F(e^) (1 ~ 


H( ^ ) m x\el») 2(1 


We now want to find X[t^) when Y(e^) = (l/2>«->'/(l + FVom the .ibove 

equation we obtain 

e-^(l - Je*^) 2 
(1 - }e->-) a (l 4 

Taking the inverse Fourier transform of tbc partial fraction expansion of the above 
expression, we obtain 

n-l 1 /i\"-l 




*w- g(-0 “I"-11+5(5) “l n - '1 + 5 n (2) “1" '1 

5 51. (a) Thking the Fourier transform of h(n] we obtain 

«<«*> = y<«'-)/x(«*> = , _ 

Cross-uiultipiying and taking the inverse Fourier transform we obtain 
y(n) - ^y(n - 1) + ^y(r» - 2] - ^x(n] - ^x[n - 1J. 

(b) (i) Let us name the mtemediatc output u>[n) (See Figure S5.51). 

■<5>—* *, . 



Figure S5.51 

Wc may then write the following difference equations: 

y(n] + ^y(n - 1) ■= ^u?(n] + u>(n - l] 

and 

ui(r»l - -ti/(n - 1] - x(nj - -x(n - 1) 

TVikmg the Fourier transform of both these equations and eliminating we 

obtain , , . , ^ 

u. _ ?(«*•) = 

H ^ ) X(t>“) 1 - Jf-*“ 

Crocs-multiplying and taking the inverse Fourier transform we obtain 

y(n] - ^y(n - 2] = ^x(n] + ^x(n - l) - ^x(n - 21 


fn) From (i) 

mt ~) . j + 

' X(e») ~ 1 - 

(iii) Taking the inverse Fourier transform of the partial fraction expansion of /f(e ,u ), 
we obtain 


In other words. 

Now note that if 
then 


(ample values of A(n] anr 

r u 6(n)4-h(-n) / ft}* 

ftr{6(nl} - ± 1 —l = ^ A(0). 

I M-n]A 

( 2 ^v{/»(n)}, n> 

6 (nJ = s ^v(A( 0 ]}. n = 

l 0* n < 


5.52. (a) Since 6 [n] is causal, tbc nonzero sample values of A(n) and A[-n] overlap only at n = 0 
Therefore. 

n > 0 
n = 0 . 
n < 0 


(S5V2- 1) 


A|n] ^ 


Clearly, we can recover £tr{A(n]} from FVom £v{/i(n)} Wl * oan useeq.(S5.52 

1) to recover A|nJ Obviously, from /»(n] wc can once again obtain //(e*^) Therefore, 
the system is completely specified by 7ie{H( e> w ’)}. 

(b) Taking the inverse Fourier transform of we obtain 


Therefore. 

and 


£v{/i[n]} = 6[n] f -if(n - 2} + -S\n 4 - 2) 


A[n] = <f[n] + a^(n - 2], 
H(e^) = I + ae _;2w . 


(c) Sinoe A[n| is causal, the nonzero sample values of A(nj and h(-n] overlap only at n = 0 
Therefor**, 

n >0 


Od{h\n\) 


A[n| - /»(-! 


±hj; wa 

l -A(-n)/ 2 , 


n = 0 . 
n < 0 
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la other words. 


f at 
M*1 = | * 


n>0 

some value, n — 0 
n < 0 


(SSS2-2) 


Now note that if 


%} 4 ^ H (e^J 

thcn 

Clearly, we ran recover Od(h\n}) from Xm{Hi^)l From Od{h[n\} we can use 
eq.(55,52*2) to recover A[n] (provided hfO] is given) Obviously, from h[nj we c^xin oaee 
again obtain Therefore, the system is sampled specified by 2m{H(<^)) 

and K[Q], 

(d) Let Im{//(e^)} *=9inij. Then, 

= ;<[«-»]-1*1" + 1 1- 

Therefore, 

h{n] — h[0]J(nJ ■+ (5|n “ 1J. 

Wc may choose two different values for *[0] 1 wd 2) to obtain two different Systems 

whose frequncy responses have imaginary parts equal to sinw, 

5,53. (a) The analysis equation of the Fourier transform is 

W) = £ *ln)e- JU ". 

n=—gp 

Comparing with cq (PS.53-2), we have 


*(*) = 


(h) From the figure;* we obtain 


and 

Now, 

and 


Xd** 1 ) = 1 - e’ 1 " + 

X*(e^J = - c* w - I +e - ^ + e' a>w + 2c~ j44J - e^ j Vl + 2e jTw . 

= ! _ e -^V> + 

X a (e' ta# * /41 ) = i _ e -*W a +i e -^^ s - JT 1 (e#t a * Jt/<) ). 


5 54. (*) From eq. (P5.S4-1) It is clear that to compute £[*] for one particular value of k, we 
need to perform W complin multipUcal ions. Therefore. in order to compute A'jAl fur 
jV different values of Jfc, we need to perform JV r JV = complex multiplications- 

(b) (i) Since /[n] = i(2n}, w« haw /[0] = i[Q}, /(l) — x[2], ■ ■*, /|(^/2) — 1| * - 2j. 

Since *[rt| la nonzero only in the range 0 < rt < JV — 1, /jn] is nonzero only in the 
range 0 < n < (#/2) — 1, 

Similarly, since jjnJ = i[2n + 1} T we haw jj[0] “ ^[1], ff|l] ~ i[3j f - j , y[(7V/2) - 
1J =■ i[/V]. Since tfn] is nonaero only in the range 0 <n < N - 1, fl|nj is nonaero 
only in the range (iY/2) - 1- 

(ii) We may rewrite eq. (5.54-1) as 

wm-i m-i 

*W = - £ x[ 2 t,)IV^ + (Vj- £ dfa+nwr- 

Jv n = U * n=0 

Since W%p k - IV^j, we may rewrite the above equation as 

m 


(N/ 23-1 1 

- i I /WH'jfs + w *i £ siii^sfi 

n=0 He{ 


(S5.S4-I) 


(iii) We have 


Similarly, 


F[Jt + jV/ 2] 


- T 

N h 


/w'&'C ■ 


F|*|. 


G T [lfc + fV/2] = G[k), 

(iv) Since F^l is a Nf2 poiflt DFT. we may use an approach similar w the one in pari 
(a) to show that we need JV 3 /4 complex multplicationa lo compute it Similarly we 
may show that the computation erf F[Jt| requires* JV^/4 multipiii^tiomf, From eq. 
(S5.W-1). it is dear that we need N 7 /2+ N complex multipica.duns to compute 
X[k\. 

(c) By decomposing $|n] and /{raj into their odd emd even indexed aamplus, we cau bi ing 
down the number of computations to N*fA + Nf2. Repeating this decomposition 
log T JV times, we make the required computation /^log^N". We tabulate below the 


N 

Direct method 

FFT method 

32 

1024 

m 

256 

65535 

204S 

1024 

I04S576 

L0240 

4 m 

16777216 

49152 
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$ 55 (a) |i) From Table 5.2, we haw 

X(r^)=2a ^ tk) 

k*-oc> 

(iij When Atf = 1, F(e*0 = ^ + l + ^^i + 2c«w. 

(iii} When M = 10, we may u-sc Tibte 5.2 to find that 

, _ iin(21^/21 

rt ^ * - *12 ■ 



Figure S5.50 

(c) We have W{^) = The plots are w shown in Figure 35,0$ 

{d} The plots are as showu Figure 5555 


^ x\m,n\e^ m \e~^ n 


5 56 (a) W# h*ve 

ns-c 

- r 

ns—o 

c» 

!!»-» 

Therefore, we may write 

2tt -/-» 

ftoiti tbb we obtain 

(b) We may easily show that 

X(^ = 

(c) We use the icsuit of the previous part in many of the problems of this part. 

(i) A F [e )U > 1 e^*)»e"* ft ^“. 

krtrKji 

(4x(^',e<«) = [ (1 .^, ] - f; *{<-, - 2 f- ^k) +.f «u, + fa - 2uk) 

L t’-OC t—-^3 

(iv) Here ir[n : m] = {«[m + 1) - u{m - 2]}(u[n + 4| - u[n - 5]}. Therefore, 

y^w, jwa, _ r sin(7^/2) l rsm(W2) 

1 h J [ bM^/2) j Isin^/aj 

(v) FYom the definition of rhn 2D Fourier transform wi v obtain 

Xie* 1 ',c iL *) = - 


^(wi+a^} 


/ ! _ e --j 7 (iwi-r«*)\ I 

1 - e‘-M" 

l - 

^ 1 - J | 


(vi) From the definition of the 2D Fourier transform we obtain 

<X» QO 

= ;f V - fa+2Tll)i(^ - ^ + i*r) - 

(=-»r—n? 

+ ^ + 2sJ}i(t^ + 5 + 2*0] 

(d) (i) 

(ii) Jf(e^ t e^} 


(iii) \ 
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k Jl ^pier t) Answers 

of lti - “* •*»- w 

x i< £ WM) - 


vi<0 


v-vr - ’■ 

SlmiltHy, when tbe input ^ ^ tbe cutput ^ 

1 /®J | H { -ju*j ) [e “- <tf f -jmjjj 


?w^,* W U «*•» - W-MH «d <uru*> - -*,(_** 

bW ~ |W ^ ),cw ^ ! +*+«»(**>» - iwu^i™ Uct _ 

(a) From &(<), w« have X = j//[j^j|j. 
fb) Prom j(t), we have ^ 

i ‘"J w “ pl " *iW = 

r rf LTI —■—-w 


) + ^oJ 


Vi [nj ^ 21 fnjtf (e*^) 3 \ 

= f 1 /W J +* * (* J- °)) 

Similarly, when ti* input in Xjfnj, the output is 

yjlnf = 4fl{c»J V «)) 

T^ m " t0 ta "t '^Ji - w*-~ji ^ <» {e -j. _«„ {c - M) . 

JftN - {-1 /2j ) )) 

ieisskk wjrsat* *■ ™ —' *-w -H 


^"i “ + A. + = |gf^'i. ;n -</f( + 


<0 *« - = .» 
multiple of 2* to this j £ aot ***?■ nolK that lf ** ™ integer 

gcfieral that + 2**) ° y d,fferBnav Therefore, we require i n 
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1 


1IL 

w c ' 


F ^ p 


^_A 




Ay^- 


^w, 
Igurt Sfl.5 


Taking the invert Fourier transform, *« W 

** 2h 1 (t)oosfaw e l;J 

Therefore, ff ft) = [2i^(> a 

(b) The impulse response h,[t) 1S ^ shoWD jn 


Ibat the sip,ifi„ni cent,*j iabc of^Wb ^ ^ ** lncreiLW -'- '• » dene 

' * w - -»»<y it=rr=s;-r t zs, 

Sr^rr^r* * ** ^ « f ‘*«« sm. 

W A 'i"i - Its Foyner t^fo™ fc „ sl „_ 


in the figure below, 


□_Lr 

. ft — ST- ^ 1 - ' "— 


— IT -JT«* C 


K ft ^ 



JLj 

t »<u^) 

-rr 


h 7T' 


TJ7 


Kfi'O 


Figure Se,S n c n- 


Cluarly, 


the inverse Courier transform, we have 


Therefore, ijjrt) — l)^ 


eform, we have 
h(nj = = hi frtjf _!)'■. 


S 3. (a) We hav^ 


iw^i , IJziM , Vtt _ 
f 1 +M 7fTS?' L 


Therefore, > 1 ^ 1 . 

(b) We haw 

ifflM . uer‘ ( - u) _ lM -, M _ 2tin -, M 

nercforc, the group deUv ^ 


T W “ -psFfc) - 

^ l+w= 


d'vly. rM >U furw>0 , Th e f e fcr e, «^ e0( 2 „ , rut . 

0/2)^“d" ^ ■; G,,rn of ap™*nti»b sr 

2](^J p*&a through the given in & vst,-n ^ mWu,on * ^ that 

tJ “ b. a real ,mpuVO ^ ^ ° f 2 ««*■ 

the compisK exponential * s { n j witi . ' an ^ u P dela V funetfon Thor 

^mpks, The output ^n] of he LTI^T , 7^ e ** crie " Ccs ‘^^up dela 
therefore J LTI 3 ^ 5lem wi >^ ^e Input is x| n } = r .f^ + r .‘ 


vW"b lh3|+ ^_ 2j = 2nB ^^ ( . b _^ 

H»:i ■?■ r Hi ] __ f?■ mi. 

- aiD( Jn - This signal m 

r IT!i' J fnpiniri-^v n- 


-,y ~ - ^ \ J / 

"atta-jgua rj^s!: -,**•-»-.. 

f -"«*■——»«. s st^r s, i» 

l ' W = ^i''-2J = 2 E m^(„_, )+ ^ 

= 2 jin f~n-7r. + 


V 3 


- »-(£*-r+:J 


■V 2 '’-f) 

S-S Th= y w) u „ shou , n 


m Figure $6.5. 


w ^ 1 #1(M , s 

Clc4r]y t 

ttfa) - //,U(v - 2^ t }} + « t(j - [w + 


hnwn 
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(b) The impube rrxpon* ^ 

that the significant oentral lobe C f fi r n T tJ” ^ lir '' 56 ^ ^ it ^ 

Afnj , ^ tonnemrat ' !d «™<i the c 

6.r The “• about the oriH 

^ihe frequency resp omc magn^le K 

rap0W oftbf <«»e™ filter O0„) vffl gi “ n f™° '" TiSU,V K6 T - T1 “ r ^' 

- ^Tmflicoufdnrtrwn 



1 - 


“=-=s ~ r st? rzrsf—- ■ 


M 


„ _±To 
~7J 
1 






4t | 


216 


215 


























This cuy aJ m be written as 


jhh 


*1^) = - 


J>T*—* 

i-g 

i _£«*(-*—>* 




H [jw] 


Therefore, the fruqutncy «*>«* of ft* «««* «*“ » <***** Y‘ ,1 Z 
que „ t v rapon* of the firs! filter by * Although the taatin. of the P^^ehu^be 
refcrints .ill be the r-amu to the *~»d filter. The first filter has its t*ssW<l >*««" 
end Therefore, the teeood filter -ill have its passberwt between it - ^ *nd <*■ 

6.5. Tahieg the Fburic, truhsfora of the giver, differential option and *-*&<* we obtain 
r t : f frequency response' of the LTI system to be 

x _ Y<j*) _ 2 

' *(jw) 5 + je/ 

■Uliirif, Che inverse Fourier transform, we obtain the impulse response to he 
Jl(t) = fSc-’Vi). 

Using the result derived in Ereiion 6.5.1. « have the step response of the system 
„(i) - fi(i). n(t) = |(1 - e' 3 X‘)- 
The final value of the step response i3 

*<«> = i 

s(to)=g[l-e-“']. 

Substituting s«o) = < W - 1/e 1 ], in ** “hove equation, we obtain to = \ ** 

6,10. Wc use ExampU? ti-5 to guide us through this problem, 

(it) Wc may rewrite W 




We may then treat oaeh of the two faotors as individual first order 

their Bode magnitude plots. The final Bode magnitude plot w,ll then be a sum 

two Bode plot*. This is shown in the Figure S6.10, 

Mathematical!* the striwgbt^nt approximation of the Rode magnitude 1 > 

u « 0,1 
O.i «w« 40 
w » 40 


20 lngj 0 )i/(MI « < 20 


( 32. 



Figure S6-10- 

Mathcmaiicall* the straight-line approximation of the Bode magnitude plot is 


{ 20 , 
-20 In 
-28, 


201ogio^O' w )S * { “ 20 |£ »&loM + &’ 


w << 0.2 

0.2 « u c< SO 

ui» 50 


6 , 11 . (a) We may rewrite the given frequency response as 

2v-Q 


thM = ‘ 


{&)* + 50.5jw + 25 (jw + 0 5) (jw + 

Wr may then use an approach similar to the one used m Example € 5 and in Problem 
$ 10 to obtain the Bode nigritude pJot (with straight tine approximations) shown in 



(b) We may rewrite tU frequency rea pob» M&u) ** 

( 0-02 \ 
+ 50 J V(jij) a + 0.2jvJ + I / ' 


Agmn using an approach simdar 

8 Mathematically, tbr straight-lint appreaimation of thu Bode MO*-* «tt «- 

V « 1 

1 « w « 50 
t j » 50 


2&log sa !K(MI ^ 


1 '2 


~40lDg ia M, 

-201ogi fl u - 34, 

Urine the Bodu magnuudoplot specified in Figure P6,12(a), we may nhtain an^presrfw 
for fltOhdJ. The figure shews that *,(*.)- 
-d toy vi « Thefrequmny <«P»r™ ^ dil innal -20 dB/de.-adc 

reeled by a -20 dB/risadew^ ^ b ^*te3 20 tJB/decade. Tliertfoie- ^ 

contribution results m the subsequent decay at the rate oi i 

may conclude that 

4<jw +m) (£6.12-11 

“lU^J “ Hr tuj)(jltf +tLti) 

We nflw need t* A. N <M that when w - 0. 20 lng l0 Sift tiOll - 2 1 her^fore. H , I,j0) 

0 05 Fhwh eq. (S6-12-1), we know that 

ffitjO) = A/320- 

Therefore, a4 = 640 This &iv*s us 


640(ytu + 1) 


{jhJ + &)£j^ + J * 0 ) 

Using a simitir approach m« Figure P6,12(bK we obtain 

6.4 

“ Jj^TW 

Since the overall astern (with fluency ****: *W * “ tel b > 
systems with {requency responses JfiCfr*) ^ 

Using the previously obtained Mpressiona for W(Ju>) and 

tf{j w ) O.OI(j5U + 40) _ 

[jw + 1)0* + S) 
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6 13 Using an approach similar to the one used iu the previous problem, wt obtain 

320 


H[ju} = 


(jut + 2)(jd J + 80) 


(a) Let us assume that we desire tn. construct this system by cascading two systems with 
frequency responses and Wj(jw), respectively. We require that 

We see that ff](ji*0 and H?(ji j) may be defined in different ways to obtain H(ju). for 
instance 

^ H 2i?v) - 


8 


and 


= 77 


(jtlf + 2) 

32 


and = ’ 


(jw + 80) 
10 


s (j'tJ + s) ““ u " ww/ ti w + so> 

are both valid combinations. 

(b) Let us assume that we desire to construct this system by connecting two systems with 
frequency responds ^ m paralkl We require that 

H\jJ\ = ifi(jto) 4 H?[j u }- 

Using partial traction expansion on H(ju)> w« obtain 

L6G/39 l60/3^_ 

H{ju) ~ (j«+a> ii^+80) 

Prom the above mtprfflaion it is clear that we can define ^0“*) in oai > 

ono way, 

6-14r Using an approach similar to the one used in Problem 6.12, we have 

. SOOOOU^ + 0.2)* 

~ (jM + 50)(jw + l0)' 

The inverse to this system has a frequency response 

1 0-2 x 10 - *(j<J + 50Ujtj + 10} 


Hjtiu) = 




(yu + 0.2p 


6-IS. We wili use the results from Section 6.5 iu this problem 

(a) We may write the frequency response of the system described by the given differential 
equation as 

tffUw) - y^T^TTi 






































This may he mm (tea as 


1/4 


Wl{jM) “ u^/ipTyw?) t-1 ‘ 

FYon, th« « 0 M* B the doping ntk, to b. < = 1 Thereto, tl* tys™ is or.ticttliy 
damped. 

(b) W* may write the frequency spouse of the system described by the given dM>d 
equation «. ? 

WjM = ; 


This may be rewritten as 


S(jw]* 1 + 5 


7/S 


f/5 

Ws(jLl,) = W ! +WDjM + i' 


From th» «e obtain du tipping ratio to bo ( = I/S. Thereto, the *YS«m is urufcr- 
dumped. 

(c) We may write the frequency response of the system bribed by the given differential 
equation as j 

H 3 {j^) = 


jju/) 1 + 20 jm> + I 


This may be rewritten ns 


i 

" (jujS + KiOljM + i' 


Froo, tbis we obtain the dating ratio to bo < = 10. Therefore, the aystam is over- 
damped. 

(d) We may write the frequency response of the system described by the given differential 
" nlS 

Ih{ju} ~ s(jV) 7 + 4ju + 5' 

The terms in the numerator do not affect the ringing behavior of the impulse response 
of Ibis system. Therefore, we need to only consider He denominator m order to de¬ 
termine if He system is critically damped, underdamped, or overdamped We see that 
this frequency response has the same denominator as the one obtained m part (bj. 
Therefore, His system is still underdamped. 

6.16- The system of interest will haw a difference equation of the form 

y[n\ - ty[n - lj = ketnj 

MrJking slight modifications to the results obtained in Section fi.&.l, we determine the step 
response of this system to be 


The final value of the «ep response will be h/{I - o). The step response exhibits oscillatory 
behavior only if |oj < 1- Using this fact, we may easily show that the maximum overshoot 
in the step respcmi* occurs when n = 0, Therefor*, the maximum value ol the step response 


y—[1 -n) wi. 

Since we are given that the maximum, overshoot is I.R times the final value, we have 
1-&7"— = b => ft = -x 

1 - it z 

Also, since we are given that the final value m 1, 

fr a 

rr ^ 1 => h= 2 

Therefore, the difference equation relating the input and output will W 
1 3 

StN + 

;,17, We will use the results derived in Section 6.6.2 to solve this problem. 

{ft) Comparing the given difference equation with eq. {6-56), we obtain 

I 


2 ’ 


and coftfi 1 — - L 


Therefore. 6 - w, and the system bis an oscillatory step response. 

(b) Comparing the given difference equation with eq. {6.56), w« obtain 

r = -, And cos Q = 1. 

2 

Therefore, 8 « 0, and the system Las a Doa-oScillfttory step response. 

LIS. Let us first find the differential equation governing the input and output or His circuit 
Current through resistor s Currunt through capacitor - C^j^- 
Voltage across resistor = RC-^ . 

Total input voltage - Voltage across resistor + Voltage across capacitor 
Therefore, 

*(t> - RC^p- + s(t). 

The frequency response of this circuit is therefore 


«{M = - 


1 


RCjw + 1 

Since this is a first order system, the step response has to b« non oscillatory. 
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6 1 & . Lei us firat find tbe diflerentiil equation goreramg the input »d output of this circuit 
Current through resistor and inductor — Current through capacitor = 

Voltage across resistor = RC^^. 

Voltage across inductor - LC J jffi 

Total input voltage = Voltage across inductor + Voltage across resistor + Voltage across 


capacitor 

Therefore, 


, fl rr <Pyjt) , 

*w = LC -&r + RC '^r ■ 


■IK*)- 


The frequency response of this circuit is therefore 


~ LC{ju)* + RCjw + r 


We may rewrite tins to be 

am - 


( ^F + WJ|/c/L^ + ] 


Therefore, the damping constant < = (R/^ ^fC/L, In order for the step respond ™ have 
no oscillations, we must Lave ( > 1. Therefore, we require 


«>V1- 


6.20. Let us call the given impulse response A[itJ. It is easily observed that the signal AifaJ = 

h[n + 2) is real and even. Therefore, (using properties of the Fourier transform) we know 
that the Fourier transform of ki[n] i* real and even Therefore Jfj(e^') h^ rerv 

phase. We also know that the Fourier transform - H^*)^ 2 ** Since H < ' J ) is 

aero phase, wu have 

d/f{e #a )= -Sw. 

Therefore, the group delay is 

6.21. Note that in all parts of this problem (yfn)A r (jM) - -2 ju/A(jw). Therefore, 

jr(I> - 

(a) Here, *(t) -= Therefore, y(!) = -2 dx(t)fdt = ~2je jr . This part could also have 
been solved by noting that complex exponentiais arc Eigen functions of LI I systems 
Than, w hen i(<) = c**> y[t) should be y(t) = W r {jl)e ,i = -Zje**- 

(b) Here, j( 0 = sin(^t)u(t). Then, t£*(*)/d* - *u&cos(^tM0+™(woW) 

Therefore, )/(0 “ -2dx{t)/di = -2w 0 coe(^ot}u(0 

(c) Here, = -2/(6 + jv) Taking the inverse Fourier transform wc 

obtain yft) « - 2 e" fli u(f), 


(dj Here. X(jw) — 1/(2 + jw). FVom thiD we obtain x(i} ss e’^uti}. Tberefon:. jjft) = 
-2 dx{t)fdt w 4e-*u(t) - 2J(<). 


6 . 22 . 


Note that 


= { 


JV 


0, 


—3t < M < 3iT 
otherwise 


(a) Since x{f) = cos(2fft +tJ). X(ju?) — i?/*irj(ci?—2?f) + e jl> xS(w + 2ir), This is zero outside 
the region ^3* < tv < 3ft, Thus, T{jsv) = H{jw)X[ju) — (jw/3ir)X(j4v). This implies 
that y{t) s= (l/3ir)dr((}/di - (-2/a}sin(2ft£ 4 9). 

{ti) Siuce i(i) = ucft(4nf + #). X(/tv) = e jfl ft^([v — 4x) + e"- ?fl 7ftf(w + 4x). Therefore, the 
nonzero portions of X(yiv) lie outside the range -3ft < u < Sir. This implies that 
y(/w) = X{jut)HiJu) - 0. Therefore, y(t) - 0. 

(c) The Fourier series Coefijclents of the signal j(tl are given by 



where Zi> — I and i*?q — 2ft/To ^ 2ft. Also, 


X{j 0 ) ■ 2 ir ^ ft*J[tj - JclJq). 

Jt =- w 

The only impulses or Xtjw) whidi lie in the region —3ft < w < 3ft are at u? — 0> 2ft. 
and 2ft- defining the signal xj^{f) — Og + fl t e 33lTj ‘ + a_ |C _j2t< , we note that sr[i) ~ 
(l/3r)dj/ p (f)/di. We can also easily shew that &o t* 1/ft, a x m a*, » -1/(4;), 
Putting these into the expression for Xi p {i) we obtain ^(0 = 0/ft) + (i/2)sin{2ft(). 
Finally, y{t] = (]/3ft)d£i p {0/^f = (1/3) cos(2fti), 

6.23. (a) Ffom the given information, we have 


ii.M = {o; 


iw| 

otherwise 


Using 'Hihlc 4.2, we get 


{b) Here, 

Using Tilble 4.1, we get 


H t U^) = 

h>{t) - A*(t + T) 


Therefore. 




3iftfrv e {t 4 -T)} 
ft(£+T) 
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6-24. 


6.27. 


(c) Ut us consider a frequency nsponse flat?*) tf*** ** 

A.M = { £ 

Clearly, 


otherwise 


i? c (jw) - ^WM * W{ju% 

wu^) = j'ix&{*f - Me/ 5 ) _ j 2 *^ + 

Therefore, From Table 4-1 

hM - M>(«M*) - f ^^f -l 


If r (t j) = M, where fcj is el cousUot, then 

■dlfCM ■ -Mw + kj 


(£6 24-1) 


where kz 1 $ mother constant. , 

(a) Not,: that if MO is H»l. the phisa of the Fourier tnwfortr, etf{j<-) has to bo on odd 
function- Therefore, the value of hi in eq [S6.24-I) will be iero 
Also, let us define Hufau}) - Then, 

(j) Here fci = 5. Hence, <Jf(jw) — -Su. Then, 

H(j^) ~ |/i r C;w)lc , ' sH(/ ^ = 

Thcre[uie ’ . tm(200e(I “ 5)1 

h[t) = - ff| r c _ gj 

(ii) Here hi = 5/2 Hencn, = -(S/2V Then ' 

ifijw) - i«cmoi< j ' ,hw - 

Thfrrf °^ . ... sin[200ff(( — S/2)] 

A(t) = M< - 5 / 2 ) - _ 5 /2) 

(tii) Here *] = “5/2. Hence, = (5/2K- Then, 

ff(M = = H,{jeO«' {s ' sv . 


Therefore, 


MO -M* + ^/2) = 


sinfSOCM* 4 5/2)] 

r{t + 5/2) 


(h) If h[ i) is not specified to be real, then do« aw have to be sui odd function 

Therefore, the value of kj in eq. (S6.24T) du<» not have to be sero Given only \H (jw}| 
and r(uf) t k? cannot be determined uniquely. Therefore, M*) cannot be determined 
uniquely 

6.25, (a) W« may write JT^O 3 ) 43 

H 3 1 ~ J* 

flU } ” (l+»{l-i*) 2 


Therefore, 


and 




- - 


/Li 1 4- w 11 

Since t a ( 0) = 1 ^ 2 = r q (l) s r n {u) is not a constant for all u. Therefore, the frequency 
response has nonlinear phase. 

(b) In this case, H b {jv) is the frequency response of a System which is a cascade combination 
of two systems, each of which has * frequency response //i(ic*0 Therefore. 


and 


Tfc(w) = -2 


jw) 


2 

1 4- uP 


Since Ti[0) = 2 ^ 4 — Ml), r^[u) is not a constant for all Therefore, the frequency 
response has nonlinear phase. 

(c) in this case, T/ £ ( jti>) is again the frequency rreponst! of a system which is & cascade 
combination of two systems. The first system has a frequency response JTjjw), while 
the second system hat; a frequency response //o(jui) — 1/(2 + Jw) Therefore. 




d<H a (j&) ddJfp{j4w) _ 3. 2_ 

^ dw /Li 1 + liJ* + u® 

Since t c [$) - (3/2) ^ (3/5) = r c (l), t*(w) is not a OMistant for all u? Tberefare. the 
frequency response h^; non] i near phase, 

6.26. £a) Note that (jw) = 1 - //o(jw)> where //o(jtj) is 


HotM - {J; 


0 i [ui) £ tiV 
otherwise 


Tliorcfore, 


mo = m - Wh 
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FVom Table 4.2, wy have 


Therefore, 


ho{t) = 


sin^cO 


M0 = W- 


si,n(tj f 0 

rrt 


(h) A sketch uf M (f) is Figure £6 26 Clearly, as lv, increases. MO brumes more coircen^ 
tmterl about the Origin, 

(e) Note that the stop respond is given by 

fl (0 = h(0 * v(0 = MO - MO ¥ MO- 

Also, note that fio(0 i* the impulse reEponse of an ideal fowpass HI ter If s&(t) = 
u(0 * MO denotes the Step response of the loiwpass filter, wc know from Figure 6.14 
that MO) = 0 s op = 1. Therefore, 

s(Q+) = ti<0+) - a o {0+) - I - (1/2) = 1/2 


and 


s(oo) = u(oo) ~ su(oo) — 0- 
(a) Taking the Fourier Uiuisform of both sides of the given differential equation, we obtain 


HLM = 


y{ju) 


JfOw) 2 4 JUJ 

The Bode plot is as shown in Figure $6,27. 

(b) Prom the eKprossion fur we obtain 

— — tan -l (ii//2) 


Therefore, 


T (“^-*3-4 +J> 



(c) Since i[0 " 

Therefore, 


X(ju) * 


1 + jv' 


y r (jw) = 


(3 + jw)(2 4 ;u>) 


(d) Taking the inverse Fourier traiisform of the partial fraction cMpamdon of y(jw|, 
obtain 


(e) £i) Here, 


y{i) = e"Si(£) “ 


Taking the inverse Fourier transform of the partial fraction expansion of YTjto), 
obtain 

y(t) - tf _1( ti(f) - 

(ii) Here, 

VtM “(iT M- 

Taking the inverse Fourier transform of Tjjrv), we obtain 

“ ST 


(iii) Her^, 

1 ' w ~6 + w'i4j? 

Taking the invwH Fourtei transform of the partial fraction expansion nf T fjto), w 
obtain 

v (t) = - te- 3 ( u{t). 

P-2&. (a) The Dode plots are as shown below 
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fbi \V, may write the frequency rapatae of fi r ) „ 


H{ju) 


11/10 1 

i + jYo " jo 


Therefore, 

'•«) = - ^<(t) 

and 

i W = A W .«(«) = H(l-e-')«W-iuW. 

Both h(i) nml a(t) are as shown in Figure S6.2& 

We may write the frequency response of (Vi) as 


Therefore, 

MO^c-VO + ^O 

and 




• 29. («) (i) The Bode plot is a shewn i„ Figure S6.M Clearly. the system has phase lag. I. 
also has no amplificatson at any frequencies (i,* T , never exiwds I) dR) 

(n) The Bade plot is as shown in Figure S3-29 Clearly, the system has jiha>* W It 
has amplification At approximately frequences which exceed 01 rad,'>oc 

(b) (i) The Bode plot is « shown in Frgure S6.29. Clearly, the aystera ha, phase lag It 
also ha, no amplification at any frequencies (j*., \H(ju\ never exceeds 0 dB). 

(i.) The Bode plot is as Shown in Figure S6 29 Clearly, the system has phase lag. It 
ha« some amplification at frequencies near 0.1 rad/ser. 

(iii)Thr Bode plot is « shown in Figw* S629. Clearly, the system bu both phase l« 
and phase lead. It also h as Amplification for a hand of frequent h* 

00. We know that 

mm & x (j^) . 

Therefore, the Rode plot shifts by 1 decade to the left, The shape remains unaltered. 




6.31. 




(a) The Rode plot as shown in Figure S6-31 

(b) Smce 

-Jir 

“ "<*> - - *<""*«. It, Bod. plot it 

(c) (i) The Bode plot is as shown in Figure S6.31. 

(ii) Here. ^ = 10 and < = {. The Bode plot is as shown in Figure SC SI 
(a) One possible choit* far the compensator frequency response is 


#«{/«) 


“LSLtil 
+ *) 2 
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4aa l|oo la ** 

Figure Sfi.32 

Therefore, the overall frequency response is 



M{M ^ ■ 


The Bode plot for this frequency response is AS shown ia Figure 56.32. 

(b) On« possible choke for lbe compensator frequency response Is 

(S+*MS+ lK* + «' 

Therefore, the overall frequency response is 

The Bode plot for this frequency risponm is as shown in Figure 36.32. 

6.33, (a) From Figure P6-33, we may write 

T(M = A'fit j) - = H«(jtj)XOw). 

Therefore* 

= l - »M (SC.33-1) 

[f H{ju) corresponds to ill ideal lo«[»ss filler with cutoff frequency u,,. then ftaiilA') 
is as shown in Figure SO-33 


n i n ffl~i Ir .. -i rfi _n_ 

—if 5 " -^kp ^p M -IT o "" 

® rfi ■■ .r —1 1 1 —1-.: 




-■> *> "-P 

Figure 56.33 


'(T * F 


ClearEy, corresponds to an ideal highpass filter with cutoff frequency wt p . 

Alw - ^Kt) 

This is as shown in Figure $6,33- 

(b) If H(ju) corresponds to an idcAl highpass filter with cutoff frequency uap- then from 
eq.fSOS- 1) it is dear that ^[jw) is as shown in Figure 56.33 Clearly, HUM 
corresponds to an ideal knvpatti filter with cutoff frequency n/ftp. 
fc) If we replace if(jw) with a discrctc^time lowpws filter with frequency response H{^} 
as shown In Figure 56.33, then the overall frequency response still is 

H^(^) = 1 - H(J«) 

Therefore, Hie**) is as shown in Figure 56-33 Clearly, it is high pass 
fi.34. (a) Frum the previous problem, 

HUM - 1 - H[M 

This is Sketched in Figure S6.34. Clearly, it is approximately highpass- 
(b) We have //(jw) « Therefore, = |#iME- Therefore, it is still 

Ecwpass- 
fe) We have 

H^UU = 1 - H(ju) = l - Hiljv&W. 

Therefore, 

[HUM\ 

We also have 

i _ S ]l - H < l + 

Therefore. is between the two curves sketched in Figure SO.34 



(d) From the lolerances derived in the previous part, it is clear that HUM nal nc<:ts ' 
sarily highpass 

6,35, Since *[«] ~ cusfuon + F), we have 

= 7T ^ - am - 2rJ} + + w& - 2*/}]* 

I=-GO 

Let w[, ht the principal value of in Then 

Oft 

FfeJ") - X{^)M frr 111 ') = it ~ Mj ” 2,r 0 “ + (**0 - 2ir 0l 

It follows lhAt 
If — T < < TT, then 


p[ra) = — sinfr^n, + ^) 


Sr[n] - -uJdsinfwtin + tf). 

F>.36, Let Then, from Table 5.2 we knew that 

Mn]= 

1 * irn 

If r ( w ) _ - k (where k is a constant), then = ~kv+k ir where 

is a constant. If \[n\ is real, then <if (e^) .s in odd function, and therefore we may 
conclude that fc t ^ 0. Therefore, 

Jl6 *- 

Taking the inverse Fourier transform we obtain 

i .. k] „ 

hlnt = f.i[n-t]-- ■ 
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(a) If t(w} ™ 5, then from the above result, 

ir , sinfjrfn - $)} 2 \ 
h{n]= x (n - 5t - - 

(b) If t(u) S S/2, then from the result derived at the beginning of this problem 


%] = 


sm[w(n - S/2)/2] 
ir(n — 3/2) ‘ 


(c) If rM = -5/2, then from the result derived at the beginning of this problem 

, t i sin[ir(n + 5/2)/2] 

AM= .(n + 5/5) ' 

The results of all the parts of this problem are sketched ip Figure S6 36 

a ,.t1i. .<■ ■ 

" ‘l » 1 R 

^- v ,.iir 1 - . 

i J ^ n 

...*j Ji-[ i ... « 

Figure S6.36 


fi.3T. (a) We have 


\l - 


(b) We hate 

<*<«'") = + -< [ 1 - 5 '^j 

- + *1^1- jcos(w) - isin(w)j - a j^l - J ««(.-') + ijin{u>)| 

? sinfejj) 1 
1 - |cosfw)| 


= -w-2can 
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|c) ls!B£ the result of tbe previous part, we tan show with »w algebraic manipulation 
that 


r{wj = - 




rr t 


This Ls as sketched below 


(dj Let z[ti] = cos[irn/3}. We may write this as i[nj = From the 

result of pari (c) wr know that the delay suffered by a complex exponential of frequency 

n/3 is 

j - 1 

| - (t/3) 

Similarly, wr know that the delay suffered by a complex exponential of frequently — t?/ 3 
is also 1. Therefore, the output of the system is jr|n] — *Jw{n-itfJy2 ■» c“ JT£n ' ]ii/i /2 ~ 

oosfjrfn — i)/3). 


6 38. VL> may express //(o' -1 ) as 


± [%&“) * {a^f« - */aj + 2 *^ 4 */ 2 )\) , 


STul 


*■<«*>={i; 


m < 1*^ 

< [u] < Tl 


Using the properties of the Fourier transform, we obtain 


%| - Ai(n] {2«o»{*n/2}], 


whore 

Al[n j_«E!^. 

xrt 

(a) When ir/S, h[n| * cosfirn/2). This Ls as shown in Figure KG.3S, 

fb) When = ir/4, h[re| = oja(im/2). This is as. shown in Figure SC3& 

( 0 ) When uv = *A h{n) = cos(*n/2). This b as shown in Figure S63& 

As increases f h{nj becomes more concentrated about lbe origin. 

6.39. The plots are as shown in Figure Sfi.39. 



fiGvKE 



FlSUSg Sb-Fl OPKTI>-> 


6.40, We may write hjjnJ as 

^i(^) - e a,!")<■•*'" 

- E A,|2n|t- J3 -" 

- E '>|n] e -^" 

EH —-« 

= Hie* 3 *) 

Therefore, is compressed by a factor of two This is as shown in Figure 


tiff*** 1 ) 


LJUil 


4- 
-■ 1 


g_xi. 

% n- 


-air “>(£ -*V L % 

Figure K6.40 

Therefore, corresponds to a band-stop filter; 

6 41 U) Taking the Fourier transform of both sides of the given difference equation we obtain 

Y(v^) 1 - e-J" 


H(^) -. 


X (***) 1 - ie-■ f J“ 


Talcing the mvein; Fourier transform of wc obtain 

M n J - (^) cc*>(jm/4)ujn| - {2\/2-1} sin{jm/4)u[n]. 

(bj The log magnitude And phase of the frequency response rue as shown in Figure S6.41. 

6,4,2. (a) We get 


f*i<^)I - 1*1(01 = 


5/4 + ocmlj 
17/6 


m 
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Therefore. 


6 45. 


e> 46. 



and 


<*<•->=( i^Im ) “ d = tan ’ (“ ' —) 

Comparing tangenis of these angle in the range a < at * *. ^ get 


(b) We get 


and 


hi[»1 = (-;)’“ [n| + i(-;) u l n “ 11 


This U as sketched in Figure S6.42. 

r, 

, 11 

o 1 , 




a 




(c) Wegvt 


- 1 hr 

% 

'/nl 


Figure 56*42 


ow-! - ( 

' il + [1/2)* *) 

and 

icr^)i = (5/4) + QM - - i. 

' X ;| (S/4) + coh id/ 

fl.43 (*) tf h Ap |Ti] - *i»b 

= H tp {^ ■*>). 

Therefore. is a* showo in Figure £6-43- Clearly, it corresponds to a highpss* 

filter. 




tv*") 




figure SG-43 

(b) Now let us define A[n] - [-l) n hftpH, where hji P |nj is the impulse response of a highpas* 
filter Then 

»W“) = W to (e' l ‘ J -’ > ). 

Therefore, if »* as shown in Figure Sfi.43, then H(**'") is fcnvpaas 

6.44. (a) Note that (-1)™ = From the figure we have 

#M“ M"]* 5 "* AM"])* 5 " 

We may write itiis as 

yH = #^ 

where a[n] - (xln]^*" ■ Taking the Fourier transform of efuj, we obtain 

Suppose that the input to the system is now zfrt — no]- Let the corresponding output 
be yJn]. Then wc may write 

where %} = {x[n - * /i ip [n]). Taking the Fourier transform of 6J«], we obtain 

B(e^) s X (*«“-*> = A{c^)c }una - 

Therefore. 

t[u] — ufri - t*a) 

Consequently, y t H - vjn - n D \ Therefore, the system in time invariant. 


1 Since 


wt! obtam 


y[n] - o[nJe*™ 

A&*) - 


Thefefore, the frequency response of the overall system is iH 

lowpiK. then is Inghpass 

All three first order factors in this frequency response are of lire form r rt ! ,- * J 
0 Therefore, none of th«e factors contributes ait oscillatory romponeni to the ,irp 
response Therefore, the st*p respond of the overall system is non oscillatory. 
f Thfl fMt0r contribute an oscillatory component to the step respond There- 


■ - r-™-■ | _|_ 1 | 

lure, the step response of the overall system is oscillatory. 


} Consider the second order factor L _j^y.^ »« *hLs f w* gel r - J or,., ^ a 
Since e * 0 thi* so^nd order factor contributes an oscillatory component the step 
response. Therefore, the slop response of the overall system is oscillatory. 

} We have 

wiV“) = £ ft!")* ,J " 

- ZZ +■-++■■■+•&- 

Sin™ h[ty + n) = ftiV - "!■ «* "»y write 

H (e*) = <-JMW-1)^|h{0) e MW-‘>rt + h{lJ E .-( C f 1 " 1) + +h\^—\ 

+ ■■ + + hlOlc-W 1 ^ 1 ] 

[ N — l 

2M0]cosM^ - 1)/S) + - 

->1 


,JV- 


+ -" + N L y 


where 

am = |^[0]«a(«(/> - il/2) + - d] 4 ■ ■ ■ + <‘!' V. 

is a real-valued function. 


(h) One such example » h[n] = + 2tf[n - l] + - 2) + 2i[n - 3] + d|n - 4|. 

(c) Wo have 

- f; aw*- 5 " 

n= -« 

= AlOl + Allle-^+ . + AI-^ l| c -J-'t?- ,J + A[y]e- JljW 
+ .. + A[W-l)e- 5 “"- 1 
Since + n] = - n - 1], we may write 

H(t^) * r ^^i}/a^| 0 j^ar-i)/2 + A[i yyf^-i) 

+ *"+*lf “II+ 

+ ■ ■ ■ + + htoje-M^^J 

= ^(OjcoiMJV - l)/2) 4 2h[l]cosM^-^ - 1>] 

+ . .* + 2My -l]®3(^/2)] 

where 

A(u) = ^fOjcotMtf - f)/2) + 2AJ1] cos[u{ - 1)J + ■ ■ ■ + 2h|y - 11 en«(u//2)j 

is a real-valued function. 

(d) One such example is A|nl = <5[n] + 2if[n - l] + 24 [n - 2] + ijn - 3j. 

6.47. (a) Taking the Fourier transform of both sides of the given dififereucs equation, w have 

= 5^=| = w + 2a “* wl> 

(b) W r e want tf (e* D ) = 6?J + M - 1 Therefore, b = 1/(1 + 2u). 

(c) If o = 1/2. then b = 1/2 Therefore, = }[l + costj] This is plotted in Figure 

56,47. 

6.48. (a) Here. „ „ 

f/(e^) = - 2h,^ j:W2 <xffi{W2} 

Therefore, 
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(b) Ktfr<Sh 
Tlierefbre, 

(c) Here, 


ir{e Ivt ) *= ^ co*[3tj/2). 


H(^) = fcu + - 2^e'^^cafl(w)oow/2> 

Tlifimfniu. 

lff(e^)| = 2|6oHc^M1[c(ffi{w/2M. 

(d} Here. 

Jf^) = ^ + he J * + fc3C Hlj 4 = “3&o«amM®Mw/2). 

Therefore, 

= 2|totlsinM!l»n<"/2H 

The plots for the frequency response magnitudes are shown in Figure S6 48 
5,49 (a) Taking th* Fourier transform of both sides of the given differential equation, wi- obtain 

" W = -uUlU+lG- 


Taking the iuuttjc Found transform of 1\k partial lr«tigci expansion of W( 
obtain the impulse response to he 


h{t) = e’VO " e“ i0l u(t). 


Therefore, the step response is 


■(0 = h[i) .u(« = [] -«-•-■! +15'"'“'] WO 

Therefore, tb* 
rrefurc, 

-i- e '^1 = 

10* J 


The final value of this response is 9/10- Therefore, the ttnte-eonstaflr r & the time at 
which the rtsponse reaches 9/(l(kJ- Therefore, 


to~'- T + - 


is the equation that we need to solve. 

(b) We may write hT(jw) as 

1 1 


9 

10c 


H{M =? : 


■ - - Hi(JW) 


l + jw 10 + jw 

Therefore, H fju) may be viewed as the parallel interconnection shown in Figure SM9. 

© 




J’CWJTU UK. JpPOI^U^I 

-®h- 

\ |V 4|6_J 



Tho first time constant is n — [ and the second time constant is 
(c) Dominant time constant Is r = 1. This approximately satisfies the equation of part 

U) 


(d) The approximate frequency response may be expressed as 


W(;wJ = Hi{j<+') - &z{jv) = y^j ~ ^ 

The differential equation relating the input and output of the approximate sysLcm is 

<fo(0 + M - 1 + *- x u) 

The magnitude of the frequency responses of th* exact and appruximite systems are 
plotted in Figure £6 49 Clearly, they are identical for low frequencies. The *Ur ^ 
spouses of the exact and approximate systems are also plotted in Figure S6.49 Clearly, 
they are identical for I approximately greater than 1. 


6. ,5 A. (a) We have 


T(yw) - -V (jw)H(jw) - |S(j(J) + W{jw)\ H(jw) 

Therefore, 

tfui) = L5(jv) - K(;u)| a - |5{jw] - + W U^)\ 

(b) From part (a), we obtain 

(M - |S(, U )P + ff^wMSOw) + H'Wf -2R^S-0u)(SU^ + B'tf-OlJffIM 

_ iSjjw)! 5 + W 5 (;u)|S(jw) + (ISOj)I 3 + RciS‘(jw)IVt)'w)}} 

Therefore. 

- 2jf(jw)is(ja?) + w^erf - ^ 


8H{ju) 

lf wrlfiix - “■ then 


[I sw? + n*{S-ii«)Wti")\} 


Note that is S{}tJo) 4 W(jwo) = 0, then X tM) - 0 and V(j^) - tl no matter what 
the value of J/fjtvo). 

(e) If S[jw) and arc non overlapping, then 7ie{5‘(ji^)H / {ju. i ll fi for all w and so 

fur W(^)-0,5(M ^ 0 
for WM * 0. SiM - fl 
for W(j&) - 0,“ fl 


f 

[ fl(arbitrarily}, 


H(ju) ■- 

Clearly, this r* an ideal frequency selective filter. 








_ ;~r . 


'I —l O 



(d) In this case. 


!7(Ju) 


f h M<1 

= { 4 . 1 < M < 2 

l 0. |w| > ! 


This is as shown in Figure Sfi.fiO. 

G.5I. (a) We may write as 

* [j(ol — Wq) + ij{tp + £i^d)1 , 

where H tp {jw} is the frequency response of ideal tow pass filter with cutoff frequency 
Tj. Therefore, 

h(t) = 2A f pft)c&3fajt,0, 


where 


(b) W r e hav-e 


M0 ^ 


.. 1.1 vi’ *1 


Therefore the Rode diagrams for these two filters arc as shown in Figure SG-51. 


247 


248 























































(c) Since 

20 log, a |JZMI = Wtog, 0 l^i^E + 201ogiolffa(jwH- 

Therefore, l he Bode diagram for the bandpass filter i* the sum of the two Bode diagrams 
sketched in pan (b). 


6 52 (*) Since 

we have 

Therefore, 


-Q.l\H(j<*>)\ < [|G(ju)] - \H{ju,)\]<0-im^l 

0.9;wu^)1 < \G{j^)\ < U|ff(ju)l- 


o,bm < \G(ju>) s < i-iH- 

Thh ^ stretched in Figure SG.52- 
(b) From Figure P6,52(b) w* have 

irfO = “!*(*) 


For iGfrMl to be within ±10% of M- we require the above ratio to be greater than 
0A It can be easily sbowft that for T « l0 _a . the abovo ratio falls bclow 0,9 for 
wT/2 - li/20, that is, u ^ 31.4 rad/sec Therefore, the magnitude of the frequency 
response of the approximate aynieni romAins within ±10% of the ideal differentiator for 
H < 01.4 rad/iec. 

t>.33, If j(f) denotes the step response and the impulse resposise, then 

If h[f) > 0, then ^ > 0. This implies that *(t) b a monotonically non-decreasing function, 

6.54. (a) The cutoff frequency 2ir x 10* rad/sec in j p (jw) maps to the frequency w e — 2* * I0*/o 
rad/ace in Therefore y 

2* x 10* 
o = -- 


(h) We know from Table 4.1 that 


, ,, rr L, w 


Therefore. 


(c) We know that 


M0 - -ha{(/a) 2^7W h{i (2^ 10*) 


Also, 


Therefore, 


Thcrcfuiu, 

Y{,w) = f [JfiJu] - 

fret t* - r/a. 

and 

«M - - yU - *-**!» 


Therefore, 

|Gt)'w)i = ^|Biii(uT/2)[, 

(d) Lot 

and 

\G{fc)\ |sin(wT/2)| 

Then, 


|s;| |wT f2\ 



flefO- J h 0 (r)dT. 

s l9 {t) = f h Sp {t)dr. 

MO = \j h Q (T/a)dr, 

Then, 

M0 - = sg(i/n) =ao(W(2ir * ltf)). 


lim jq(0 ” A- 


T r — t\ “ fQt 
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vh«c «{(,) = A/\0 *rd *«,) = W/10 Not, 

lim J[»(0 = lim 4ip{t/a) — A. 

We now need to find tbft tiroes t 2 and tj at which s ip (0 b d/10 and M/10. respectively, 
Sf S( - a/ID then sgUa/o) = A /10 This implies that h = ot 0 . Alsu, rf M* 3 .* 3 
WTMhcu icWa) = M/10. This implies that * - 1- *■ — «" 

is 2 tt 

t' = h - h = 0(^1 - *0) = ** - —■ 



if - '-1--t-—r 

1 Figure S6.55 N 



Figure SG.54 


i 55. Wu have 


wmi’ 


: 1 + 

Abo, |fl yo)|» = 1. Therefore, - 1/2. «,.(S6.55-1), «e cemdude tu 

f \ 

te)-* * 

Also, since |B()W,)l a = I/l™. w* HW «1 (SS.Si* 1 ) W cooelurfc ihav 

=90 => w. = [») 1/, "oV- 

Therefore, the transition ratio is 

^ - (9$)*'™ « 10 1 ^. 


(S6.55-1) 


This is sketched in Figure Sfi.55 

, 56 fa'I The condi Lioninj! system with frequency response ^^ stR th * frcqucntlraJibaA 

r^inB Lo U,: effaced by U. ooiK Therefore, ,Ls fluency respo,*e is ehoyeo 

to have a magnitude plot an shown in Figure 6-56{ft) Therefore, 


0 +S ) 1 

r.H = - Ti- 

( l + 5 r) 

where mi - 2^(5000) rad/sec and M = 2 jc( 10000) rad/sec, 


^b) The higher frequencies would appear boosted. This would make it sound like* the* 
“treble" was higher. 


fc) The system with frequency response H$(ju?) should undo the effects of There- 

fore, it has to be the inverse system of The Bode plot for Hzijtf) a«>uld be as 

shown id Figure S6 56- 





(nil 

0 * 5 ) 


i 




where ms = 2*(M00) rad/sw and = 2ir(l(XXffi} rad/sec. The input r(t) and the 
output of Hiijv) are related by the following differential equation 


1 dy*[t) 2 dtfO ... L d*Ht) 2 dxjt) 
dt> LUO dt +S,( ) dl 2 Ml * 




fi.ST. If s\n] denotes the step response and h[nj the impulse response, then 

A(nJ = a|n| — a[n - I}. 

if A|n] > D, then sin] > a(n - 1|. This implies that s\n\ is a maoDtonically non-decreasing 
function, 

6,58. (a) The sequence of operations shown in Figure 6.58(a) may be interpreted as follows: 

G[e>n = 

${^) * H(e ^ H(^X(e> v )H{*->*)* E i )X{^) 
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6 59 


{A) W* hAW- 


G.B1. 


6 62, 



Therefore, 




If h[nj Is tea], then — /f"(c J *")■ Then 

■ 1 * («H!* 


Therefore, 


Ai{n] - %] * h\-n}. 


= |i/(e Jw )| 3 and <#1 (***) = 0 

(b) The sequence of operations shown in Figure &-56f&} may be interpreted as follows, 
G{^) = * 


Ti " ;,etoce ' + 

[f fi[n] is Teal, then JWfe 11- } = **T iheu 

= 2#e{tf (e* 1 *)} = 2\H(^)\emi<H[^)l 


Therefore, 


Also. 


M n ) 


_ hfn | + hj —Tij 


- 2\H{^ t )\\zot«m^))\ 


(c) The plots fori fl 1 (e"')| anJ |fli <*’“)! 6 TC shown io Figure SS 58 

Clejrly, Mtthnd A it Deferable because the inasnilede at the Jero-pllise filter ( 1 n<e, 
not depend on the phase of A(tiJh 


E(e^) = 

(i=-« 

nn-« 


Therefore t e|»| = Aj(n] - A(nJ_ 

{b) Noting that £{ 0 ^) is the Fourier transform of c[m], we may use Parse vat’s theorem to 
obtain M 

l * = kf w “ )[idui = £ M rt ii J 

* -w n=-w 

(c) We haw 

<’ = £ M'.il” 

n- ■ 

- Y1 JM n l ■ %3i 2 

hs- 4 fi 

W -1 & » 

” ^2 |A d [n] - hln}l ? + ^ |Aj|»J| a + ^ t^fall 3 

n=U 

The last two terms in the right-hand side of the above equation are constant. The 
JY-l 

only variable term |/i^[n] - /tftt ]] 7 vs minimized when hjfri] = A|fi[ in the range 

ftfid 

o < n < y - I 

6,00, The development is identical to that in Problem fi.fiCk We haw 

t{t^) ~ \S(c^)^Y(^)\ 2 

= + ttV'W 2 

* \$(^)f + + m^yf 

where iffe 3 "! is assumed to be real. With = U, we obtain 

w/> , v yg jg^ijg 

{ lSteJ“)+ &V(e^)| a 

If for some u&, 5 (e , “ p ) — = 0 , then Ffe 11 ^) “ 0 regard Eus* of the value of H(€ fUa ). 
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) We have , 

Git”) = H^m***) = I - 

Therefore, * 

U follows that the tolerance limits on IG^)! are given by 

(l -*,) 2 < \G(^)\<il + h) S , 

D < ]G(e^)| < ^2 £ # S * 

.) If* « 1 ^U,« 1, then (1 -h? •> 1-M. «* 0+W’ -1 + «, **>■ * <3 >' 
Therefore. the passbasd ripple iu^rmueff and the stopband npple d&rt&it, 

) U JV hlters are cascaded, then the overall frequency response is 
G[e>n - |H(^)i W e jW<W ^" r} - 


Therefore, 

i g{^)\ = 

The tolerance limits are now: 

{l-hf $ [G^}| < ( 1 +^)", 

0 < 

If j, « 1 , then «* 1 -W*. and ( 1 +i,)" « l+W- Tl^efore, the tot.ranoe 

limits on |Cfe 3tJ )t are given by 

1 - ]V*i < |G(^)| 1 1 + JV£ t , 0 £ ^ < (Ui 

G < lG{e^}|<^\ 

a) From Figure P 6 62{a) we have 

W(e^) - [ 2^(0 - X(^m^)\ 

Therefore, 

= = mo 

ut H{c> u ) = 1 + tf]. Then G{e* w ) » P - 1 - ^slt 1 + ill = 1 “ ut //(^l = 1 ~ 
Then - [2 - 1 + &i)[l - JiJ = 1 - Therefore, 

1 ^ ^ < G(e^) < U 

TWte, ^ ^ 1 - Jf a«d B = I. Ut = -*. TI.ku OW“t = P . Ml M - 
-Mz - Sl Let ti{^) = h Then G^“) - |2 - hW - “ fl- ThcrcfarE ' 

- 2 J! a ^ w p < w < * 

Tluiioforc, C — -2^3 — i 2 at'd ^ 


25S 


(b) If « 1 and *3 « I, then A ** \ - B fc I + £f, C ra -Vn and ^ 2 <^ 
Tbeiefore, tht passband ripple ia smaller and tint stopband ripple in larger 

(cj From pari (a), we have 

\G{t^)\ = is - H^nwnwm 

Since \2 - HTe^JI ^ 2 + |Jf(e^)| and |2 - > 2 - lJf(e^Jh «« «n*X writt 

[i - < W) < 12 + imp'll] 


If *s 1, then from the above equation we obtain 

L < < 3. 


If J/le 31 ") Jtj 0, then from Ihc uq, (SG-G2-1) we obtain 
0 < G(c* u ) < a. 

Therefore, the filter Ls a good approximation of a low pass filter in the stopband, But in 
the pui&band. for socoe #{c*i) it is possible to ublain extremely largo ripple. Therefore, 
over alt it is not a good approximation for a lowpass filter. 

(d) In Figure P6-62{a) if we Rttaeh a A T point delay to //(e 5 *'), then the equivalent filter 
will be a real filter that is a good approximation to a lowpass filter We have seen that 
In such a case the overall system is also a good approx imat ion to fowpass 


(a) Let $[n] = nh[n). Then, 


_ j dH &n 
G ?- J &jr ■ 




Therefore. 


TnV[n] = -L 


idfljen 

dw 


Alii 


(b) HepUclng H{^) by | J f/(e 3LJ )|^ tfW in the result of part (a). 


D = 




m 
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(b) Tf Bl** 1 ) = vox{u/2l then 


Let Af{u>) = and Aha not* that JWH = Mf-w) M'M = 

Af J (-ru>) and 0*(y) = Therefore, 

j f* 

D = ^j a {+ M (u)fl' (wj| ? + fAfV) Af {wW fw) | 3 } tfo.. 

Nuw since the integrand is positive for all w r it i; sufficient to mi mimic the integrand 
to minimize D. Therefore, 

U M '< W 1 4 + |A*V) - AfMtf'MJ 5 } =ft 

Simplifymj; this, we obtain 

2 Af*(«^H =0 =* *V) = 0 . 

However, since 0(w) is odd, the only function that satisfies 0'for) = t) is = 0 

Z&4. (a) From Table 5.1 we know ih« when a sign*! is real and even then its Fourier transform 
£S also real and even. Therefore, using duality, we may say that tf the Fourier transform 
of a signal is real and even, them Llie signal is real and even Therefore. A r [«] ft- f -n|. 
By using the time shift property, we know that if H(e**) — H r {*P*\e~ tvht r hen 


h[n] h r [n - A/j. 


(b) We have 

h\M + fi| = hr{M + n - M] m VfnJ 

Also, 

h\M - nj * hr\M - n - M\ « h r [^n) 

Since hr\n] ~ fol-n], 

h[M 4- n) = h[M - n] 

(c) Since A]nJ is causal. - 0 for * > 0. But due to the symmetry property. 


Therefore, 

It To]lows that 

G.GS. fa) We have 


& I“*I = M-t - M) - K[k + M] m h\k + 2M] 
hffc + 2 M] =0 for A > 0 
AfnJ » 0 for n > 2M. 




1 f mn 2 (w/ 2 ) soc*(w/2) 


* WfW?) 
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If wc want tins to he the same as part (a) t then on" = 1. Therefore. 

d « e*M. 

(c) Taking the Fourier transform of lb« given difference equation wc obtaru 


JWT 


, V{e*-> 


Comparing with 

we find that H(e* v ) = when 


B{^) = f 


‘ 2 ‘ 


7=1. 


ft &9 (*} Since hjtfcj = ^ h&v* 

Bdow are shown the sketches of H t for JV = IG in Figure SGG 6 . 

(b) Overall frequency response of the system is @ For this t 0 U 


an identity *y*t 4 ®, we require that = | for alit^ Therefore, we want lb 

non-zero PC^iobs of the s to W non-overlappmg and yet cover the region fror 

^ x We sec that thts is achieved by having u c = w /W 

tf-i 

fc) Since - £/ST*(#*-) p we W 


h«foj - = ^A 0 Jn)r ,2rfc ^ = AofnJ^T^'*"^ 


^-l 

iMfl 


Therefore. 


JV-J 

■In] m y' e J2»*n/A 1 = [ T1 s 0, ±1V, 

to \ 0 . otherwi« 


±2 JV, 


Thcrnfer,. 4] = JV ^ J[„ - **] u j B „ 5 kct^ in Figure S 6 . 66 , 


2 SS 




v.c^ 


Figure SG.6G 

(d) fo order for A[nJ to be the impube response nf m identity jystem, we require that 
Afn] = ifnj. From part (c). w? know that 

« 

A N = Ae[n] ^ 6\n - kN}, 

t B -PP 

Therefore, the necMsaiy and sufficieni eorsdition for AfnJ to be «J[n] b 
Ao[ 0 ] » “ and AgjtjV] =0 for It - ±J T ±%.,. . 


' 2 S;;^ N sr tzzzzzfzs ^ 'rr* - - ** *. 

i * «r». ^ cuty WMd (c ; b '“ l ,,kki T - 2 * /M 

7 - 3 - la) ZZTttr^:^ h > *-■ — - ^ -, 

(b) From Table 4.3 we know thAt y^ r . . , 

furl > 4OOfor Then-W rk v' X - rectangular pulse for which X(i v ) 0 { 

(.) 11 Z .. M"’,Trrs T V" ™ ■ ■“■ 

-h »f .iuch»« ro fw H T^tIIITxTT ir IKt ^ h 

ibt .ipL i. „ w , =0 for M " 8000 

T ' 4 ‘ MwT 1 rW ““ ‘ % " Ui “ - - - *-» - Iransferm = 0 * 

(a) fkm chapter 4. 

»M - At) + A> -1) JZ vy„) * Jr c^, + e 

Clearly, we ca« only guAxiotw that _ 0 frtr J(m .i ^ Tl , , 

rate for ^ also J f > ^ 2 Therefore, rhe Nyquis 

(b) fVom chapter 4 , 

v[t) " ^ y ^) = 

Clearly, wx- can only guarantee that Y(ju) - 0 for 1^, > ^ n ti r 

rate for v {i) Is afso U * 1 ' > Mp/2 Ti * ef ^re. the Nyquist 

(c) From chapter 4 . 


vW - A( t) & YIM . opqxfM. X(jlJ) 


Clearly, we 
ir(f) is 2 ^ 


can guaranty that V{j^ = 0 fo f M > ^ Th „^_ l|w 


b'yquist rate for 


(4) From chapter 4. 


!rf!) - !(t) = (l/2)Jf Wu - + (l/2)XO(„ + 


Clearly* wc nan guaraiitcc that Y( j w ) « 
rate for pfi) i* 3 ^. 


0 for |w[ > 1^5 + t^/2. Therefore, the Nyquisl 


2 S 0 


2 m 




















Uui & TablM2 

From Table 4 t 


PW 






yyu) =, (l/2e)(X(joO ■-FT{p(l - »H 

= (l/T)I«(“-*! 11,! ' i,¥ 

Therefore. V(ju) »n.tel*»' 7^“/ 1)6 U ' .. "'" 

{s ^ Figur* S7.5). In order 10 reaver \ J 

replica t?f X tf u) from V k wl ^ Xt^ 



-wi/* & 


P 


.ilfi/T 



ffl * 0 

, K^r 


Figure S7.5 

fc- the to» H * ~ « ‘*> - —* 1( ” " yW "“ 


HU*) « { g‘ 


lull < u f 
otherwise 


where [woft) <"*< V* 11 ] " (lJl>/21 tr Worm H^l of «K<) * K iven ty 

, , ffWottl The Founcr transform u 

Consider the signal u?(0 =* *iW*™ >■ 

^y w) . hx,{ju) • ■*»«“>!■ 

. f , | s ^ maty concede that 

TEusofore, tli* maximum I*™ 


..(£.«<«-’■'}■ 

W. ..T i. •*■ "“*• - “■ “ “ ' “' """"'" 

Wta ““ * w -wfl.{z:**-w-« n }’ 

. _. „ , B ” ,!« lhe Fourier triMfo™ of the two above 

where W<> * « ^towo is Figmo ST.T. By trting 
equate, wc have . 

Xi(M - 

X*(M s ifoO^)X t 04 

. 



Therefore, . ((l/t/T)*«(t + Tffll ’ {(»/' /f i h ° (< + 772,1 

Taking the Fourier tranafvim of hoth iid» of tb* » hi>ve **' 1 

Therefore. . , .a 

Xi {jv\ ~ Mi (MXj,Ol 
T 

t= Le&THtMXvM 

T 


7.10. 


Therefore. 


^,..2 smthflY2) 

ffe i&-$?**&*-* orT 

This may he easily shown by considering (he 
(,) Vrs. aliasing doe. occur W lh“ «*°- J_ ^ l( L,i of the form rid) •I'/ 2 ' ""'•’T' 

rimuwidal term of l(l) far “ ■ ^ ^ w jtl alwa)ra he sampling y(0 nl 

• ** v A 

a sinusoid of frequency m +* 1 - 1*5 Lat ion on t t,c signal iff) Bitt Mure 

(b) (I/i,i 5,nli ’°' ,h " uulp, ‘ l w,u 
he of the form fcW -i®W 


W W e hoc. that *((> » - a ^ “ """ 0 ‘ 

train samplmg »filbflul ^ biadUmiie d That 

(b) FVnm the given xw il is ** possible^ perform'impulse-Lraro 

*w = 0 1” M > “» Ther tfore.rtmOS t^M pos ^ rnjn||Tium ^pling rate 

.. 

^ ::z. ™- - —w -» 

srgn&l £rfl) with Fourier traft-iforni 

6 T b^) = f ^ 


The Fourier series representation of this sigttai 

V '' m “‘*b 


jll/ 2 )'" 1 . 


Jt = 0 
l < k < * 

^4 < i -= - I 


Wf ] 



T*ll. 


CO) - f £ 


L _ i- t’nm.fp S7 Clearly, f-U^i 

{1/TJX («= iM f<jr M - 


This is as shown in the Figure ST 1 ®L 

jri 

——-gi ^ 


J 

- Ui^ 



i n 

L 

1 1 

| _ y 

■-- -nis o 

( u 

>fc JWt) /gj 


Fijsure S7.10 

u L , cleM from the ^ that „o .iasing occurs, and tha. XO.) —- 
by using a hlter wi L h Ir«qu*ncy reapor^ 

1 T, 0 < £i? < 
otherwise 


ffbw) 


■U: 


Therefore, the given statement is true. 

We know Emm Section 74 O^t 

***>-! 

... Since Xj(e )-) is lust formed by shifting and s™ mi "* , * |),i '''“ ° ( X ‘ 31j1 ' ** “** “ 
that if X t ^) is real, then Xljw) must also be « ■ The[ *[«e. if Xjl. 

(M Jte^-1 «»iiU of w ^TxW t, «™U« am'aaimuB of T = 0.5 x 

hA.s a maximum of l K lben XU^I ^ l(J thc rC 

(c) The region 'ir/A S M < * in lbe dlKT "TTms 1 -' Therefore, if Xd(e*7 - 1 
l*!\AT\ < H £ u /T w tt T-Tfa'»W* <M <»»0rr. But sinen wc already 

i,/A < lull < a. then X(j«) - 0 for loW- - l - 

x (t^S o f„ W > 2000 «, wu have Xfj«) - 0 - nr - 
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• —esoonds ui 2000 » i# ,br 

„ (U. «<• — * to »o XQu) = W*'- 5000 *" 


48 “ iB ' ‘ “ W ‘’ j «* n<i r *"* 

Vl- 74 « know that the d “'** w« «»ri the coireapondutg ’ K,lttC 

7 " *7?* - 3 r. Therefore. i« *» «"**“-• • 

,6 he w = *f f " 300C ” /4 = 75tMr ' 


0 he * - *f f - 300C ” M = 7W '- , lh< 0M ^ ,n Example «• W ' " 

l, ‘ l *«<«=—*• 

n* «« t »n o»w« t .,,ii ,mo-«TI 

vet*) - ic ^ - - 


d dijtrcic-un* w U 

£([n] = = e ( n ^1 “ 

. ,„ tte „,*«*« *«*"•«“ 9dH "* 


sin M* - 3)j 
iwt«) w *<*H *T(n - 2 ) 


- ^ jeio when n ^ 2 ' W * Cn 

. . , h , r , gh ,W side of the «bc« T»“‘^ “ rtri', n»l« to be 1/T Therefore, 

A «** “ ,teS 


Vdlnl'f *!"- 41 

We conclude that the tmpuUe «-'«« of «* ^ * 


v . „_d in Example 7.3- ^ 

M *el«'-V - ' 


The overall otitpot ’-5 ,Tltl-T/2» wainUr/TH* 

d „ T. -j^Tr/VF^ 

.. . HigcrtlC-ti^ sign*! £dl n l to ^ 
^^.-to^otheeo^^d^ ( 



, „ * shown rn FW» ^ transform of «* O^"*** 1 *»* "*'***' 

Vcmeq (7 «)weVoow.h.ttheho 

H)(( o-) = «»<*’"> ^ „ ell9 »* in the Sgore 

.„. . „ , w -) expanded by a f““ r nt 1 ^ ide4 i inwpasa Bl«* ""‘h a 
uher word*. ITS- ***"* “ 

o« Figure 7.37^t U 

-<? s= * 2 ££ SJftSCw^ *"' “ f2 

, KleA\ ftUer 


n r 

Foune.tmnefonnotxW^- 0 ^ ^ 

X(e‘“)= ! {o, 


Wl ^ 

otScrwi^ 


,,. ln rn rJ w rtixctet^tiiK tipod »eW to b< 

Al». «ob«o <«>» *(•>. tb« K . , , , 

hAMMi - m _ 

vM = Vc^T) = -7t(n - W) * T {n - 1/21 


wH = VcW = -Tnn - W) .. . 

_ u i!wELV . s iero betiuse txs>\*\ n 

fiRlt „ ml o«he rig bUh W .d^of*fre* b -^ D '‘ ll “ ,!, 

H « 0 Therefore. iknlait w ~ 1/2)1 


The -.- 

1/2)1 « 0. Therefore. tihl*( n J 1/2)1 

wH--7fH»-‘/ 2 ’> T 

We eonclodc that the impnb* 0< tb,! fi ’‘" “ 

tinkfo - Ifflj 

■”Sr-lrt - 


hdl«l 1 


7 15. 


- II — M-f —r 

Shd the lowest rate at wh.<± >[n) may be samp 

we most 6 nd an N such that 

5»(¥)->sr 


n-» .h—‘ " F '.“'' S ’^.^TThc 01 ^—6>- 11 “ 

n > When wi i tbe ^ ^ ) ^vriua^ B ** wm 

' system is - *-» - uans^of the ootpot^^ ^ FiplI e 

- 5—-—- ^ v 

Therefore, 1.^^). 

V 5 * n L nf thc asro-brterUaa 

r y of *^te output w * v 

<* ;* the Fourier traTBfortii Xt(e^) { tbc fiit ‘ ' 

TO-e»«e-, 

shown in Fte ur * S? 19 


Thweroie. JV can mosl e . two conditions, it dfus 

7 JC ^^ 
fim satisly ^ jot, lor fr /2 < M V t Y n our numerous 

-soal o * 1 MC T^,/S/frn.n 1 satisfies the erst two enadmoret Korn thu 

W-l M xoow that ire Fooriert.an^rm X(e JhJ*^ fu , lCliun 

encoimwra with t with itself Therefore, XW") J . . eJ , rhorefore, 

periodic conralutmti of Xtl^ mtisfire tbe third o«.d...tm -s 

t-srrtiUls 


the desired ** ' 5t!,m deeimatiog the impubw response of the 

“ oM ”’ M»l- 


The dedmated «noe..ce is then obtained omo* 

h x {n\ = h[ln) w h p [ 2 n), 

llsirvjeq (7.37).-obtain the Fourier transform ^ 
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to ] 
_ 1 

1 

Q4 


-f 

* 

. *Va 



. ^ Figure ST.19 

T^onric. usnsforu^or ripotpot of ^eeimat.on system 

or niched out ve«ion of W[^ ^ 

= \&H 

■ p m ,«.S71* then the Fourier transform X 

7 ,o (») Suppose that X(e~) » “ ^ ?{£) of the output of the lo«P**= 

of L output of Sa. the ^"“« M a ”he output of So are all ahown u. the 

and the Fourier transform Xs£ l tlt „ l0Rtuk 

below. Clearly this sys^m ^comp 



—-fcva 
Figure S7.» 


x 

! 4 


' i 

Hf 

-1 


f 

p 

Vw 

L_- 

Iffcx 


• __ 07 «n then the Fourier trarvsforn: 

Ibl Suppose that X(e>") is as st»«n in Figure ^ ^ o{ lbc Srs 

of theoutput of 5x, ,ra " a °" 
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7,22. 


7-23. 


7 25 


of the output of tbe fowpass filter *re all shown ^ »hc figure* below Clearly this 
system do« not accomplish the filtering task. 

,.] Tt „ N-yquij, rare for the giver, signal is 2 * 5000* - 1UWK>* Therefor,-, in order W be 
able to recover x[t) from tbe sampling! period must at most be r m „ = iKW o* - 

2 x 10" 4 sec. Since the sampling period used is T - 10 4 < Tmar* *{<> ^ he recowere 
from r p (£)- 

(h) The Nyqrr.it rate for the giver, apud is 2 V 15000-r = 30000*. Therefore, in order Ur be 
able to recover *{t) tom x p (ih the sunpUog P« ,t>d must at most be T m « - 555537 - 
0-66 « lfr 1 sec. Since the sampling period used is T = 10 > T^, »(*) cannot be 

recovered from e p ((}. 

(c) Here ImUW] is aot specified. Therefore, the Nyquist rate for the signal x(t] is 
indeterminate. This implies that one cannot guarantee that z(t) would bo recoverable 
from ayU)' 

(d) hint*. „{t> if Kfl. «e may EOMlurk that X(M - 0 for H > SOM- ThertforE, the 
answer to this part is identical to that of part [a}. 

(.) Sine* l(t) is real, X (jw) - 0 for H > 16000*. Ther.fore, ths answer to this put is 
identical to ihaL of part (b). 

(f) ha:w =obrM >w.,,th«*(jw).Abw) - oforM > 

Xtivt) = 0 for jwL > 7 S 0 QTT. The Nyquisl rate for this signal is 2 X 7j0Qjt - foOWir. 
Therefore, is order to be able to reerrver *<t) from *,(!>, the srmtplir.g Period rausl 
St rnost be T„, - n&r - 1-33 * 10- sec. Si»« the s^plihg perrod oW ts 
T ~ IE )'" 1 < Tyna,, s(0 can fie recovered from f p (0' 

(g) If |X(jej}| = 0 for w > S 000 ir f then X(jv) = 0 for ^ > 5000n. Therefore, the answer 
lo this part is identical to the answer uf pint (a). 

Using the properties of the Fourier transform, we obtain 

V{ju> =■ XdMXtM- 

Therefore, V(j U ) = 0 for M > IMOn- This impi.es th.« the Kw«T»trh IfW “ 

2 x 1000 Jr - 3000s. Therefore, the sampling period T can at m«u be 2w/(2WX>*} ID 

sec. Therefore we have to use T < 10“ a s« in order to be able to recover y(i) from V*{l> 


(a) We may express p(() as 


p(i) “ Fi(^> “Pi( ( “ A )’ 


where pi(t) = 52 i(t - kiA). Now. 

tw«W 

P.{JW) = £ £«w-*/A). 

F(jdj) = 


Therefurc, 


(A) 


/ 

■-I ? ! 

’ ( 5Cjr‘4 

■*K | 

r 

. 1 V 

^ ^ 

t U/fl 



4 

' Xp( ^ *J) 



■SAA 



r<S; 

-iftt A 



h. . /i : 

"h 


, A . 

-ci4 -w/ii -v* 

ri/A 






?C &:) 







a Ur) 


£*s(nifa) [b) CmfttJ&'i &) 

Figure £7,23 


is as shown in Figure S7.23, 

Now, 

X 9 iyu) = ^ [X(ju?) • F'M] 

Therefore, JC p {jw) is as sketched befow for A < ir/(2uMj. The corresponding VTjw) is 
also sketched in Figure £7,23. 

(b) The system which can be used to recover i(() from 1,(0 is w shown in Figure S7 23. 

(c) The system which can be used to recover Jt(t) from x[t) is as shown in Figure £7.23 

(d) We see from the figure* sketched in part (ft) that aliasing is avoided when ww < */&■ 

Therefore^ — w/w*#, 

7.24. We may express s(t) as *(t) = i(i) 1, where s{t) is as shown in Figure £7.24. 

We may easily show that 

s<j U >= f; 4!iEli l kAm s^-k2,/n 

l *—‘ K 

ft—Jtf 

From this, we obtain 

S(ju) = 4(jw) - 2*AM - V - *2rr/T) - 

Is-U 
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-r -a * 

i a r -t 


ca 


^Vt 


f 


O 


J_ 

tV T 

Figure £7:24 


A 


£tjw) 

-r- 

tJ 


Clearly, 5 (jW) consists of impulse* spaced every 2ir/T. 
(a) If A = T/3, then 


SW= E - 2*3(u). 

ft - - m 


Mow, since tu(l) = 


2jr —' ft 

*=-W 

Therefore, W{j^) consists of replica* of X(jw) which arc spaced 2 t. /T apari In order 
w avoid aliasing, **>« shouEd he less that tt/ 7‘. Therefore, T wt - 
(b) Jf A - J/3, then 

s&j)= Yi - ktot{T\- i*im- 

kT-f*. 

We note that 5{}u j] - 0 for fc = U.±2. ±4, ■ This is as sketched m Figure £7.24 
Therefore, the replicas of Jffou?} m W{ju) are now spaced 4 *JT apart In order to 
avoid aliasing, u>m should be less that 2*/T- Therefore, T^, — ^ s /ww- 


Here, r,.(kr) can be written as 


= 


£ rftiT} 


sin[ff(ft - n 1 | 
ir(Jfc - nj 


Note that when n / k. 


and when n — it, 


sing7r(k - n )i _ ^ 
ir(Jt — rt) 

«o|x(k - n )) _ j 

t(* - n) 
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Therefore. 

x r {kT)=x(ktf< 

7.26, We note that 

Abo, since ac^£) - x(l)p(f), 

X p [iw) = ^fAW.PWI 
- 1a(j( U -*Z */T)). 

This is sketched in Figure S7,26. 


An/f Pfju) 

■ i m i-. 

-uk/ t a ijy x atUr 



-in G J ¥ Figure S7.2(^ 

T 

Note that a* r increases, ^ ^ approaches ^ero. Also, wo note that there is aliasing 

when 27r 

2uli — - Uhj < n>2 

If 2 ufL - u >2 > 0 (as given) then it is easy to see that aliasing docs not occur when 
2 r 

0 < y - < 2w, u*2- 

For m&unmm we must choose the mLnimum allowable value for 3 X - (which is zero). 

This implies that T*,** - We plot X p (jw) for this case in Figure S7.2fi. Therefore. 

A = 7\ U(> =c 2ir/T, and u a “ . 

7.27. (a) Let JtiUw] denote the Fourier transform of the signal Ti(t) obtained hy multiplying 
$(t) with Let XiUu) be tlie Fourier transform of the signal *?{() obtained at 

the output of the lowpass filter. Then, Jfjfow), and A p (jw) are as shown ic 

Figure $7.27. 

(b) The Nyquist rate for the signal i ? (*) is 2 x (wj - wj)/2 = wj - wi, Therefore, the 
samplmg period T must be at most 2 jt/((^ - uj|J in ordis to avoid aliasing. 
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fX(H 


^1- 




JX. 


li 

^ - 


XjL X« 


^ Tl <1 ,y 

^r Figure 37,27 




pf4 ) —^2Tli^]-(jp^EO} - ^} 


-9 

(c) A tiystem that can bO used to recover x(t) from T,(i) is shown m F, S ure STi27 
2 $. {a) The fundamental frequency of «<l) is SO* rad/sec. ^ Chapter 4 we know that the 
Fourier transform of z(t) is given by 

a 

* 0 'w) - 2 * £ - 20 * t) 

k=-oa 

This is as sketched below The Fourier triform X c {jw) of the sipna! *r(l) is also 
sketched in. Figure S7.2S- 
Noie that 


and 


P(M = r^FsE i ("“^ 6J,10 ' 3)) 


X p u^) = ^ PkO) * *W 1 


Therefore JUjw) is as shown in the Figure $7.2$. Kotr that the impulses from adjacent 
^IL of xlU add up at 200. Now the Fourier transform W") of U* "V*-* 
rk] i* given by 

X{e>*) = ^U^)Utrr 

This is ns shown in the Figure $7,28. , . 

Since the impulse in X(t>*) «n located at multiples of a 0 .In. the s«»l ia 
periodic. The fundamnnUl period is 2 tr/( 0 . 1 ir) - 20 . 
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..T- ... f 

fTCfft-a 

If ... T r - 

—An&TT -'irm 

*T r - \ 1 

0 «rr aflDjr *-* 

lb - 

ft ■" T 3 " 

-JObg "Jijr * 

tT *~—-—A 


-MHtl O Jtwfr H**<i 

-fh--,..fTt-.rtr 

“** Figure ST. 28 11 in* W 


(b) The Fourier series coefficients afijnj are 


_/ £{!)*, * = o, 

“"U® 10 . *-« 


= 0 ,± 1 ,± 2 ,-- ,±9 

10 


7.20. From Section 7.1,1 we know that 

XpU") = fE XUi" - M*!T)) 

and are as shown m Figure S7.29. 

7.30. (a) Since i f (t) — £{t}<, wc have 


dyc(t) 

dt 




Taking the Fourier transform we obtain 

juY(jtj) 4 F(jM) ™ 1- 

Thercfnrc, 


Kitjw} = —and y c (0 = e"‘u(lj. 
+ 1 


(b) Since jfc(e) - e ‘u(t), 
Therefore. 


1 = Jfe(rfT) = e * r u[ni 


Y(J V ) i 


L — e 


for - r < fl < r. From this wc get 


T7rt'^ 

■■X A 

r 

W.rix" 

for -*/T <w< */T. 

—«-h— ■ 1 -—i—i —a—■ 1 i 1 — 

■ n if n :•„ 

-air c 

, -n r 

j JJT 

v lpEH= 2 ^ wr > 

1 

-an % att 


1 4 ^ 6*1 ^ 

7-02- Let p|n] = £ £[n — 

s: 



i=-« 

r 



^(e^) - c 


-\?w* L ^ 4 *H? 


Figure $7.29 




Iffliw) = 


y c CM i/r 

X c {jf>) ” i - |e-^' 


Ff<^)= — £ d( w -2*Jt/4) - l £ - ^fc/d} 

4 kl^ac ^*=-os 


Therefore, 


I 3 

= 1 (**(«-»*/*)) 


, 1 = i - <.-■%-> 

y(e)“) i/(i 


31. En this problem for the *0* ofcler.1, we will use the variable fi to denote discrete fnv,..™*. 
ThkiiiK the Fourier transform uf both sides of the given difference etpialinn we obtain 

_ »V"> , _!_ 

H 'T > ~ Jf(,jU) 1 - Je-iO 

Giver, that the sampling rate is greater thin the Nyquist rate, we have 
xif 1 ") = i^Ijn/T). for - a < ft < ». 


Therefore. 


V^ n ) - 


±x<unm 

1 - *e^ n 


Since X[eW) - 0 for */4 < M < ar, G{tf u ') is as shown in Figure ST 32 

; aie^i 




X- 


-*q, 


rVg, 



Figure ST.32 


Clearly, in order to isolate just wc need to use an ideal lowpass filter with nmnfF 

frequency tt/ 4 and passband gain of A. Therefore, in the range |u| < *. 


«(e-) = { l' 


|u?] < ir/4 
w/4 < H<* ' 
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Ut ^3 - xfn] ^ A\n - $k) Thea 


y( 

J t-o 

Mow that tiojirn/JJ/fm/J) is (he impute response of an ideal knrpaa filter with cutoff 
r^tienuy rr/3 and paaaband gsJn 0 f 3 . Therefore, we now require that pin] when pa.™! 
■iroug t Is filter should yield zjnj. Therefore, the replicas of A'if--"; continued in y(*J“) 
should not overlap w,Lh one another. This is possible only if _ 0 for s /3 < |w[ < „ 

lirordet to make Jf(e*“) occupy the entire region from -n to o, the signal sfn] mml be 
dow nsampled by a factor of 14/3. Since I, i, not posable to directly downsample by a non- 
integer factor, we first upsample the signal by a factor of 3. Therefore, a rier the upsampling 
we W, II need to reduce the sampling rate by 14/3 n » - «. Therefore, the overall system 
for performing the dimpling rale conversion is shown in Figure R 7 . 3 ^ 



hm 


*[*] • 


*{£], n*o t z\tlr 

fl , Figure ST.34I 


*tfnl - ^ 


7.35. (a) Tilt ii K nal* ar p [n| and x d \n] «-« sketched in Figure S7.35. 
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fb) A p (^) and Jfofe* 1 ']i are sketched m Figure S7.35 
™' (at Ut ua denote the sampled signal by *,((). We have 


2pU) - ^ *(n T)i{t - nT) 


Since the hyquist rate for the signal ^ 2xfT uif rsn w 

»p(0- Section 7 2 r we klKI ® J * /T ' *** *“"»« ^ »W® 



*(0 = Ip(r). A(E), 

where 

_ 5in(xi{T) 
ifi/T 

Therefore, 

^=a ft) . «ftfO 
dt z ”W * ~ap 

Denoting £p by g((), we have 



dx{t) « 

“3T = Xf(t) ‘ »W = T. *<nT)/(t - nf) 

"■=-00 


Therefore, 


ff {t) = = ™f»</Tj _ Tsinffff/Tj 


(b) No. 

7.37, We may write pfi) ajt 


iriz 


where 


Therefore r 
where 


p(i) = Pi(i) + pi{(-A), 

oo 

?i(0 = £ 

Pbu) - (i + «-**-)/* 


A tiw} = w Y -kwy 

Lei i« denote Li* product pf()/(*) by ,(*>. Then, 

9(0-M^m=p,U|/(|)+p, (l . A) y (r j 


27ft 


(S7. 


Thu may be writ Leu as 

rfl)±=opi(fj + tpift - A}. 

Therefore, 

G{ju) = ( fl + Owjs 

wah AM b specified in «i, (57.37-1), Therefore, 


We now haw 
Therefore, 

This gives us 


C{JW) = W £ [a 4- - *HC], 

Ad- do 

yj(f) - i(i)p(<)/(t). 
i 't(;w) = ^[C(ja | ).Jfy u )], 
u.' * 

^ Y !o + 6e-^ Att, ']^ry( w - kW)i 


in the range 0 < u < W. we may specify F|(jw) as 

[(“ + + (a +iK-^ w )X(j(u - »'))], 

Since Yilju) - r,(iu)H,(ju), in the range 0 <w < W wc may specify Yifju) as 
a- } ~ [(« + «*(M + (a + )X(i(n - IV) )J 

Since teto = i(t)pff). in the range 0 < w < W we may specify Y,{]u) as 

w 

s !«u«) + (i + t-'^woio - iv))], 

ThuT lll “ ° * w& < *• rM t“ irf th “ HOW) + V)(jw) = KXI}W] for il c „ < tV 
S 1(2 + ;o + + ^ K* ■*■ t' 1 *" + ja + jt.-4 iW }jrmu - IV))] = **{,„). 

This implies thai 

1 +*-4 a "'+j« + J te -»*"' =0. 

Solving this we obtain 

o»i, *=-i, 

whe^ WA = tt/ 2. Mnre generally, we get 

« “ “‘"(W'A) + and 4 « 

ttm(W^A) sinfWAJ " 

except when W A = ir/2. Finally, wc also get K = ^[1/(2 + ;a 4 j&)] 

27S 


W 4-te 4#ii 

r t A TTr+ai 

Fi «ure ST.3ft 

7, “‘ n *ZT rurd VOwi am as show,, in Fi g U r e S 7 . 33 . 

« >, m rannot have 4»0. Also, from the figurra above it nr clew that w« rrqt 


This implies that 


2nA i 

i ^ ; 


T (^ + A} - W+A} r 


T 

A < 

4tt 


Abo from ibe figures, it is clear thin 

o = s£&i 

^5 T+A 

T '*®‘ L ' £ »ftS TtigonomeLric identities, 

«« (^t + (i) = cos (^f) et»M) - sin (%t) sinfd). 

Therefore, 

5(0 - -ai°(y*) siu(^). 

(b) 6)1 "* “ ,i,h 2 ^ r ' ‘ iv NT ,0 the above equation, wv get 

/(nT) = -aio sm(d) 

“ — sin (rjjrJ 

Clearly, the right-hand aide of the above eqoat,on is «ro for „ 0 . *,.« ... 
(cj From puts f a J and (b) h g et 

t ’“ 1 “ ~ ' ,T) * ~ " r l {- i^T) C „ M + p{nT 

<X 

- ^ i(i nrjcos(^fiT)tcK(^ 

nt-c>o ' i f 
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When this signal is through a \o»p*ss we are iu performing 

band-limited interpolation. This result# in the signal 


ytf) - cos (y *) 

10. (a) The Fourier transform V(jw) i» M shown ill Figure £7.4A 

& ti ^ r t i— 




^ 1- 

L 


CO * 

- t n 

TI< ^ ^ 

"S-V— 1 * 

n 

UU; 


-KVr 

- TT 


5 rv T 

sr /r 

JLoi, 


-ipS" -U&JT 

“*2 




... * 

‘"Vi 

.ylf|L7*St 

Xjt 

CO - 

-Pits'-(Did ' Jlf b 

Jsc 1*6 it pen 


iiy^ 

Jr_ 

-4j£ ■*£. d J£ <? " 


(h) The Fourier transform /(ju) is 




- —- 
(jjj 


This is «* shown in Figure 57-4U< 

(c) The Nyquist rate for v(() is 2u*o Therefore. 

The cutoff frequency of the low pass filte r has to be wo. 

(dJNow, „ 

Sinrn <*, - 2*(60) «*)/«*, « hive 2r/T = 120* + 20* = 140=. Thrrrfm- *<jw) 
as sfo>wn in Figure £T.40 


2S1 


Therefore, v # (ij obtained by passing r{t) through a fowp&ss filter with cutoff fre¬ 
quency 2*| £)) rad/sec is 


Therefore, 


u*ft) = ^ «J3{2ti*£ - tf). 


- 20*. - -<A> *Jid j4, - — ■ 


(*) Here, 2 jt/T = 120* - 2for - lOOir. Therefore, ifaw) is as shown in Figure S" 40. 
It follows that 


ITj. (£) =5 — CU&fZOtft + $). 


and 


7.4i. In this problem, to avoid confunion wo Lise the variable 11 tu indicate discrete-time fre¬ 
quency, 

(a) The Nyquist rate for the signal r(t) is 2u^. Therefore, the sampling theorem states 
that has to be sampled at least every j In this part, T < ji/w.v. Therefore, 
jj f (£) will be equal to as long as v|n] = *In] Now, 

3|n] “ s(nTo) + ax(n7b - Ti>} 

= *[n] i tix\n - lj. 

Therefore, if wo require jr(n] — z(n| then, 

_ rifS - X[ * a) -_ — 

1J S{t’ u ) ~ X{ci n ) + at-i u X{cJ n ) l+rw-J n 

Therefore. the difference equation for the filter h\n] is 

vfal + “ ll = *H- 

(b) From Figures F7 41(a} and (b), we haw 




(3741-1) 


where jw) is the system response of tbe overall continuous*time system. Since wo 
require that y f ft) = r(0. 


i - 


Ytijv) 


SAM 1 +«“>"• 

Comparing this with eq.(S7-4J-l), we get A = To 


(S7 41-2) 
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(c) We require a T which avoids aliasing. Therefore, T < Wo ako require that 

JTltt"! - 1+ -wm < « < "H 

But. 

H',bw) = £h r(F Mr ), 

For these to be consistent, we need A = T and 

H(^) = T^W 

for —TT < ft < *. 

7.42. In tins problem, to avoid confusion we use the variable ft to indicate discrete-tinM* frequency. 

Using FarsevaFs theorem and the (act that - 0 for |w| > wo, we get 

e c « jy,^ = 5 jT ix.o-it’*'- 

Alsu, using Parseval’s theorem we haw 

Ei= £ \M?=-^rm^ a )\ i dtt. 

n — — 06 ~ W 

But since X(e^) = f ^(yft/T) for -ir < ft < we may write 

Ei = Ar‘ JjXAiam l^n 

Replacing Q /T Sy w 1 we get 

Also, since 2ir/T > 3wo t we may rewrite the above equation as 

7.43. Throughout this problc m, to avoid confusion we use the variah le ft to i udicatc d isurete-iti me 
frequency 

Tailing the Fourier transform of both sides of the given differentia! equation, we get 

A _ W = 1 

“ XAM -^ + 4y W + 3' 


TAking the inverse Fourier transform of the partial fraction expansion of HljwU we obtain 

M0 = 5'-'“(0 - 

Now, *,(!)= V - nT). Therefore, X,(ja) - X(t^ T } Atm, 

n= -« 

XAju) = TX f {jv) - TXie 1 ^) for - rr/T < w < nfT 

and 0 otherwise From this we get 

YAM = *?(M?x(^) f° T - "/t 1 < ^ 

and U otherwise. Then, one period Of may be spedficrl as 

Y ? U^) - for it JT$mw/T. 

Therefore, one period of y(e* n ) fo 

Y[e* n ) = X{ eJ n )i#(ift/T), for - jt < ft < *, 

Denoting the frequency response of the equivalent system, by //(e juj )', wc bav<: 

H(€^) = H\jnfT) y for - it < ft < it. 

Nore that Hie 1 *) repfraents the Fourier transform of the sequelioe Ajn] obtained frv tuw. 
p&ss filtering Aff) (with a filter of cutoff frequency ir/T) and sampling the result every T 
Therefore, 

.,, r wjl ™(*i/T)i \t r f , mM-rim j 

hln] = r w • - la A ie ■ e 1 

«pw= t f; 


7.44, (u) We have 


If wn — 2ff/jVT, then 


V<> = £ - AT) 

fta-® 

CO 

= J] cos(^t)^(t - IfD 
« 

« oos(tJii£) d(£ - A2'), 
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(c) Wr have 


Let ibe range of be Tmm 5 T < %,■«< Then with T™m. we want to obtain 
the smallest frequency and with w* want tn obtain the largest frequency 

Therefore, 

r^m^L, «,<) r™ = |^- 

mjg Nt^ 


(b} Let i^£) ^ 0Ds(4Jt)ij and p(i) = £(* - JfcT). Then 




This is as shown in Figure S7.44. 


-Xrf - — 
T 


X l 


V- 


It L 




Figure $7,44 


(c) To avoid, aliasing in V'(jw), we [require that 2uta < 2k/T- Therefore, 4 n/NT < 2n/T 
This implies tbit N > 2 Therefore, the minimum value of N is 3. By inspect ton of 
F(jw), we obtain w? < uk < 4*7(37% This keeps the sinusoid at frequency while 
rejecting contributions from cosines centered around 2xfT and -2* /T, 

(d) We have 

G{ju) - I T ' 

1 * ^ arbitrary, otherwise 


7-45, (a) Tbe Nyquiai rate for the sigzial x c (f) i* 4* * 10*. Therefore. the maximum value of T 
that can be used to sample z c (£) is 


Tnuj - 


2 n 


4* w Ifd 


= $ v 10- 


(b) We have 


Vfa! " T ]£ *[*] "* T ^2 x f Mu[n - Jc] = T{r|n] * u|n]}. 


Therefore, 


A[tj] - Tu[nJ, 



In order to be able to recover x|n] from x*[n], it is dear that we need to pass jjJn] 
through * lowpass fitter with cutoff frequency rc/3 and pass bant! gain 3. Therefore. 


A rt ] = *pb i i 


3sin(gTi/3j 


* { ^ x|3Jf|£|n — 3fe]} * 


3*in(irn i /3} 


.sinjjrfn - 3F1/3] 


-IS- hr Figure S7.49, we plot the Signal C0i(*n/4). 

9&0 


II- .♦> til 


6 i % 


m 


Figure ST.4B 


Note that the signal ^frx| contains every fourth sample of xjn], If the signal -rfr' were 
cos| 5 r(n *2)/4j (see Figure S7.4S), then s[n] would be *«o for ah n. Therefore, then would 
be no w,.\y o! recovering r(nj from j^n]. Therefore, du should never be ir/2 in order fur the 
given equation to be true. 


40. {a) Lei the Signals and Zj,(ti] be inputs to system A. Let the corresponding outputs 

be Xp,|n] and r^fnj. Now, consider an input of the form ij,Jn] - a|X it [nj + 


, b j“ »H = J'™„ T tl *W = TXit*>). 


Also, 




Therefore, cq. (F7.45 2) requires that 

New* 


and 


X[e*) = XtU^/T) 

1 ** 

W ** f ]T x*U(u z*k/T)) 


Tu avoid at w = 0 in A'p(wj, we require that (2r/T) > 2 k x ]U* Thn implies 

that T < 10" *. With this condition. 


W) = d/r)^(jO}, 


7.40. Wu have 


x,[mN) = Y 

/- L ’ 2 jt w,tmN-kN\ 


2 k w f (mN — KN) 

y 4^ 


Note tint [sinf2w(i7i i)|j/[2ir(m - t)j is 1 when rn = fc, and wro otherwise Therefore, 

Xr{m/V] = T|flt jV j 

7-47. Let ms define a signai 


a„|nj = ifn] ^ - 3*1 = V ij3*I(5(n - 3*f. 

*=-« i- - 


hrom Swtion r.5.f, we Jidow that the Fourier transform of Xp|n|! is 

, a 


Since - 0 far ir/3 < |af| < there is no aEinxing among the replicas of X (y Ja ~) 

ApleJ"). This is shown in the Figure $7.47. 


This gives iin output which is 

*»Jnl=/ a i*4,h/JVJ + aax^[n/Afj t n = 0, ±N t ±2N> ^ 

t otherwise 


Therefore, z P3 [nj = + oji^Jn], This implies that the system is linear 

(h) Let us consider a signal as shown m Figure $7.49. The output of the system 
* P M is then as shown in the figure. Let us now define a new input x^fn] - x a [n - ]| 
The corresponding output x p ,(q) b> shown in ihe Figure S 7 . 40 . Clearly, = Pl |n| y x f !n| 

I herefore, the Aysiem in nof time invariant. 

(c) We tu.w X , i ’; v Y,‘: Tliui is as in Fif-urfi S” -19. 

4 j^ Jill 




A 


-Jr 



Figure S7.49 


(d) is as sketched in Figure 57 40 

7.S0, fa) We have 


This is 43 3 hown m the Figure $7.50 


: A_ 

r f 

-H 

/ 

° ^ 

/ 1 

\ 

-s/i 


[n - A r |. 


k c M 



Figure $7,SO 
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*-\X 1 


(h) Wo requ.te thif = N ior |w| < w,/5 nod lero otherwise Hero u,/2 - 

r / K Bul . ,-y.tt 

».(«>“>- YTT^r- 


TherefMc, 


(c) We have 


wf> « J M<*/" 

^ jo, fw/J^J < M £ 1 


ft lift) - ^ l*oM • Ao[-* l j] ■ 


(d) Again w B have for M < */JV and zcto Otherwise, Bet from part 

tfitO - (1/^)|H*(^]|^ 


(cl. 

Therefore. 


H(^) 


■{:' 


ll* r | < X/Af 
(w/N) < M < it 


r SI. (a) This is possible only of A[H-I = 0 for fc = ±1,*2.- ■ ■ iftd h[(l] _ 1 

(MW must ho odd. In this case, ft is an int*g*r. If N is even, a is not «l intOBor If <» «» 
an intesor, shifting A|«l by o would mate /l[n] w *«" *«l l,cnce 1 b,! U ' m P° ss ' hlc 
with N even. 

(c) ,V tan be odd or even. This time, t, is allowed to be fraetioeal. Thus an .« length 
filter can be designed which is a linear-phase causal symmetric FIR hlter. 


7,32. {a) Since, 

wfl haw. 




f(i) - x(t) *ptt) 

(b) Taking the inverse Fourier transform of F(jw), w ^’ have 


From part (a), we have 


i(t) - p(f)**<0 

^ i. y; a fi - —) 

CJu J-* \ Wfi / 




-Tn. K Tn t -iff -S- d £ 3 

S, tUo tsa a. 


- T rlrttO- . 

Figure S7\52 ^AL**rv|j 




Noting that e[£) is time-limited so that x(£) — 0 fur [i| > w/wo, we assume that jr(f) is 
as shown in Figure S7.S2. Then, r(t) to a* shown in the figure below. Clearly, if til can 
be recovered from £(() by multiplying it with the function 



|<| < *f/w& 

otherwise 


(c) If x{tj is not constrained to be zero for \t\ > ff/tUo, then x{f) is as shown in Figure 
S7rh2- Clearly. there is ‘‘time-domain aliasing 11 between the replicas of x|£) in i(i). 
Therefore, jt(£) cannot be recovered from i(i)' 
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Chapter S Answers 

S.l. Lbiii;; Table 4. J, take the inverse Fburier transform of 3^(j - w £ )}. Thif: gives 

¥ {t) = 2x(£)e** f . 

Therefore, 

m(e) = 2e***. 

E.l. (a} The Fourier transform of y(f) ia given by 

Y{jw) =X(jfa -*%>)■ 

Clearly Y(jw) ii just a shifted version of Therefore, x{f) may be recovered 

from y(i) simply by multiplying y(() by There is no constraint that need* :o be 

placed on tu c to ensure that s(f) is recoverable from &(£). 

(b) We know- that 

^{1) * 7Ee{y(£}} - s(f) 0K(<fe«)- 

Tbe Fourier transform Yi(ju) of jri(£> is aa shown in Figure S3-2 

yj(jw) = ^x(j(y—t^t)) + + 



If we want to prevent the two shifted replicas of V[/^) from overlapping, then wo 
need to ensure that |v c ! > 1000*. 

8,2 When is multiplied by mw(2000tt 0, the output will be 

S](0 * 9 (i)c£B( 2000*0 = ift) iib(200Cbrtl coa(2000trt) = ^(£)8in(4000jr0 

The Fourier trau^lorm of this signal ia 

X|(jw) - ~ X(j(uj - 4000tt)) - — + 4000s)). 

This implies that U zero for lw] < 2000ir. When sr[f) is passed throu^l^ a lowpatB 

filter with cutoff frequency aQODii. the output will clearly be zero. Therefore v(tj =■ »■ 


84. 


8.S. 


Consider the signal 

p(0 s ^(Ijsin^irt) 

— sin(20(hrt)sin 3 (400at) + 2iip^(400nri) 

~ mn[2«]Tt)[(l - cos{SO0irt))/2l + 2sin(400at)t(l - eos(800irf)/2| 

= (1/2) sin (200ri) - (1 /4) {si n (1 GOOiri) - em(6fXbrt)} 

+ ain(400fft) - {I/2){&iutl2003r£) - ainf400?rt)} 

If this signal is passed through a lowpass filter with cutoff frequency 400^, then the output 
will be 

yj(|) — *iu(2O0;rr(). 



*J wC+) 

> b 

Figure S8.S 



The envelope of the signal tu(£) is as shown in the Figure S8 5 Clearly is we want 
to um asynchronous demodulation to recovt^f the signal x{t) y we ue^rd tu ensure that A is 
greater than the height A of the highest sidelobe (see Figure S8.5J. Lot us now determine 
the height of the highest sidclobe. The first aero-crossing of the signal *(£) occurs at time 
tty euch that 

lOQQnfo = jt, ‘ ^wl/100Q 

Similarly, the second zom-ernasirg happens at time ti such that 
L0QQ*£i^2*r. ^ 2/1000 

The highest stdelobe occurs at time (to + tt)/2s that is, at time l? = 3/2000 At ibis time, 
the amplitude of the signal r(£) is 

sin(3e/2) _ 2000 

“ jt3/2000 “ " ‘ 

Therefore, A should at least be 3JJ2. The modulation indev corresponding to thesntallest 
permissible value of A is 

Max value of i{t) 1000 _ 

m ^ Min possible value of A “ 200n/Sir = 2 
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8 £, L*t us denote the Fourier transform of by H[j&) This wit] be a recta ngulai 

pulse which is nonjero only in the range [m| < u e . Taking the Fourier transfon L , r d ’hr- first 
equation given id the problem, «e have 

G{ju) = -Fr{r{t) ws[^ r t)J - eoefi^OJffUw) 

= am pKjiw - <*)) + +w e ))j {i - j/mi 


£?(jw) Is as shown in Figure SB.fi, 


3IjV) 




*4 

Vt. 

-A 

IS 






-1**, O Up, <*& 

Figure SA.8 


The Fourier transform of ^(f)cusi{^t) is alio shown in Figure SAfi Clearly, if we want to 
recover if*) from ${() «rt(w e t), then we have to pass y{()coi(^v-0 through an ideal fowpass 
filler with gain 4 and cutoff frequency Therefore, A = 4. 


In Figure SB-T, we show Jt(jwh G[jw), and We also show a plot nf i he Kmmer 

transform of <j(t) cogfc^l) From this figure, it is clear that if we want to hr ahii i . ntam 
tf{£) from sr(*)cos(^t). then we need to ensure that (1) u$ - 2kv<, and (2) an uleal fowpass 
filter with pusband gain of 2 and a cutoff frequency ofio c is used to filter gft)c0*(u%(). 

:T»h 




j=L L 


Q ^rl ' j 
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Figure SB. 7 
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Figure SS S 


8.H. (a) From FiguruSli.fi, It is clear that Yfju) is conjugate-symmetric. Therefore, j/(t) is real 

(b) This part of the problem explores the demodulation ofSSH signals through synchronous 
demodulation. This idea ji explored in more detail in Problem 09 

Let us assume that we use the synchronous, demodulation system shown in the 
Figure Sfi.fi. The Fourier transform of the signal jq(t) Is shown in the Figure 

Sfi.fi. Clearly, if we use an ideal lowprvvi filler with cutoff frequency u* c and pass band 
gain nf 2, we would recover the original signal x[t), Therefore, 

*(*) = bri*J«n(«*0] * {^f^} 

fi.9. Let the signals xi{t) and jj(() have Fourier transforms Xi{ju) and Jf?(yfaj) ns shown in the 
Figure SB.9 When SSB modulation is performed on the signals i E {rJ and x 2 (0. we would 
obtain the signals ^ t (t) And iftrft). respectively. The Fourier transforms Y|(jto) and Yjfju) 
of these signals would be S3 shown in the Figure SB. 9 few Section 8-4 for details)* 

(a) From the figure, ft is dear that the signal yff) = jo(() + vr(t) would have a Fourier 
transform Y(jt*0 which is as shown in the Figure SB.9. 

From this figure, it is obvious that Yfjtd) is tero for f[j| > 2av 
{b) In order to obtain tj (t\ from yft), we have to first remove any contribution in jrfi) 
from From the previously drawn figures, it is clear that we can remove ail 
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^ P0« 


Ql^rvh i jU*Wg r ji. 

rS&T®K- r^A^ ,f5, ‘"" 

I -iw t -+t o iw t 
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O lw t 

Figure SB.9 


contribution to jr{f) from x 2 {t) by first lowpass filtering pft) using a towpas* filter with 
cutoff frequency m c . We may then follow this by a aynchmnaiu; demodulation syfltcm. 
This idea is illustrated in the Figure S8.9 Therefore* 

,. f f iiuuf e n 1 Asmu t t 
*t(0 = V<0 * —— | * ——— 

In order to determine the value of the gam A. we first plot the Fourier transform of 
} cosa^tj From this it is clear that 4 ^ 4, 

a. ID. (a) FVotn Section fi-5, we know that in order to avoid aliasing, 2w/T > where wh 1 * 
the maximum frequency in the original signal and T is the period of c(n)i In this case, 
T = 10 Therefore w M < IOOG* Therefore, X(JJ) = 0 for w > IOOOjt. 

(b) FVom Figure 8.H, know that the Founer transform of the signal p(t) consists 

of shifted replicas of Jffjw). The replica of X(jw) centered around u> = 0 is sealed by 
&/T, where & is the width of each pulse of <:[*). By using a lowpass filter, wo may 
recover A(jtj) from Y{jw). Tlie lowpasj filter nwds to Iiavc a passbancl gam of T/A 
In this case, this evaluates to I0“ 3 /(0,25 x 10” 3 ) — 4, 

fl.UL The signal c(i) is 

eft) - + a_?e -J ^ 1 + ■ 

Since c{t) is real, nt = < k . The Fourier transform Y(jw) of the signal p(f] - & 

YO^) - aj A(j(w - 4j c j) + ajXfjfu; + t*0) + - 2te c )) + + VrJJ + 

Thi& is plotted in Figure SS.11 



(a) The Fourior transform of ff(t] is 

G{j u ) ™ — ai t )) + +ur c J). 

This is as shown In Figure SS lL Clearly, by comparing 6’(jw.l ^nd F|ju]. we know 
that jfe) may be obtained from y(*) by passing p{t) through an ideal b&rtdpa^, filtet 
which has a p&ssband gain of unity in tho range: (w e /2) < \u\ < (3tv f /2) 

(b) ffu E = laile^®, then d‘ m Ako, 

g{t) - 

— 2|a| I cofc(M c t 4 -qai )x(0 

Therefore, A = 2 |cn| t and ^ = < 03 . 

8.12. We need to first determine the maximum allowable period T. From Sec Iron fib 1 w+- know 
that T should be chosen inch that ^ In this case, u.ir = 2000m. Therefore, 

T t 0.5 n 1G~ 3 sec. We now need to haw 10 different pulses withiti ft duration of T 
Therefore, each pulse can he ai most A = 05 k 10' 4 sec wide. 

S-13. (ft) We know that 

m -1 

Therefore, 

1 f**fT i /t \ 

*» = s/ wn (i + ««) A ' 

« l/r, 


(b) Since F(Ju) satisfies eq. (8.28), wo know that it must have rero-crossings r'VTry T|. 
Therefore. 


p(A^T|)=0, for A>±1*±2 I -. 
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y(f) — cos(a* f { + moasu^t) 


r'rLu.rr 1 m ,s •» «*•»>. *« th, Fou „„ uml „ a * 

>'»(^) = (1/2)AT(^——)) + (l/2)A-(^-^)). 

Y\(e)-) «= y 2 (^) only when u* is either 0 or ir. 

*16. Wo know that cfnj * sin(5trn/2) = 8in(im/2). 

Y(^) = (l/2j)X(^^) - (l/2»*(e**'/»). 

This is as shown in tbc Figure S8.16. 

FVoin the figure, it is obvious that 

nO-0, forO Sw <£„d 

o 8 “ — 

8 ’ I7, Thc F oun«r transforms X(e^), G(c>*) 0(^\ a v^, 

c . ^ V ' >' Vl^), and Y(e^) are shown m Figure SK 17 

l-rom the figure, it ts obvious that Kfe*') « o for 0 < |wj < J. 


Bu. done w, » «„ and m « ,/2. we may n^Jte the follow, „ g approxinufen 

e<x(mcas{v m t)) fc ] 
and 


- 

A 

TU*~) 


-tr 

1 0 ? 


sin(rn 005 ( 0 ^()) ar moos(u» m f). 

Therefore, 

# m 

-«4_ 

K 1 ' 

YCe*") 

FW “ C °®(^c 0 ~ siufwcO^oosti^f) 

= cos(w e l) - j{.,n[(u, ( + uw,),J + tinl(Ut _ 



/ »t t 
sr v cr 

Figure Sg.16 

TT 

Therefore for at > Q, 




YUV) “ • TT‘ lU ■ - <- - We.ll 

When a t.gnal x W is amphtude modulated with e~». then th, Fouuer transform of the 

• IT 


JpKt*-) 

^ —A 
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Figure S8.17 



The Fourier Worms W-, and y^ „ „ ^ „ Jg 

'““>8 t!l » system! In ^ MC0m P | 'sh single s.dehand modulation 

signal Note that in Figure 8.21 of Section 4 , i!" reU,nmg the u PJ** r sidebands of the 

system for retaining the lower sidebands In th * * commuo «i»-‘imc single sideband 

( g -2lJ, that in order to retain £££*££ ~ ^ , «*~ d <«* «1 

in the syst em had to be changed to ^ frequency response of the filler used 




*>)«(*. "> 

1-7. u< 


rcqucncy response ’/{(^) Wc *® Ufne lhAt lhe 


ven in the problem with appropriate l^^heT 3“ l W " redr< 
ausfonns of these ,ntermed,»t. output, ate shown in F.gu^,8 ° M '’ UU 
Rom Figure »!«. it is dear that the eho.ee of /f(^) ra ^ 

* *. - —. 

™ $ ajter sinusoidal modulation. Therefore- — 


before 
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sinusoidal modulation earh i 

form Y,(^) Q f the signal obtained^ ° OCU F y * ^uuidwidth of A. The Fourier t 

lh ' '" ,!r M < ») only for M 1 » */«*”' of /V can hr no, 

» toereiore, AT has to be at least 20 

“ ZZIT”"^ 4 -* -‘-‘-ve-ee 

»« be as showo io Figure S« 20 FW ,n_ , Tbmfor ^ ‘he output of the two bran 
outputs Wi„ he a POM signal contain,^ *' ~ - * 



-r -K 

« 2I. (a) We have 

Fit>m this we obtain 


v(t)cos(u, t t + g e ) 
*(Ocoa 2 (w e 4 o,) 


{% 

w >0 

- e/«d. 1 *«»P<avt + fc»] 

l - 2 . 

w < 0 
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- - signals ■« and WO are shetrhed 

ir, r r 7—• 

ou^^irr-r 10 -«•* ** •*-* 

w v<iv < (2w e ~w v ). 
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Figure S8.21 


,.». SIWdW fcr (0 * Fourier —* * «* of £ ««—* ^ ^ 

Fourier transform V(jw) of v(<) ^ sbo * n in F « uw SSJZ ' 



Figure S8.22 


g f 23 , (a) We have 


u,(i) 9 E(f)«*fot1aK(utfQ' 
UsiuK Trigonometric iderrtitlc&, wr have 


vft) rv l I (0M^+^ + KK ^ r- ^ yU 


= I T{ t) |awL(hk + ^Hi + ™»■[** *1) 


Now, t*(l)«»l(H+“-W h« » spectrum in the '^"Z, <XfJ *J7^®™, 
This rUe ,n,y »1» bo ™pr«~d » MS****" 


we art given that W < &v + Am- uj*, towpasi filtering will i«aU in the output 

|*lt)c«(Ai*rt) 

(b) We sketch the spectrum of the output for Au - um/2 ill Figure 58.23. 



8.24. (a) Since *(t) = ^ ^ T )< we have 


S{jw) - Y y; Mw - 2Aa/D - m c tw - *<W) 

”*=-oe *=-« 

Let us denote x(t)«(J) by Then the Fourier transform of the signal w[t) is 
\V{ju) = [X (jm) • 5( jm)] 

- g £ X(i(w-*«*>> 

1:-U 

This is as shown in Figure S3.24, Therefore, the Fourier transform Y(jw) of the output 
of the bandpass filter is 

F(ju>) = ^A'(j(iJ - w c J) + + 


Therefore, 


y(l) = — r(0«M(u e t). 


(b) Tf A ^ 0, then 


S(ju) = |t' fc L «w - Sttir/r) = y £ <,--> al3 " r f(w - «*/T}. 
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Let us denote *(t)s{£) by w(£). Then the Fourier transform of the signal u>[t) ■* 

W{j^\ ~ ^ l*tM * s tf")l 

- f £ e- i * Je2 * fT Xij{u-k2*tT)) 

Therefore, the Fourier transform Y{ju>) of the output of the bandpass filter ■* 
Y(ju) = - myri) + 

Therefore, 


!fW 


-ZZZI 4 


. aM l y ,u in part <b), it is clear thru the iltambte veloe for « 

g 25, (a) F(jcj) is at sketched in Figure 58.25-^ ^ ^ 


(t) From the i 

w/T. 


°5 



*£o- 





1 ^ 

L< Ll.t 


CostJiF 




Figure SS.2S 


(b) The block-diagram of the scrambler is at: batched in Figure S&-25. 

(e) The block-diagram of the unscramble is as sketched in Figure SB. 25- 

8.26. The Fourier transform of y[t) is a* sketched in Figure K*.2G. We also sketch the Fourier 
transforms of jf(i) co*{w c t) **d jf(()sin(tu c i] in Figure SB.26. 

Ai ** £%t ^ A*f** 

^ v Vk i A*- 1 *- '* 










Kerct * At cr **' 
uurti&vrtw 1 
At % 


»bre r HA£ crue.* 

i$*ir*f&u* tat * J Af 


Figure S3.26 

From these figures, it is clear that the outputs of the fawpon filters art [*{') + 
and [i(t] +^] smfff.r) Upon squaring and adding, we obtain the signal f(0 + A\ {cos 4 +- 
sin^Fcl “ [*{*) +■ A\ 7 - Therefore. r(t) = *(i) 4- A, 

8.27. [*) The maximum value ol #(i) is 1 Therefore,, m — 1/^4. Wow, 

jc(() == Aoos[w f ( + tf) + “uwa[(wc + wwUl + ^ cosl(w r - 

Therefore y(t) consists of three sinusoids. Ftom Psjnevn] k s theorem, we know that the 
total pewtt m y{t) ti the sum of the powers in eaeh of the alnusoift. Now note that 
the power in a sinusoid of frequoticy Mo is 

M> 

2*h 


axr{Mot)dt ?= - 


Tlierefore, 

(b) The efficiency is given by 




E = 


= — +1 
2 % 


J_ + i 

2m? + 2 


J[m- a +13 1 + ' 


Tfiit is plotted in Figure S8.27, 
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Figure SB.27 

8 28. (a) The sketch's of Fj(jw), yj(jw), and Y(Ju) ore as shown in Figure 58.28 
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Figure S8.28 
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Figure S8.29 



I'M n*/T). 

is -CD 

Now, 


(b) The sketches of Vi(ja/), Y^{ju), and Y(jtj) are as shown in Figure S8 28 

8.29. (a) The sketches in Figure S8.29 show S{juf) and rt(jv). 

(b) In Figure $8.29 we show how P{juj) may be obtained by considering the output* of 
the various stages of Figure P8.29(c). From the sketch for P(jw). it is !hat 
P(;w) *= 25(;w). 

(c) In Figure S8.29 we show the result of demodulation on both s(t) and r(f) It iv dear 
that x(0 is recovered in both cases. 
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R{j") 


i f; X(j(u.-2 nk/T)) 

k=.~ao 


This is as sketched in Figure S8.30. Now, 

Q(jv) = 


where 


tf CM = 

u> 
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Therefore. <?C;w) is as sketched in Figure S8 30 



(b) We have <?0ui) - //(; u>)J>X(ju>) for H < n/T Tb recover X(ju/) from Q(ju). we 
require that H(jui) ^ 0 for |ui| < ir/T. This is possible only if 2ir/A > k/T, that is 
A < 2T 

(c) We require that 

This is sketched m Figure S8.30. 


and 

Then, 

and 


0 < < < 1 

otherwise 


C(ju) a w (<5(o> - 8rr) + <5(u> 4- 8*)] 


D(^) = 

cj/2 


Noting that p(t) a r(r)rf(r), we have 
P{ju) “ 


- ^(>( W -8ir))+lDO(w-8a)) 

= 1 sin[(n; - 8sr)/2) 1 sin[(^ 4 8x)/2l 

2 (w — 8jr)/2 2 (to -f 8ir)/2 

- .1 »n(u>/2) /2 1 sin(u//2) /2 

2 (u» - 8»)/2 2 (w4 8*)/2 


Therefore. 


V(jui) » A-(e^)rOw). 

where P(j*j) is as given above 

8.32. (a) Let c(nj = cos(w r n) Noting that y[n] = z[n|c[n], we have 


V^**) « ~ J* C(e*)X(€><«-'')< 


8.31. (a) Given 


y(0 *= £ x [ n M* * n )- 

n«-oo 

Taking the Fourier transform of both sides of this equation, we obtain 

V(>w) - £ x(nj/ , (>’)e' > ' n 

nm-oo 

- P(jw) f; x|n]t-^ 

ne-ao 

- P(ju)X{c^) 

(b) Let us define the signals c(<) and d(t) such that 

e(f) = cos(8»t) 


Wc now have 

Ob 

C(e") - » £ W« - u € 4 2k n) + i(w 4- ui t 4- 2kz)J 


Therefore, K(e>-) is 

F(e^) - l - [*(«*■'-«■>) 4- 

If wc assume that uJ t > u n w and ui c < ir - u> lp , then V’(e > ') may be sketched as shown 
in Figure S8.32 

(b) Let cjjnJ ** cos(w c n 4- 0 e ). Let $(n] = y[n]ci(nj. Then, 

<?(e> w ) - ~J'Ci(c> 9 )Y(e>'~- 9) )<W. 
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(ii) Pass each y,[n| through a lowpass filter with cutoff frequency */4. 
(tu) Perform sinusoidal modulation on each y,[«] to obtain 



Figure S8.32 


We now have 

00 

- u> c + 2A;x) + e~ J **6(u> 4 w c 4 2£;r)j 

*»-«© 

Therefore. Qie**) is 

Q(e**) = i [e^‘y(ir»^-^>) 4 c -^y(^-«>)]. 

This Is as shown in Figure S 8 32 

Thus, x[n) «* x(n] if G m l/cos(9 c ) We definitely require that cos(0,-) / 0 This 
implies that 9 C should not he an odd multiple of x /2 The restrictions to uid u»/ p 
are the same as the ones mentioned in part (a). That is, u c > u lp and w r < * - *-i r . 


V.(«) * S.H cos(iir/4). 

(iv) Pass each y,{n] through a lowpass filter with cutoff frequency ts/4. This gives the 
signals r,[n|. 

(v) Add all r,[n) together to get the FDM signal. 

8 34. The output of the squarer is 

r(<) = |x(t) 4 cos(u>,t )] 7 * x 7 (t) 4 cos 7 (wet) 4 2x(f) cos(uv/). 

The bandpass filter should reject r 2 (f) 4- coe 7 {u> f t) and multiply the remainder by 1/2 
Therefore, A - 1/2. Since the spectral contribution of 2x(t) cos(uvf) is m the range w, - 
wm < |w| < w c 4 wm, we require u>j = u e - uu and w/» = w c 4 w*. 

Note that ( 1 ) the spectral contribution of x 7 (t) is in llic range M < 2u?.q ami (ii) the 
spectral contribution of cos 7 (w c <) is at u = 0 and u = ±2u r . Therefore, we need to ensure 
that 

U) t > 2 wm => war < ofc/3- 

We also need to ensure that 


Wf, < 2 u> => WM < W{. 

8.35. (a) Since Z(jur) = \X{j (w - w e )) + 5 X (j(w 4- w e )), it is as shown in Figure S8.35. 

The Fourier senes coefficients of p(f) can be shown to be a* =4 sin(fcff/2)/(2r&) for 
k ft 0 and zero for k — 0. Therefore, 


8 33. (a) Let us assume that each of the signals is handlimited to u >m after upsampling That 
is, /V,(e ,w ) in the range |w| < x is nonzero only for |w| < u»jw Now when one of these 
upsampled signals is modulated by a sinusoid, the Fourier transform of the resulting 
signal will occupy a bandwidth of Aum in the range |u| < x. If we need to squeeze in 
four such signals in the range |u>J £ x, then wr need to make sure that 


2 * 


m 4, 


Therefore, each of the signals has to be upsampled by at least a factor of 8 
(b) We may use to the following procedure to generate the required FDM signal 
(i) For each x,(nj. generate the signal 



x.(n/4], 

0 . 


n^0.±4,±8, 

otherwise 


eou.)= £ 


4sm(k*/2) 


6( ui — kufo) 


This is as shown in Figure S8.35. 

Since y(t) = *{t)p(t). 

Y{ju) = I Z{ju) • P{ju)\. 

Therefore, y(jiu») ** 45 shown in Figure S8.3S. 

(b) From the last figure in the previous part, it is clear that we require N(ju) to he as 
shown in Figure S835 to ensure that v(f) - x(t) 

8.36. (a) Z(juj) is as sketched in Figure S8.36. 
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Figure S8.35 


(b) From the above figure, it is clear that wr require 

2u e 4 w/ — wr > u>/ + u>m => u»r S ~ <*>m 
Note that in case u; -ut u negative, then we may additionally require that 
—u ij 4* uff S — u*m u>r S 2 u)j — 

(c) If we want to isolate the replica of .XjfjiuO centered around uj. then we requir* <7 *»■ 
2/A*. o = u jj - u) M , and fl — Uf 4- u/^. 

8.37. (a) We have 

*(t) « y(i) + iy a (0 + iy a (0 

■ cos(uot) 4 - ^ ct* 3 (uoO + g cob 3 (wo«) 4- x(f) + ^x a (f) + g 
+ ^x(f) 4- ix 7 (0] cos(u*0. 

Therefore, Z{ju>) is as sketched in Figure S8.37. Note that the overlapping components 
have to he added together. 

(b) From Figure S 8 37 it is r.lcar that 

u> c 4- 2u/ ( < a < 2mo — wt 


and 


2tJc +wj < 0 < 3wo. 




Figure S8.37 


8.38. One of the key issues to note in this problem is that the structure of the demodulator is 
that of a synchronous demodulator Therefore, the input signal to the demodulator has to 
have a replica of X(jut) centered around m e . Only then will the demodulator be successful 
in recovering x(f). 

Cost /• 

P(jv) is given by 

_ »ln|(to; - ut c )Df 2 ) + »in((w 4 wJD/ 2 ) 

Ul (j 

M\(ju) will consist of impuLsr* which occur at inter vain of 2x/T weighted by P(juf) Fur 
thermore. note that if y,(t) = x(t)mj(f). then we haw 

^iO") ■ ^ * AfiO*')) • 

Therefore. Y x {ju) will consist of weighted replicas of X(jw) which occur every 2*/7’ Note 
that unless u e is a multiple of 2*/7\ Af,0w) - 0 for u; = ±v f . It 2 n/T is arbitrary, (i e . 
it is not specified to be a multiple of u» c ) has no replicas of X(jut) centered around 

uv Sixkc yj (C) constitutes the input to the demodulator, the signal r(f) at the output of 
the demodulator will not be proportional to r(f) 
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(’ajf s. 

Ill this case. 


~ “ Wc)l + + 


w here 


C(i<j) ■ 


£, 2am(fcnt»/T) I( .. _ 2 „klT). 


CkiHly, JWib«) ha mipuba a ±w. th< F™r,rr 

,f .h/.ignnl p,(t) - riljm.ll) ^ ™plica « ±-«. The^ «pi™ «"■ - 

wilh other replica of X(;u) in K.t[M b«*u» ^/T > 2wj,. Thus when demodulation IS 
me d on Vi! (0, then r(i) «n be madr proportw nal to x (<) provided 2w m ^ ^ - '' 

M.39, (a) The two pmslbl* differences between the Un« are 

D 0 = f cos* (<jq t)d* - j j cosfwot) cos(w A £) di 


- J 1 cn£(uii)dt - | j cos^i)«a(wii)d*[ 


Clearly„ D$ and U t are maximum when 

| j coa(upt)«Q*(wi(}iit j = 0, 

This condition may also be written an 
f T 

j = ® 

(h) Wc ha™ 

j 1 w,[ MD t)«»(uit)ri - i^ r {c<«[(^ + “I W + «*[(“* - "i W' u 

Therefore, if we ensure that T is never i common multiple of the periods of both 
cos[[wo -W,)fl end cos [(wo + wi)l[, then the above integral will be zero 

S.40. Lei X,(M and X.[jw) be as shown in Fisnte S8.40 

Then fifiw) in as shown .0 Fipiro SS.4D. The overlapping regions, in the hR-f >•<"<' l “ 
he summed, when r(t) in multiplied by cosw s f, in the vicinity of in = 0 we Ret 

^xiijw) + jjJf.tj'vj) + 

Therefore, the first lowpjis filter output is equal to 1,(1). 



When r(t) is multiplied by sinu^l, in the vicinity of w = 0 we gut 

5 '[-iIjA'vOw) + ixi(,w)]+)H^W <J l + = $ x ih“ y 

Therefore, the second tow-pass filter output is equal to ia££). 

BA1. (a) L a and Ai^") be as «Wn in Figure 38 41 


J 

, / 

\ „ 


-« -*v t 

■+ 

* *M n 

-v IfiJw Q 

L 

-ff 0 vjh y 

qj, to 


Figure SS t 41 


Then R(c* u ) is « shown in Figure SB 41 To avoid aliasing, we need to ensure that 

irijtf < w e < * — &M- 

{b) When r{n\ is multiplied by tt»v c «. wt get in the vicinity of w - 0 (*■*- ifl thc rdll &* 

M ^ w w) 

i |^,(d") + ix.ie-") - \x^n 

Therefor^ we want to correspond to a towpa® filter with cutoff frequency 

and passhrmd gam 2. 
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& 42. 


(ej When r[n| is multiplied by <inu c H, *t set in lhe vicinity of in - 0 (he- «> 'be '«W 

M < waj) 

-1 {-jt^i(«*"» + - ?*■<**“»}" 

Tlierefcrc, we want Jf^) to correspond to n low pass filter with cutoff frequency u>m 
and passband gain 2. 

(a) FYum tf« given infornmtion, it a dear thtf the function P^) shows odd symmetry 
about 5 rfT\. Also, Pk(;u) is even because pi(f) is real and evun- Therefore, tin* u> a 
function aii nhov-’ii in Figure 38.42., 



If WO now define 00-) ns grveu in the problem, then ft<jw) is ns shown in hiffnre 
SS.42. Clearly, 

A£iwl * -Pi{jw-i2*fTi) 

(b) Let ns define R signol M - P,U‘) This signnl i. pwriodic with n period of *,/T, Let 
the Fourier series coefficients of g(t) be a k We also know from (a) that g(,, *.iti*ncs 
the expression 

q[t)= -q{t-2ir/T l ) 

Equating the Fourier scries of both sides of the al«ve expression, wc obtain 
^ wherP T 0 = 


Therefore, 

a* = J ■ 

This Implies thil o t - 0 for *■ - 0,±2,±4. ■ ■ • . We know that the Fourier transform of 
fl-(t) is of the form 

» 

— 2 tt ^ - Jt 2 ir/To) 

t=-oo 
aO 

= 2 jt V ^ Mlfi) 


Since (t* = G for i: - 0, ±2, ±4, ■ -, Qtjv J is xero for ^ - 0, *T|. iTT,, 

Now note that using the duality property of the Fourier transform, wt may infer 
that the inverse Fourier transform of Fi£yu0 ^ pi(t) — Therefore, pjfO — 0 

zero for t ~ 0. iTi, ±2Ti, 


{r] Wr may write FiO 1 ^) 1 43 




P\ tjw) * 2rr ^ J(wr — k4*fT ]) 


Taking the inverse Fouiicr transform, we obtain 

GO 

Fid)-pi(t) T. «t-ir,/2). 

Clearly, pi(t) = Pe(«) for f " 0, ±Tx/2 t ±Ti, =t3Ti /2, ■ Fvom p.irt (b), it is obvious 
that pi (f) = 0 for f = 0. ±T t , i2T] T - , 

(d) Note that F(ju;) = F|(>ui} + A(jW), where 

p .. , / U M < w/Ti 

P*\ju) - ^ 0 otherwise 

Therefore, p£tj — pitO + where 

9 in(ift/T|) 

= - 1^- 

Wc can easily se^ that w(t) - 0 for t = O.iTi.iSTi, ■ And since we nlrcJidy 
have shown that Pl {t) - G for £ = 0, ±T U ±m ,* U ii obvioiui that jHO - 0 for 
£ 9 0, ±Ti,±22\, ■ -*v 


8,43- (a) We know that 


ff£M = 

,se of the o 

GM = 


10000 


1000 f ju 

Therefore, the frequency response of the compensating system has to he 

1 U 00 +juJ 
iOOOO 

This implies that A — 0-1 *od B — 10“^- 

(b) If the input and output of the compensating systems are denoted by x[t) and y(£), 
respectively, then 

Y[ju) _ 1DOO +_jv 
X(jv) ~ 10000 

Cross-multiplying and taking the inverse Fourier transform, we obtain 


a dx (0 

yW-G.MO + 10 - 4 ^- 


Thcrcfore, 


i = 10" 


0 = 0 - 1 . 
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ft -1-4. (a) Wc may n.Tiw as 


^(t) = i(i) * ^ flfJtt — ITi). 
i=-s 

Therefore, y(() is obtained by passing x(i) through i filter with impulse response h(t)' 

i=-n 

(b) Using eq. (PS 44 - 1 ), we obtain the following three simultaneous equations 

v (0) — ct„s3=CT'i) -t aoa(0} + titx(-T,), 

yfTO - a. ii[2T[J + 00=(T\) + 

—T ]) — o_[i(Q) + eg^t-Ti) + 0 |z(—Sri ] 

Substituting the given v>i U « for i{() and »{t) and »Mog. wn obtain 

aa — 0 , «i = ft -i- 

S 45 , (r) Since we are given that 

!,(t) = cot + *nj T(e)drj * 
we know that the phase of the carrier it 

0{t) = c liet+mf x(r)dT- 

J-ae 

Therefore, the instantaneous froqueney is 


wi (0 = ^ - We + 


(h) Expanding y£f), we get 

yW 


z= miMmi (™ J^x[r)dr j -sinfo^Osin ( m / K ^ T ^ T ) 

very close to jetn. 


IMng the narrowband assumption, we know that 


r ) 1 


Therefore, 

cut 1 i(r)dr^ ss 1 


and 

sin j *{r)dT^ s? l^ Il J a 


This implies that 



tj(t) =s cos(w c t) - ^my x{r)dr 

| sirt(ujff) 
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Figure $8.47 



ft 47, Let represent the Fourier transform of cos(t^n + 9 t ), Thii is as shown i Figure 

SB. 47 . Let Gdf^H represent the Fourier transform of ow(w^n + $d) This is t, ^nwn iu 
Figure $fi,47. 

Now, 

y<^) = A / 

2^ J-w 

This is ns shown in Figure S8.47. 

Here, we assume that wfc > and * - vu > ut- Also, we have 


W(e^} = j W 


(a) If t!W - 0, then u< = t*. Therefore, W(^) will be aa shown in Figure 36.47 

(b) When W(e^) passes through H(c* u l wc obtain R{^) as shewn betow. Then, R(^) - 
cos[^ - * e )X(e^) - v#{M)X¥ v ) K^l = »A Ihen r[n] = 0. 

(c) In this case, is as shown in Figure SM7. If «i > + Aw, then “ 

i x {^ w ~ Au] ) + 5 X {). Therefore, 

r[nj s* zlnjcosfAtun) 

8.46. (a) The Fourier series coefficients of p{n| are 


1 vt = 

“ = jy 2 - W.in(^) 


1 

i 

\ 

- \x(^\ 

t _> 





KWjuJt * 


Figure SB .45 


(c) We show both X|(ja;)! and [V(jtj]| in Figure 38.45. 

Clearly, the bandwidth of i(i) is while the bandwidth of |r(*J if. 2uv * 'Iwr 

ti.46. (a) The iustantaneous frequency i* 

.. dB{t) d f^t 2 l 

•*M = ^r = di 1”I = ^' 

(b) We have 

S{M = 


(c) We have 

/ ^(T}e-^ iT dT. 

J .-OO 

Dut tr - i'r I f‘ - t) 1 ]. Thwfifore. 

I'^I) - r x ( T ) t -»^ft t -^‘ t ‘ n ^’ V ~ Tfr ‘dr 

* j^P/l /” j; ( T ) e -/ V'■* 11 ^“ T }1/2 dr 

J- in 

Ut 3 (r) - Tbt.n 

This is exactly what Figure PS.46 implements. 
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at tlL L d. j 


J-QO 

p? j t /i J*** jj l\Adfl/3f<^W' j u W 1 

V 


= 2 tt 

fc^-oo 


(b) With Jlfa], 

Ignoring the phase factor, and taking $ — 6, wc have as .^hown in Figure h8 48. 


rt „ -mwk/H zirtMJV) 


&N 


■V 




V 


l JUJ w V* 




Figure S8r48 

(c) Wc need wrjw < ir/W. The result does not depend on M, 

(d) The block-diagram is as shown in Figure S6.48- 

& 49- (ft) The Fourier traiaform £f(jw) of a(i) is given by 

s(jw)= T 2 ii °tw ? b ( M _ w/t). 

To avoid aliasing X(jw) should be 0 for M > ff/T- 
(b) Let XOu') ** ft* shown in Figure SR.49, Then lhe Fourier transforms of the signals at 
the outputs of f/iljw) and Tfo(juj) ftne sa shown in the same ligure. Therefore, the gain 
is 2A/ ttA 
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Figure S8-4Q 
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Chapter 9 Answers 

9.1. (*) The given integral may he written as 

f 

Jo 


If o < then Lbc function e'^ +iT ^ ^rows towards » with increasing i and the? given 
integral does not converge. But IE & > -3, then the integral does converge 
(b) The given integral may be written as 


L 


e -(a+*HcM4t. 


If ft > S, then the function e"^ +F ^ £ grows toward* to as t decreases towards -oo and 
the given integral does not converge. But if a < -5, then the integral does converge, 
(e) The given integral may be written as 


Clearly this integral has a finite value for alt finite values of u 
(6) The given integral may be written as 

J-ta 


If a > —5, then the function *^l a+ *l* grows towards ao as t decrcasM* toward# -t» 
and the given integral does not converge. If ff < —5„ then the funcrinn grows 

towards oo with increasing t and the given integral does not converge If <* “ then 
the integral still does not have a finite value. Therefore, the integral docs not converge 
for any value of f- 

(e) The given integral may be written as 



' + / 

Jq 




The first integral converge* for u < 5, The second integral converges if o > -5. 
Therefore, the given integral converges when fffj <. b. 

(F) The given integral may be written a# 


L 




If a > 5, then tike function e~ t-Sfor ^ grows towards oo as t decreases towards -oc and 
the given integral does not converge. But if u < 5, then the integral does converge. 
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(a) 


xu) = rv*M*-1>‘ 

j 

V [a * j)i dt 


-r 


As shown in Example 91, the ROC will be > -&- 

(b) By using eq, (9.3). we can easily show that g{t) = Ac-**u(-t - fo) has the Laplace 
transform At^^ 

° {S) ** s + 5~ 4 

The ROC is specified as Re(»} < -5. Therefore. A - I Mid lu = - I, 

Vow an analysis similar to that used in Example 9,3, ire know (ha. thn given ..as a 

Laplace franaform of thu form 

™=rb + 7T7i 

The corresponding ROC is Ke(s) > mai[-5,-Ke{«). Since we ane given that the ROC 
IS fte{j) > -3, we know that Kc{ff) = 3 There are no constraints on the imaginary part 

ofi? 

We know from Table 9-2 that 

£*(() = -e” 1 sin[2ijti(£) m - ^ + |jj + 2 i' K<: ^} > _1 


We also k now from Table 9.1 t hat 

i(() = si("-0 *—* XU) m X|(-s). 

The ROC of Jf (j) is such that if so wofi in the ROC of Xi(a), then “So will bo in the ROC 
af Putting the two ab w equations together, we have 

2 

a(l) = *,(-() - e-‘ain(2tK-t) A X(t) - JC.(-a) = -(T_ 1} 4 +4 4' *'*’> 11 L 

The denominator of A'(a) is of the lorra j 3 - 5s + fi Therefore, the poles of A'(i) are I 4- 2j 
and 1 - !j. 

9 S, (a) The given Laplace transform may be wiitten as 

2s +-4 

X{ * } (s + I)(a + 3} 

Clearly, X(s) has a ten at * - -2. Since in X(s) the ord« of thi tk.-iwmtf«u.r 
polynomial exceeds the order of the numerator polynomial by 1, X($) has a aero at so. 
Therefore, X{s) ha* one aero in the finite j-planc and one zsru at infinity 


(b) The giv^n Laplace transform may be written as 


Y ,,_ s+I _ 1 

{a} ~ (s — i){i +■ j) j - r 

Clearly, Jlffa) has no zeros in the finite a-ptanc. Since in X{s) the order of the denomi¬ 
nator polynomial exceeds the order of the numerator polynomial by 1, X (s) has a zero 
at oo. Therefore, X ( e ) has no seruts in ti« finite s-plane and one lero at infinity 
(cj The given Laplace transform may be written as 


XU) = 


(j " + s -+ 1) 

U* + S+ 1) 


£ — ). 


Clearly, has a zero at s = L Since in X($) the order of the numerator polyno¬ 
mial exceeds the order of the denominator polynomial by 1, A’(s) has no zero* at oo. 
Therefore, Jt(i] has one zero in the finite s-pfone and no zeros at infinity, 

9.6. (a) No. Ffom property 3 in Section 9.2 wc know that for a finite-length signal, the ROC 

is the entire j-plane. Therefore, there can be no poles in the finite s-plaue foi a finite- 
length signal. Cleaih, m this problem this U not the case. 

(b) Yes. Since the signal is absolutely integrablo, the ROC must include the j^-axis. 
Furthermore, Y($) has a pole at s = 2, Therefore, one valid ROC for the signal would 
be ‘Reft) < 2. FYom property 5 in Section 9 2 wc know that this would correspond to 
a left-sided signal. 

(c) No Since thu signal is absolutely mtegrablc, the ROC must include the 

Furthermore, 3f(s) has a pole at a ® 2. Therefore, we ean never have an ROC of 
the form > cr From property 4 in Section 9.2 we know that x{t) cannot be a 

right-sided signal 

(d) Yes Since the signal Is absolutely intngrable, the ROC roust include the /(n-Axte 
Furthermore. Jf(s) has a pole aJt s = 2. Therefore, a valid ROC for the signal could be 
a e 72e{£) < 2 such that « < 0. Ftam property 6 in Section 9 2, wp know thfil this 
would correspond to a two-sided signal. 

0.?. We may find different signal* with the given LapUoe transform by dioomng different region 

rtf convergence. The poles of the given Laplace transform are 

l i </3. 

= sa--^+— 3* ~Y* 

Based on the locations of these pules, w<e my choose from the following regions of conver¬ 
gence: 

(i) RtW>-j 

(ii) -3 

(iii) —3 < Kc{t} < ~2 

(iv) Jle(j} < —3 
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Therefore, wt may find four different signals with the given Laplat* transform 
9.8. From Table 9.1, »e know that 

$(«) * e 3i i(i) A 0(5} - X{s - 


(b) Prom Section 9.4 w know that the magnitude of the Fourier transform may be ex* 

prtft&ed as 


(Length of vector from u uiO}__ 

{Length of vector from tJ to - j + j^)(Length of vector from w to - | - if)) 


9.10. 


The ROC of C(a} is the ROC of X(s) shifted to the right by 2. 

We are also given that X{a) has exactly 2 poles, located at s - -J and s - -$ 
Since C7< ?c} =• X{s - 2), G(s) also lias exactly two poles, located at s = -1 + 2 “ 1 
s -3 + 2 = -1 Since we are given 6'{jw) exists, w* may infer that the axis lire in the 
LOG of C(s)r Given this fact and the locations of the poles, we may conclude that is 
a two sided sequence. Obviously r[t) = e -2< ff(i) will also bo two sided 


Using partial fraction expansion 


XU) = 


J + 4 


2 

s +3 


Taking the inverse Laplace transform, 

i(f) = 4e _ %(t) - 2e _i *uft). 


9 11 - 


Tlie polfrMro plots for each of the three Laplace transforms is as shown in Figure S9 10. 



(a} From Section 9-4 we know that the magnitude of the Fourier transform may be ex¬ 
pressed at; 

1 

(Length of vector from l? to - l){Lcugtb of vector from u to - 2) 9.13. 

We see that the right-band side of the above expression Ls maximum for ^ - Q and 
decreases as a' becomes increasingly more positive or more negative. Therefore 1 H i Uw)i 
is approximately lowpa&s 


We see that the right-hand side of the above expreision is aero for w — 0. It then in¬ 
creases with increasing 1ii/| until \at\ reaches j. Then it starts decreasing as |tjJ increases! 
ev«a further. Therefore l/Jyfju'M is approximately bandpass. 

(of From Section 9.4 we know that the magnitude of the Fourier transform may be ex¬ 
pressed as 

{Length of vector from to fl ) 2 ___ 

(Length of vector from tu to - | + j 3^) (Length of vector from u to - j - j 

We see that the right-hand side of the above expression is zero fur w — 0. It then 
increases with increasing |wi until |v| reaches j. Then |m| increases. |Jfs(jw)] decreases 
towards a value of l (because all the vector Lengths become almost identical and the 
ratio becomes I). Therefore !i/ 3 (jij)| is approximately highpass. 

X ( 5 ) has poles at * — —| +i ^ and — 5 - J ^ X (j) has reran at s = 3 + j ^ and ^ — j - 
hYoffii Section 9.4, w« know that 1 A"(j-uj)J b 

(Length of vector from m to % + j^) (Length of vector from ww J - if) 

(Length of vector from w Li) - 5 + Length of vector^from u to - \ - J ^)} 

The terms in the numerator and denominator of the right-hand side of the above expression 
caned out giving us ]Jf{jW)[ = 1 

(a) If X (a) has only one pole, then :c(() would be of the form Ae~ al Clearly such a 
signal violates condition 2. Therefore, this statement is inconsistent with the given 
information 

(b) If has only twu polfe, then i(i) would be of the form de _flf Jtn(a^(L Clearly such 
a signal could be made to satisfy all three conditions (Example; «& ~ SOrc, n — 19200). 
Therefore, this statement is consistent with the given information. 

fc) If Jf{j) has more than two poles (say 4 poles), then x(t) could bo assumed to be of the 
form jte -jt jin(w*t)+ fhf - **ainftj*l}. Clearly such a signal could still be made to satisfy 
all three conditions. Therefore, this statement is consistent with the given information. 


We have 


AUo, 


jf(a)a_£_ Ka{jV>-L, 

w s + 1 11 

G(s) = A» + ^*(- 3 ), -I<1fr{«)<l. 
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Therefore, 


_ . ,[1 - a + as + crl 

C(3) = 0 1 TT? ] 

Comparing with the given equation for £(*), 

1 


a ~ “1, 


9 14. Since Jt(j) has 4 pole* and no reras in the finite s-planc, we may assume that XU) is of 
the form * 


_ A _ 

o)(ff - b)(v ~ c)(s *- d) 

Since 7{t) is real, the poles of X(s) must occur in conjugate reciprocal pairs. Therefore, wn 
may assume that 6 ^ o' aud d = c* This results in 

A __ 

~ - C){* - €-) 

Smco the signal %{t) is atso even, the Laplace transform X{s) must also . ^1 1 l«w 

implies that the poles have to be .ymmetne about the j^axis. Therefore, we may 
that c ~ “uL This results in 

A _ 

= (j-a)U-«■)(*+ «‘)(* + «)' 

We Art giv« that the location of one of the poles is (l/2)e”'* If we assume the! this pole 
is a, we have , 


X[s) = 


This gives ua 


A 

(i - je*l )(e - K i5 )(* + K’ ; H S + 


X(s) = 


‘ + iK* 5 + A+ S>‘ 

Also, we aje given that 

, / x(t)dt ^ X((i) = 4. 

Substituting in the above expression for Jf (a), «e have A * 1/4. Therefore* 

(1/4) 

1S . Ta y I1B the Laplace transform* of both aides of the two differential equations, we have 

-2>» + i and jjy(s)=2XU) 

Solving for X(s) and we obtain 

X(i) • *nd V(a) - 2s 7 + 4. 

5^ + 4 

The region ofeeneergenc* tor bolh X(o) end V (o) u TCe{*> > 0 hecoe^both ere 
signal*. 


9.16, Taking the Laplace transform of both sidia of the given differential equation, we obtain 
^(s)[a 3 + (1 + a)j 2 + tj(cr + !)$ + or 2 ] * X(j). 

T litre fore, 




Y{s) 


X{s) s 3 + (1 + a)s 5 + a(a + l)s + a 2 
(a) Tbking the Laplace transform of both sides or the given equation, we have 
<?(*) = *H{$) + H{s) 

Substituting for H(s) from above, 

r ■ x _ _ (* + 1 ) __ _ ^ 

k j 3 + (1 + cv)j 2 + a[cf + l).s + fit 2 .s 3 + ars + o 3 ’ 


Therefore, O(a) has 2 poles, 
fb) We know that 


Hi*)* 


(j + 1 jf.T 2 + as + « 2 )' 

Therefore. Hit) has poles at ^1, *(-J + j^) t and a(- J If the system has to 

hts stable, then the real part of the petes has to be Iras than 7 ero For this to be Into, 
we require that — a/2 < E) f i-e., « > U. 

917. The overall system shown in Figure P9-17 may be treated as two feedback systems of the 
form shown in Figure 9.31 connected in parallel By carrying out an analysis similar IP that 
described in in Section 9.6.1, we find the aystem function of the upper feedback system to 
be 

%h 2 

I +4(2/3) r + 8 

Similarly, the system function of the lower feedback system is 

= i +2(1/2) = 7Ta 

The system function of the overall system is now 

Since //(*) = yfs)/tf(aL wc may write 

R(5][a 7 + 10a + 16] s Jt(5>|35 + 12}. 

Taking the inveree Laplace trassforui. we obtain 

^!L + iilfil + iW-i««l + )^ 1 . 
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(a) From Problem 3 20, we know that the differential equalion relating the input and 
output of the RLC circuit is 

if 

Taking the Laplace transform of this (while noting that the system is causal and stable), 
we obtain 

¥{*)#* +a* t\mXW~ 


Therefore, 


* M = 


Y(t) 


1 




X{n) s»+s+r 

(b) Wo note that J/(s) has two poles at 3 = - J ~ and s = -J + II lias no aoros 

ici the limit' a- plane. Pram Section 9.4 we know that the magnitude of the Fourier 
transform may he expressed as 

_ 1 _ 

(Length of vector from u to “ 5 + j 3 ^)(Length of vector from w to ”|’j^)) 

We aee that the right-hand side of the above expression increases with increasing |w| 
until tuf readies £ Then it starts decreeing as M increases even further. It finally 
reaches 0 for [w| = oo, Therefore *s approx innately low pass 

(c) Dv repeating the analysis carried out in Problem 3.2fl and part (a) of this problem with 

H ~ we can show 1 that 

(d) Wo have 

I ____ ^ 

(Vctl. Len- from tu t* - 0.0005 +J^HVeet. Lrn. from ui to - UdXJflS - J^)} 

Wc see that when \w\ is in ho vicinity O OOOS, the right-hand side of the above equation 
rakes on extremely Large value*. On either Side of this value of M the value of |ff(jcj)| 
rolls off rapidly Therefore, H (si may he considered to be approximately bandpass. 

9.10. (n) The unilateral Laplace transform is 

= /^e^a(t + l)e" ai df 

Jq- 


-C 


Ji e~ rt dL 


1 

j + 2 


(b) The unilateral Laplace transform is 

*(s) zc f* \&{ t + L) + S(t) + 

J6“ 

= rVfO + e- 2 * 1 * 3 ^”*^ 

Jo~ 


J 0 - 
= 1 + - 


s + 2 

(c) The unilateral Laplace transform is 

*($) = r[t- lt ume- 4t u(t)\*- it dL 
Jo- 


f" 


1 l 
3 + 2 + * + 4 


9.20- In Problem 3.19, we showed that the input and output of the PL circuit are related by 


*M0 


+ y{*) - *{*)- 


Applying the unilateral Laplace transform to this equation, we have 

*V(*)-y(in + H*) = *W 

(a) For the zero-siate response, set y(0“) = 0, Also we Iiave 

1 


Therefore, 


*( B ) =U£{e-™u{«)} - — 

l 


y(i)( 4 + 1 ) = 


j + 2 


Computing the partial fraction expansion of the right-band side of the above equation 
and then taking its inverse unilateral Laplace transform, we have 

m = “ "'Vt) 

(h) For the aero-input response, assume that *(i) = 0 Since we am given that vi((T) - 1, 

m*) - 1 + y(») = 0 =* yw = ^ 

Thking the inverse uuilateral Laplace transform we have 

v^) = e'MO 
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Figure S9.21 

(c) The total response is the turn of the zerostate and aero-input responses. This is 
W) := 2e“Sr(t) - e- J1 u(i). 

5,21. T'lit; pole zero plots for all the subparte are shown in Figure £9 21. 

(a) The Laplace transform of z(i) is 

Jf(a) = / (c _i[ + e“ 3, Je" i( dt 

Ja 


= |-e ■ <‘ +1) V(i + 2)11“ + (-e- ( " > >7(* + 3)11“ 


1 l 23 + 5 


s+2 3+3 j* + 5a + 6 

The region of convergence (ROC) is ■foefijl > -2 
(b) Using an approach similar to that shown in part (a), *e have 

3+4 




r^e-^um +^+ —-—- > -a. 

3 -)• S 4 l.V 

FYum this wt obtain 

«-*«W0 - £(.-*«* - A (3+ * J+ - Ty 

whenr 7£e{j} > -5 Therefore, 

‘ ++ ^ uTT^;™ ujo- 

(c) The Laplsce transform of *{f) is 

X(s) = f (t if +e ii )e- |i dt 

- - 2)]|“„ + [-(-<*-»7(i - 

1 1 _ 2 s _ S 

s^S ff J “5a + b 

The region of convergence (ROC) is Re(s} < 2. 

(tl) Using an approach along the lines of part (a), we obtain 

1 


*■““(<) A Rc("l > -2 

Using an approach along the lines of p&it (c), wc obtain 

tV-flAjlj, 7Ul>}<i. 

Fiom these we obtain 

e“*W _ e - 2 ‘ u (() +e ac u (-i) A -2 < 7t,e{s} < 2 

Using the differentiation in the s domain property, we obtain 

2#* + 8 


(SU 21-1) 

(S9.21-2) 


<±> [- ¥ 1 » -- 

dc L® 2 — ^j ( ffi “ 


“2 < 7Ee(s} < 2. 


(e) Using the differentiatfon in the s-domain property on eq. ($9.21-1), we get 

Using the difTerentiation in the s-domain property on eq. ($9.21-2), wc get 

A £ [rb] = -&=w Kt{>) < 2 

Themforn, 

|t[r J|IC - ie‘ at u(f) + ^ 


(s +2)2(s -2)^ f 


-2 < 7£e{i} < 2< 
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(f) Prom the previous part, wt hav# 


(b) From Tabk 9.2 we know that 


•* - ^ _ ^ , ^ e M < 2. 

(g) Note that (-h^ given signal may be written as *[£} = u(t) - u(t - l) Note thki 
u(t)ir^K Rc{*}>G 
Using the lime shifting property we get 


w(1-1)m ~, RfM >0- 


Thercforc, 


u(t)-u{i-l} 


c. i - <r 


AUs- 


Note ih.it in this case, since the signal Is finite duration, the RGC is the rnLir- lJwtm-. 
(h) Consider the signal *,(£) = t[u{t)-u(t- 1}), Note that the signal s(t) may Lv expje^d 
ns itt] - xi (t) + Ti(-t + 2). We have from the previous part 

ttf t) lift - 1? A 1 , Alls 

Using the differentiation in s-denflain property, we have 

.. r d f 1 -r J l «"* - 1 + e " 3 

*l(0 = t[u{t) - *[t [——] M -^-' 

Using the time-waling property, we obtain 

, . c -ss* - 1 + e* , 

3fj(' t) t- 1 -r -- 1 All l 


All 


T 


Then, using the shift property, we have 


*i(-t +2) *—* e-* 


Therefore, 


T(t} = i,(t)+iif-< + 2)^-“5“-+ * 


~ , Alla, 


fi) The Laplace transform of ifl} ~ J(t) + «[*) ii X(s) * 1 + 1/s, K«W > G- 

fj) Note that Sf3t) + u{3i) = J(0 + Therefore, the Laplace transform is tlm same as 
the result of the previous part. 


&,22. (a) From Tablr 9.2, we have 


xft) - ^sin[3t)uf£). 


coe(3f}u(0 A Kefs} > 0, 

Using the time scaling property, we obtain 

™(»M ~‘) A -^ 5 . R«W < 0 

Therefore* the inverse Laplace transform of A F (s) is 

x(£) “ - oos(3l)u{~t}< 

(c) From Table 9.2 we know that 


e 1 cos(3f)u(l) 


(*- i) 7 + r 

Using the time scaling property, we obtain 

e~ [ cocfJiJuf—t) * 


He{j| > ! 


U + i) 2 + r 

Therefore, the inverse Laplace transform of X(j) is 

r(i) - — e _t C09f3£)tt{-(). 

(d) Using partial fraction expansion on Xfs), we obtain 


Re { 5 1 < 1. 


X{s) = ■ 


I 


# 4 ■! 5 + 3 

Fronr the given ROC, we know that x(t) must be a two-tided signal, Therefore, 
x{t) = 2e-" ll u[£) + 

(e) Using partial fraction expansion on X(j), we obtain 

2 1 


XU\ = 


$ + 3 # + 2 


From the given ROC, we know that i(() must b« a two-sided signal Therefore, 

*(t) - Se^ufl) + e _a V-t). 

(f) We may rewrite X{x} as 


3s 


™ = t + ?^TT 


__ 

( S - 1/2)4 + 

j - 1/2 


3/2 


1 + 3 fs - I/2p + ' (^5/2)2 + U - 1 / 2)5 + 

Using TAblc 9.2, we obtain 

i{t) = J{I) + 3e -i; * cos(V^e/2)u(0 4 ain(\/3(/2)u(i). 
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{%) Wc mav rewfiie A'(aJ w> 

From Table 9 2 r we know that 

ru(f) A K c (j}>0. 

Using the shiEtuig property, we obtain 

Using the differentiation property, 

|le- l iu(£)] = e-*u(n-»“*(*) ^ {TTTF Rt{S) > 


T.(t) B J(t) - 3e^ E n(£) - 3te VO 

9 23. Thn four pole^zero pk>ts shown may tiave the following pasaibk FtOCs: 

• Plot (a): Kefs} < -2 or -2 < Kefs} < 2 or Kefs} > 2. 

*Plot fb): Kef.i) < -2 or Kefs} > -2. 

•Plot (C): Kefs} < 2 or Kefs} > 2. 

• Plot (d): Entire s-pland 


Also, suppose chat the signal if*) hw a Laplace transform X{s) with ROC R 

(1) We know from Table 9.1 that 

Ax(a + 3). 

The ROC Rj nf this new Laplace transform is R shifted by 3 to tits left. If *U)e !S 
abnolutety integrahle, then R\ must include the ju ax hi. 

• For pkt (ah this is possible only if R was Kefj} >2. 

• For plot (b), this is possible only if R was Kef fl} > -2- 

•For plot (c), this is possible ooly if R was Kefj} > 2. 

• For plot (d), R is l be entire J' plane. 

(2) We know from Table 9 2 that 

Also, from Table 9,1 we obtain 

*(!)* |s“'«(0] “Jtj. = [«*(.}>-!]. 

If * s(U 1 * absolutely integrable, then R £ must include the 


• For plot (a), this i£ possible only if R -2 < Kefs] < 2, 

•For plot (b), this is possible only if R was Kefs} > -2. 

•For plot (c), this is possible only if R was Kefs} < 2. 

•For plot (dl. R is the entire s -plane, 

|3) If at*) ?? 0 for i > I, then the signal is a left-sided signal or a finiw-duration signal. 
•For plot (a), this i& possible only if R was Ref*} < -2. 

• For plot (b), this is possible only if R was Refs} < -2. 

•For plot (c), this is possible only if R waa Kef#} < 2, 

•For plot (d), R is the entire s- plane, 

(4) If ifO — 0 for t < -l, then the signal is a right-sided signal or a finite-duration signal. 
•For plot (a), this is possible only if R was Refs} > 2. 

• For plot (b), this b possible only If R was Ref#} > -2. 

• For plot (t). this is possible only if R was Ref#} >2, 

•For plot (d)> R Is the entire s plaue 



(b) By inspecting the pole-rern diagram or part {*), it is clear that the pole-aero diagram 
shown in Figure $9.24 will also result in the same ]A(jw)|. This would correspond to 
the Laplace transform ^ 

Xi(s) =s-^ Refs} < ^ 

(e) = it — 

(d) X 5 fs) with the pole-aero diagram shown below in Figure 39.24 would have the property 
that <sJVjw) - <X(jw), tfcre, X s (#) = 7 ^ 

(e) {X 2 {jMI = V\Xtiu)l- 

(fl From the result of part fh) T it is clear that Xifs) may be obtained by reflecting the 1 
poles and zeros in the right-half of the 5 -plane to the foil-half of the j-plane Therefore, 


Xd*) 


*4 1/2 

























THU 


Therefore, using tbe convolution property we obtain 




Figure S9.25 


V(0 s x,(t - 2) • x 3 (-t + 3) A K(s) = 



9.27. From clues 1 and 2. we know that Af(s) is of the form 

X(a) a--- 

'' (s + n)(s + 6) 

Furthermore, we are given that one of the poles of X(s) is -1 + j. Since x(t) is real. th« 
poles of X(s) must occur in conjugate reciprocal pairs. Therefore, a = 1 - j and b = 1 + - 
and 

H(s) = ---- 

(» + 1 - j)(s + i +j) 

From Hue 5. we know that X(0) * 8. Therefore, we may deduce that A = 16 and 


H(s) 


16 

s ? + 2s + 2 


Let R denote the ROC of Af(s) FVotn the pole locations we know that there are twe 
possible choices of R R mAy either be Ht{») < - I or Kc{*) > -1 We will now use clue 
4 to pick one Note thAt 


From part (H), it is clear that Afj(a) may be obtained by reflecting the poles (zeros) 
in the right-half of the s-plane to the left-half and simultaneously changing them to 
zeros (poles) Therefore. 


XM - 


(j + l ) 2 

(s +• l/2)(« + 2) 


9.25. The plots are as shown in Figure S9.25 


9.26. Fiom Tabic 9.2 we have 


*iM = «■”«(<) A *■(») - > -2 

and 

1,(0 = c'*u(0 *£+ *,(») = jLj. Rt{.} > -3. 

Using the time-shifting time-scaling properties from Table 9.1, we obtain 


*«{*}>-2 
and 

* 2 (-*+»)* i +e- , 'Xa(-«)- *<{.)> -3 
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»(0 - <*z(t) Y(t) = X(» - 2) 

The ROC of K(«) a R shifted by 2 to the rii:ht Since it is given that y(t) is nnt absolutely 
integrable, the ROC of F(a) should not include the ju'-axis. This is possible onlv of R i«= 

*e{*} > -I. 

9.28. (a) The possible ROCs arc 

(i) ttr(s}<-2. 

(ii) -2 < ftr(s} < -1. 

(iii) -1 < fte{a} < 1 

(iv) 7£e{s} > 1. 

(b) (i) Unstable and anticausai. 

(ii) Unstable and non causal 

(iii) Stable and non causal. 

(iv) Unstable and causaI 

9.29. (a) Using Table 9.2, we obtain 


X <*» = TTT- 

He(a) 

WW ‘7T2- 

Hc{a) 

338 



(b) Sinoe y(t) m x(t) • h(t), we may use the convolution property to obtain 

The ROC of V(s) is *e(j} > -1. 

(c) Performing partial fraction expansion on V(s), we obtain 

Y{s) m — -L_. 

' s+ 1 s + 2 

Taking the inverse Laplace transform, we get 

9(0 - «"‘u(0 -< _2, u(t). 

(d) Explicit convolution of z(l) and h(L) gives us 

y(0 = f h{r)x[t - r)dr 
J-0 o 

e~ Jr e” (,-r, u(t - r)dr 


jf ( 

r ~ l j f~'dr for » > 0 
(e- 4 -c-*Wt). 


9.30. For tlic input z(t) = u(<), the Laplace transform is 

X{s) 9 I, *r{s} > 0. 

The corresponding output y(t) « (l - e mt - <e~*)ti(t) has the Laplace tranafo.,.. 

r(jt) j “ m “ ( a +1)* “ s(.i+1)»’ > 0 

Therefore. 

Now, the output y,(t) = (2 - 3*-' + «-*)«(/) has the Laplace transform 

K,(,)s rin + r+3*s(s+i)(s+ 3 )* > ° 

Therefore, the Laplace transform of the corresponding input will be 
fit*) 6(s + l) _ , , . 

x,M ~7fU) ~*T7y *<!'>> o 

Taking the inverse Laplace transform of the partial fraction expansion of Xt (**. w* obtai 
z,(t) = 2u(<) + 4r" J *u(t). 
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9 31. (.) Tsh.u* lb, UpUrr triform of both „des of the p«u differential oquutioi. *„d ,i m . 
phfying. we obtain 

m-m 

X(a) 


s 3 - a - 2' 

The pole-zero plot for H(s) is as shown in Figure S9.31. 



(b) The partial fraction expansion of H{s) is 


H(a) 


1/3 

s - 2 


1/3 

-i + 1 


(i) If the system is stable, tbe ROC for H(a) has to be - l < Hr [a] < 2. Therefore. 

MO * - j* 2r u(-0 - ie _t M(0 

(ii) If the system is causal, the ROC for H(s) has to be *e{s| > 2. Therefore. 


MO » ^*ti(f) - ~e"‘M0- 


(iii) If the system is neither stable nor causal, the ROC for H{s) has to be Hr\ < 1 

Therefore, 

hit) = -i e “ u (_ t ) + i e -*„(_(). 

9 32. If *(«) = '» produrr, v (f) = (l/6)e*. tb™ H(2) = 1/6. Abo. by taking th.- I.upl.vr 
transform of both sides of tbe giveu differential equation we get 


Since H{ 2) 


H(s) 


3 + 6(s + 4) 
*(* + 4)(s + 2) 


1/6. we may deduce that b = 1. Therefore, 


H(s) 


2(3 4 2 ) 

3(j4»4)(3 + 2) 


2 

3(3 + 4)' 
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9 33. Ssare X U) = <~ MJ = 


XU) 


_1_1_ __^2_ 

ff + 1 1 “ (i + 1 )(j- 1)’ 


-1 <7£eUJ < * 


Wc arc also given that 


H(*) = 


j + 1 

S 1 + 2i +~2 


Since l he |V.!rr. of (*) «h M -1 ± J. sin® A( t) is OOWl, we may conclude thm Lhe 

ROC of/ffs) is TEeM > -1- N<^. 


V(a) = H {s)X{s} = 


-2 

(j“+Zi 42)(s- L)* 


The HOC of F(j) wilt be the intersection of the ROC* <sf and HU) This is 

< 1 

We may obtain the following parti at fraction expansion for YU): 


YU) = - 


2/5 
a - i 


a ys + 6/5 
s* + 2s + 2 


< 


We may rewrite this as 

>-'->-S*l[5T^]*l[irWTT] 

Noting that the ROC of Y(s) is -l < < 1 usin & Tab]c 9 ' 2 ' we oblAi,s 

y(i) r. |dti(-0 + ?e _i ros4u(*) + |e" T sintu(() 


9.34„ We know that i 

zdt) = u(i) <-£+ Xi($) = Ke{4 > 0. 

Therefore, X,{s> has a ^le at s = 0 Now, the Laplace triform of Lhe output jr,{0 ^ 
the system with *l( 1) as the input is 

Since in clue 2, Y|[s) is given to be absoluLdy intcgrablv, HU) mast have a ®cto aL * = & 
which cancels out the pole of it a ^ 0- 

We also know that 

xj(t) = tu[t) A Xi(ff) ^ -j, > 0 

Therefore, X^s) has two poles at s - Q. Now, the UpU« transform of the output V=W 
of the system with at the input is 

YzM = H(s)X M 


Since in due 3, ^(s) is given to be m?l aboulutely lategrable, H{s) d*>« lW5t two wru * 
s = 0. Therefore, we conclude that H{a] has exactly one aero at s Q- 

From Clue 4 we know that the signal 


m =im +i irn +m) 


is hmte duration. Taking the Laplace transform of bath sides of the atjovc equation, we get 


PU) = $ 2 HU) + 2 sH[s) + 2 H{s) 


Therefore, 


m*) = 


ru) 

s* + 2a + 2 


Since pft) is of finite duration, we know that P(s) will have no poles in the finite s piano 
Therefore, //(s) is of the form 


HU) - 


Aj[t* - *i) 

i~] _ 

a 1 + 2 ji +2 ' 


where z* h i = 1,2,■♦■ ,jV represent iheKrosof P(s). Here. A is some constant. 

From Clue 5 we know that the denominator polynomial of H(s) has to haw * degree 
which is czactty one greater than the degree of the numerator polynomial. Therefore. 


h(ts) 


AU - si) 

s* + 2s +2' 


Since we already know that H (s) has a zero at $ — 0, we may rewrite this as 


HU) = 


As 

& +2s +2 


From Clue l w+ know that //(l) is 0,2, From this, we may easily show that A 
Therefore, 


Since the poles of H{s) are at -1 ±j and since h(ij is causal and stable, the ROC of H(s) 
is 71e{s| > - L 


9.35, (a) We may redraw the given block diagram as shown in Figure S9.35 
From the figure, it is dear that 


ns) 


= nw 
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T^rcfnrc, /(I) - it Similariy, e(D = tVWM Thfircfnru, e(() = d‘vMidO- 

From the block diagram it is clear that 


y{t) =e(t) 


m- fiwU)- 


^VI (f) 

dt 1 


djfAt) 

dt 




Therefore, 

YU) - s 7 YiU) ~ sYM " (S9 35-1) 


Now. let us detamuflt the relationship between ys(£) and *(*)- This may be done 
by concentrating on the lower half of the above figure. Wo redraw this iti Figure b9.35. 
From Example 9.30. it is clear that y^t) and x(t) must be related by the following 


dillvrential equation! 


^ + 2^2+ y,w-1(f)- 


Therefore, 


Using this in conjunction 


r,(j) -- 


.*■<») 


j* +2s + 1 
with eq {S9.35-1). we get 


Y ^ = 7Hrn m 


Taking the inverse LapUce transform, we obtain 




(b) The twn poles of the system are at -1. Since tlie system is causal, the ROC must be to 
the right of s = Therefor*, the ROC must Include the jiu-axis. Hence. lUv system 
it stable. 


9,36. (*3 Wc know that Fl(s} and Kfs) are related by 


y U) * (3# a + 4^ - WiU). 
Taking the inverse Laplace transform, wo get 




6Vi(0 


(b) Since YiU) = F{t)fs , /(£) = ^:(f)/d£ 

<c> Since F(s) = EUU*. e(t) = df(t)/dt = <P Vl tt)/dt 1 . 

(d) From pari {a). ^(1) * 2e{t) + 4/{l) - 6y,(£). 

(n) The extended block diagram is as sLywu in Figure S9.3fi. 

(f) The block, diagram is as shown in Figure $9 36- 

(g) The block diagram is as shown in Figure S9.36. 

The three subsystems may lie connected in parallel an shown in the figure above to 
obtain the overall system 


9.37. The block diagrams are shown in Figure S9 37. 
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if (s) clearly may be treated as the cascade combination, of four firfct order subsystems. The block diagram for ififs) may be constructed as a parallel combination of the block 

Consider one ut those subsystems with the system function diagrams of J/jttf) and /^(a) at shown in Figure Sil-38. 





The block diagram for this is as shown m Figure S93S. Clearly, it contains multiplica¬ 
tions with coefficients that are not rcal- 
(b) We may write /ffi) as 

^-[ran] 

The block diagram for H{*) may be constr ucted ns a cascade of the Wo** Julian* of 
and fh{s) *s shown in Figure S9.3S- 


9.39. (*) For xi(£), the unilateral and bilateral Laplace transforms are identical 

(b) Here, using T^ble 9.2 and the time shifting property we get 
X 2 (s) - “ »■{-} > -3. 

The unilateral Laplace transform is 

^l(j) ■= «*{»>>-3- 
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{c) Wc haw* 


GW = *,(.)*(«! = (7+2)j7+3) 

_ f’ [-1 -— 1 

la+ 2 s + 3j 


Taking tlic inverse Laplace transform, we obtain 

j(i) - e-W+ l > u (i + 1) - «-X ,+I> »(l + 'I- 


(d) We fiava 

e' 3 

* Xi («)&(*) - ^ + 2 }(* + 3J 

_1_ 1 

3 + 2 “ 3 + 3 

Taking the inverse unilateral Laplace transform, we obtain 
r{t) - - p-’P+Uttf), 

Clearly, r{t) ? M *> °“ 

il.40. Taking the unilateral Laplace transform of both sides of the given differential equation, we 

- s^y(O') - sy'(C“) - y"{Q-) + 6a J J(s] - 

-&j{T } + llaKff) - tlyfO - ) + ^ W ” ;j5f} 40 l) 

(a) Fg: the zero state response, assume that all the initial conditions are zero. Furthermore, 
from the given i[£) we may determine 

*{a) * r i—, 

s + 4 

From cq, fSU-40-1), we get 

yWl^+Sj’ + iu+tJ* ~- i - 

Therefore, ^ 

y{3) = (a+4 Ks 3 T6s^+ lla+6J 

Taking the inverse unilateral L*pl*tt transform of the partial fraction expansion of the 
above equation, we get 

y(t) - [rtW - 



(h) For the eero-input r«pon**, we Assume that Jf(fl) “ 0- Assuming Lhat the initial 
conditions are as given, we obtain from {£9,40-1) 

w,i „ jJ + s * + j_ = 

j* + 6s 1 + 1 If 4- G s+l 

Taking the inverae unilateral Laplace transform of the above equation, we get 

ir(t) =e" l u(*). 

(e) The totai response is the sum of the aero-state and zero-input responses. 

y(t) = + ie~ ai u(t} - 

9.41, Let us first find the Laplace transform of the signal sr(l) = x(-£h We have 

Y($) = f^xl-tK^dt 
J-oo 

Q x[ty l dt 

Ki 

* 

(a) Since i{f) = i(-<) for an even signal, we can conclude that £{x{«)} - £{i{ 01 
Therefore. X{s) = X [-a), 

(b) Since i{() = -*{—£) for an odd signal, we can conclude that £{ar(i}| - -£{j(- 0} 
Therefore. A(s) — -X(—s). 

(c) First of all note that for a signal to be even, it must be either two-sided or finite 
duration. Therefore, if JsT(s) has poles, the ROC must be a strip in the s-plane. 

From plot (a), wr: get 

*(*) = ; 


« r 


As 


Therefore, 


Xys) = - 


{s+ 1) 

-As 


= -X{*) 


(3 - l){fl 4 1) 

Therefore, e(I) ia UQi even (in fact it is odd). 

For plot (b). we note that the ROC cannot be chosen to correspond to a two- sided 
function i(fj. Therefore^ this signal is not even, 

From plot (q), we get 


X{ S } = 


A[s j)(j + j) _ + 1) 

(s+ l)(s - 1) 


^ -1 


Therefore, 




Therefore, i(£) is even provided the ROC is chosen to he — I < < l. 

For plot (d), note that the ROC cannot be chosen to correspond to a Iwo-sided 
function ={£). lTiereforc, this signal is not even 
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9 44 (•) Not* that 


9 42 (a) From table 9 2 we know that the Laplace transform of t 2 u(l) is 1/s 3 with the ROC 

>0 Therefore, the given statement is false. 

(b) We know thAi the Laplace transform of a signal r(t) is the same as the Fourier transform 
°* the signal z(t)c mt . The ROC is given by the rauge of a for which this Fourier 
transform exists. 

Now, if x(t) — e f u(<), then we note that a# I -» oo. the signal r(t) becomes 
unbounded Therefore, for the Fourier transform of of e~ ol z{t) to exist, w* t v 
find a range of a which ensures that e~ ,, ‘x(0 is bounded as t -> oe Clearly, this ;s not 
possible. Therefore, the given statement is true 

(c) This statement is true Consider the signal z(<) m Then 


*(*) = r e^e- H dt 

J -OO 


*) 

JUQ - a 


This integral does not converge for any value of a 

(d) This statement is false Consider the signal x(<) a r^u(t). Then 


Jo JVO - S L 

•0 

This integral converges for any value of s > 0. 

(e) This statement is false. Consider the signal x(f) - |f|. Then 

*(4) = jf U-'dt + f* ~ tc- l dt 
Both integrals on the right-hand side converge for any value of s > 0 

9.43. We are given that h(t) is causal and stable Therefore, all poles are in the left half of the 
s-pt&ne. 

(a) Note that 

9(0 - G(s) - sH(a). 

Now, C(s) has the same poles as H(s) and hence the ROC for (?(*) remains the same 
Therefore, $(t) is also guaranteed to be causal and stable 

(b) Note that 

r(0 •= J A(r)dr « R(,) = 

Note that HU) does not have a pole at s ~ 0 only if H{a) has a zero at s - 0. n*-rcfore, 
we cannot guarantee that r(f) is always causal and unstable 


Therefore, 


Ht - nT) t - mT , 

X(,) - £ r -T e -„T 


All s. 


m i_r-m*.r 

tZtC ht.« *« finrt ‘he pek* of *(,). Clmly. the pok 

his implies that the poles a k satisfy the following equatior 


0 .±1,±2, 

Taking the logarithm of both sides of the above equation and simplifying . we gel 
«* « 


B +^p.*«0,±l,±2, . 


J- r 1° r Sin!rr ,CS aJ, | ,H ‘ “ • VCrt,CiJ hnc (P«^«el to the ju-axis) passing through 
* - 1 Since the signal is right-sided, the ROC is 7 Ze{a) > -1. 

(b) The pole-zero plot is as shown in Figure S9.44. 



oa,^r:;: h ' s^ ra ^ brm *<*» • «*»■ * *• ««*««* 

J pen^ofl/r “V*** “ d **— h * w “ with 


* <5. (a) Taking the Laplace transform of the signal x(f). we get 


Y(*) = + iZL __ * 

s-2 a + 1 (a — 2)(s - 1) 


to*XM»K'W i < < * AUO ’ ° mr ,h *' s, “" I(<) “ * «««l. ‘he ROC 
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Now, 

H(s) - IliU * 

“*(*) (a + 2)(s+ 1)‘ 

We know that the ROC of Y(s) has to be the intersection of the ROCs of XU) and 
HU). This leads us to conclude that the ROC of //(a) Is Wr{s} > -1 
(b) The partial fraction expansion of H(s) is 


H(s) 


2 1 
s+2“s+1 


Therefore, 

(t) «" is an Eigen function of the LTI system. Therefore, 


»(f) = «< 3)'* = le 1 * 


9 S«. Since ,y«) is real, the third input must be of the form r'i‘ Since i(t) is of the form 
Ht) + e- -e e*f and .he output isy(l) = -6e-u(t) + £e« cos(3() - ».„(3f), we may 

conclude that H(4 ± 3» * ^ ± j 

Let us try h(t) = «{t) - &--' u (0. Then 


»M = ——t 
1 

We may easily show that //(4±3j) = 4 ±;g. Therefore, H(s) as given above is consistent 
with the given information. 

» 47. (a) Taking the Laplace transform of y(t), wv obtain 

Tlt{s) > -2 


H(») ~ (a - l)(s -F 2) 

The pole-zero diagram for A*(s) is as shown in Figure »S9.47. Now, the ROC of H{s) » 
72e{s} > - 1 We know that the ROC of y(a) is at least the intersection of the ROCs 
of *(s) and H(s) Note that the ROC can be larger if some poles are canceled out by 
teros at the same location In this case, we can choose the ROC of X(a) to be either 
-2 < 7Ce{s) < l or Re|«} > 1. In both cases, we get the same ROC for y(s) because 
the poles at s a 1 and a s 1 in H(s) and X(a), respectively are canceled out by zeros 
The partial fraction expansion of X(s) is 


Therefore, 


Y(s)’ 


1 


3 + 2 * 

Y(s) 


X(a) 


m 2/3 

a - 1 


.JZL 

»-2 
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C&) 

Cc.) 


-2 r « 

* fftl -T 

1 


liking the ROC of *(») (o be -2 < Kc{,) < i, wgtt 

*W«-fcV-0 + i«-*u( t ) 
Taking the ROC of X(*J to be Xe(,| > 1, we get 

2 i 

*(0 - + -e- J ‘u(f) 


(b) ''"“mti’tT.”,^;;^ “ * ta °'r ,y , ,ot v bir - ~ m <° nd ^ ^ «* ** < 

one wo w„t h ' rCf0ro ' ‘ h ° cho >‘- of *t> given above I, th 

(c) We need to fi ra , find , „ M ^ lhi , „ (t)y(t) = x(>) 

Uk'rOC oT//(!7lI« Wblsffll'o Sin "' ,( ' ) <o besuble 

t / « «> oe «e( 4 J < 1 Tho partutl friction cipansion of //(,) u, 
H(,) = 1 + 

s - 1 

Therefore, 

*(<).*«)-2e“‘u(-t) 

R tf,e ^*(*1 > ~ 2 Therefore. X(a) must have the ROC -2 < 

< 1 (the intersection of the ROCs of Vfa) ard H(*\ PV ,k ? 2 

in part (a)) lh « ** (a^ shown 

*(<)= + ^e- 2, u (f). 

Verification Now, 

l>W‘v(t) m |d(l)-2e-'u(-<)(.[«-*„(,)) 

= e-^uff) - 2/“e-’V-'u(r - ,)rf, 

Jo 
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For i > £>, tliu integral in the above equation is 


/■» i 

'*/ *■**"!" 


For i < 0, the integral in tbc above equation is 

*‘L 


Therefore, 


h(t) • M - - s E W 


9.48. (a) /M*l ® 

(b) From the above relationship it is clear thM the poles of the invert system will tw the 
7MXVft of original system. A Lao, the jeros of the inverse system will be the poles of the 
original system. Therefore, the pole-aaro plot for fh(s) i* M sketched in Figure 


Ire 


X - l 


A --1 


0 

1 


Figure S9.51 


(c) False. Causality plays no part iu the argument of part (b)> 

(d) False Counter example: H {$} — (J r *)/f J + > "2, 

9 SI Since hfi) is real, its poles and zeros must occur in complex: conjugate pairs. Therefore, ih* 
known poles and zero*: of HU) are as shown in Figure 3&5L Since H{s) has exactly 2 «*r« 
at infinity, U(s) has at two more unknown finite poles. In case if [a) has more than 
4 poles then it will have a zero at same location for every additional pole. Furthermore, 
since h\t) is causal and stable, all poles of H{s) must lie in the left half of the .-plane and 
the ROC must include the jw-axis. 

(a) TVue. Consider 

g(t) » A Gf<s) - H{s + 3) 

TUt ROC of <J(j) will he the ROC of H(s) shifted by 3 to the left. Clearly this ROC 
will still include the jo^asls. Therefore, s(t) has to be stahlc. 

(b) Insufficient information. As mentioned earlier, H($) has sum* unknown poles So wv 
do not know which the rightmost pole is in tf(s) Therefore, we cannot determine what 
its exact ROC is, 

(u) tVue. Since JTfi) is rational, U) may be expressed as a ratio of two polynomial* in s. 
Furthermore, since h[t| Is real, the coeflkiems of these polynomials will be icat Now-, 


9 49 If a system is causal and stable, then the poles of its transfer function must all be In the 
left half of the s plane. This is because the RUC of a causal system is to the right of the 
right-most pole. For the ROC t© contain tbc ju axia, the right-most pole must be in the 
left half of the plane 

Now if the inverse system is also causal and stable, then its pairs must also all lit in the 
left half of the F-planc But we know that the poles of the inverse system are the 4^ ™ 
the original system, Therefore, the surras of the original system must also he m the kfe-ha) 
of the s-plane. 

9.SG. (a) Fb.be- Counter-example: H[s} = 1/(4 - 2),"Re{s} < 2- 

(b) IVue. If the system function has more poles than zeros, then Aft) does not have an 
impulse at ( = O Since we know that h(f) is the derivative of the step response, we 
may conclude that the step response has no discontinuities at £ - 0, 


*/(*) = 


YU) 

X(s) 


Pt£i 

QUY 


Here, P(s) and 0(a) are polynomials in s. The differential equation relating rft) 
and y{t) b abtimed by taking the inverse Laplace triform of VWQfa) = A(5)P(s) 
Clearly, this differential equation has to have only real coefficients 

(d) False. We are given that H(s) has 2 «eroa al & = «. Therefore, - Q. 

(c) True. Sw the reasoning at the beginning of the problem 

(f) Insufficient information HU) may have other zeros See reasoning at the beginning of 
the problem. 

(g) False. We know that r*sio(i) = - (l/2i)e w " i,f . Bath and <**->* 

are Eigen functions of the LTI system. Therefore, the response of the system to these 
exponentiate is //f3 + jje< a+ ^ r and respectively. Since- if (a) has rercs 
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at3±j,w*k now that t Ik output of the system to the two exponentials has to be aero 
Hence, the response of the system Ui e v sin(f) has to he zero- 

9 32. (a) Consider the signal y(t> = ift - to) Now, 

Y{$) = f™ x{t - 

Replacing f - £<> hy t, we get 

YU) = r*l t)^ 1 ^ 

J “®e 

= t-*** J™ 

= e~ tla X($) 

This obviously converges when X{*) converges because <-* has no poles Thereby 
the ROC of YU) is the same as the ROC of Jf(s) 

(b) Consider the signal y(f) = c s ° r z(t) Now, 

roi = r 

J -« 

= X{j-Jd) 

If X(,) converga in thr mngn u < Rc{s> < b, then X(. - i,) «»«>*« *" lhc ^ 

o + jcq < s < b -f Jo- This Is the ROC of FXj) 

(c) Consider the signal = ff(ot) Now, 

y( s ) = ^ x{at}&- Mt di. 

J -« 

Replacing at by r And assuming that a > I, we get 

y(,j - (l/o) j'jL(T)€- lli * ) d, 

= (I/ViXIjM 

If a < Q, then 

)'{*> = -(l/a)/”*(0« 

J -oe 

W -(1/g)X(*M. 

Therefore. 


H XU) oouvbt^s iu the range * c Kr{i) < 0, then Xfs/a) eonverees in the 
range afa < s < when a > 0- When a < 0, then X(n/o) converges in the range 
3f& < s < Cf/ft 

(d) Consider the signal p(f) — x{t) * ft(t). Now, 

YU) = r\xm*h[t)]c- l dt 

J — ab 

- j J ** i(r)h(t - T )dre~**dt 

- j“ *(T) [|“ Mi - -)*■"*] ^ 

Ueing the time-shifting property, we get 

V^i) » / z(T)ff(4)c _JT ^T 

J ■ oo 

- W(j)|"l(T)j''Vr 

= Hls)X{,) 

Clearly, F(s) converges at least in the region where both X($) and H{s) converge. Us 
ROC msy be larger depending on whether some of the poles of either HU) or X(-'j) gel 
cancelled out by the zeros of A r (s) or //(s), respectively 

9.53. (a) Ftom the esflinple worked out in the text we have 

With u - 0, we get 

*‘ {o+i CS) u(,) * £,£ ^t 1, Rtiij>o ' 

(b) We may rewrite eq. [P9 53-1) as 

, w -£>'{<>+)(£)■ 

Inking the Laplace tfansform or both sides of this equation and using the result of part 
(a), we get 

*w=f 5963 - 1 ’ 


Y(*)- 


w*(=)- 
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(f) From ihe rvsud of f**rt (b), Haw 

a(j) - * W {G+) + * m (fH -)fs + — ■ 

Tbftrtfote, 

Jim sXU) = sr w [Q+) = 40+)- 

i-HK> 

(d) (1} Assuming that thu ROC is $ > ”2, S ct 

x{t) = e“®4*>- 

Therefore, £(0+1 = 1 Now, 

(2) The partial fraction expansion of X($) is 

2 1 

X(jJ = (7+3) * + 2 

Assiiminj; thai the ROC is i > -2, we get 

40 = 2e" 3t 40 - * _5t 40- 

Therefore, 40+) = 1- Now, 

i 3 + j 

lim $X(s) — hm , R - 1- 

*-HK S £ + JS + o 

(e) Assuming that 4 fl >(Q+} - 0 for n < N, eq {S9 534) may be written as 

fla^' 

Now. 


for a real signal 40 = **(<). Therefore, 


Therefore. 

9.54- (a) We* have 


,-‘x (s) = ^(0 +l+ ^ + ^il + 

lim =j(" j (0+). 

J-+» 


Conjugating both sides, we gut 

i jw-jw , 

**(0 = - jr; / * W ds 

J*+} <K 


40 = 


1 

—— / X a ts\e ,at da. 


J J+JIOO 

Replacing, s' by p and noting that dp — —d$ for a fixed ei t we get 
\ r*-j*n 


1 

40 - ~ *’<p*)^4p 

i7r J J*+;co 

| w+j» 

- 5 - / X'fp-V'dp 


Therefore, £{i(0) — X # (®*}- This implies that Jf(s) = X'Ja"). 

(b) Let X{s) have a »ru ni s = 01 . Then XM = 0. From the result of part (a), wc know 
that X-{$1) = 0. This implies that A r (j‘) = 0, which in turn implies that X{s) has 
a tcto at 4 . The same approach may be used to show that pules occur iu conjugate 
pairs. 

9.55Pasr iQLFrom pair 1 of Table 9,2, we have 

£(t) *■£■» l t All s. 

Using the tune-shifting property, we gut 

S[t - T) r-^+ e" flT . AH a. 

Pair U,F^om pair 5 of Table 9-2. we have 


e>"V0 ^ 


1 


and 


t- jwo 

1 


*e{j}>0 


(59.55-1) 


($9.55-2) 


e-^40 A ■ *- . He{s\ > ft 

Jf + Jt*> 

Note that eosj^O - (l/2)e JwoC + (1/2)e _JJftt . Now using eqs, ($9,55-1) and (S955-2) 
with the linearity property, we get 

cos [wo 040 J ["—1 +■ \ f— t"—"1 - 1 - 

2|fl-jMoj 2 [if + }t*>oJ $* + lj£ 

The ROC will be Jlefo} > 0 

Pair l2:Note that rinfol) = (Iftj)^ 1 -(J/2j)ir 3 “4 Now using «j*. (S9,AS-1) and (S9.55- 
2) with the linearity property, wtr get 

*4«<Mq ~ r f-M - r f-rC-1 = ^4 

; 2j[j-jwoJ 2j[i + juJnJ j ? + 4. 

The ROC will be Kc(a} >0, 


Pau 13 Using the shifting id the i -domain property on pair 11, wc gel 




=, ftefO > -a 


U + a)* + wl ' 

Pair H:Using the shifting in the . 1 -domain property on pair 12, we gel 

,-sinMMO A + £ + **> > - 

Pair 15;frocn pair 1 of Table 9.2, we have 

u*(0 = ^ 1, AU s. 

Using the differentiation in time-domain property on this signal, we get 

A*. Alii. 

Continuing along these lines and differentiating d(t) n times, we get 
M!> «■ ^ +> A Alb. 

Pair 15:FVotn pair 2 of Tabic 9,2. we have 


40 ^ “, > 0 


By applying the convolution property, we gel 


floiLoWdy of tq.(P9,$6-l)-. Inw^gration is ah iu to the addition of an infinite number of 
romplex numbers. Fbr any two comploc numbers A and £7. w«c know that |A + S| < 1AJ + |£|. 
Using this, wc may argue that the *ame should hold for a infinite sum of complex numbers 
01 the integration of a complex function, 

9 5?- Since 40 has an impulse at t = 0. the numerator polynoioia] ^ XU) must he of the 
iame/largcr degree than the denominator polynomial of A'(s). This imptira that (*J nas 
at least 4 zero® 


9 56. Sintt^i) =■ 7£e(h(U), 


m = 


Wt} + h'{t) 


Using the linearity and conjugation properties, we get 


The ROC of G(j) will be at lesst the intersection of the ROCs of Wf-n) and This 

means that the ROC of <?(s) will be at least as much at the ROC of Wfo)- Therefore, if 
IJ{$) is causa! and stable, tlien C(s) also has to be eaicsal and ttable- 


9.59. (a) Let y(t) = x(t - 1} Then, 


+ ff 






u_i(0 — u(£) * 40 +*+ ^ p ^44 > 

Continuing along these line* and convolving u(l) with itself ti Umt-s, we get 

•-.(l)Ai, ne{,) > 0. 

9 5S, Civen that 

j |4t)l<’ #o1 ^ < oo, 

we need to prove that pTfoull = On where a 0 - tr 0 + juq. Wc have 

|XWi = |y"i(t)e—Sil| = ■ 

Using eq (P9 5fi-l), we gel 

|XW! < f~ |jE(O e -»' e -^dt| 

J-0 0 

< J 

< DO 


{b) Ut y(i) = x{t + 1), Then, 


h 

(c) Ut 40 = / 4 T)tft^Them 
J 


XU) 4 


¥U) “ 


/ 

J - w _ 




(d) Let |r(t) = <Px{t)fd&. Thus, 

>»(j} = ® 3 dr(®) - sMo'i - - ^( 0 ->. 


9.60, (ft) We hAve 


h{i) = a6{t-T) + ^S(t-XT). 


FWmi Thhlts 9,1 And 9.2. 


K(4 ^ iT + o 3 e _3,r , Alls. 


















To determine the ztrios of fffi). notc that ** require 

«- T + aV s,T = «f- T [i + «•* s,r ! = o 

Therefore, at the seros 

l +a V M =0 =* oe" jr = ±i 

This implies that ilte zeros occur 

*-£>-•* [&*%]' ■■ 

Al the poiss, ff(«) = no. Therefore, m the poles we n*)u' re thil1 
oe" 7, + a*e -3jT - Oe- r [l + oV ar ) = «- 
This ii nor possible at any finite «. Therefore, there are no poles in the finite ,-pla 



(d) From the figure it is dear that «(jw) will be periodic and will be as show,, hi Kigurc 

30.60. 

9.S1. (a) If we want to be the output of the system when i(i) is tire input, then 

- T)dr 

J -® 

Also Wf are given that 


Therefore, 


<k*£i) = f *<*)*(* + 

x[t +T) =h{t-Y) => = 



(b) Since ^xr(t) = *(c) * *( -*), 


and 


Figure S9.61 


* xa is) = X[*)X(-s) 


It is real, = X{-jw) and 

= |-XUw)| a . 

(c) If Xfs) his a polC“Wro pattern as shown in Figure P9 fil, then X{-a) has a pule-zero 
pattern as shown in Figure SMI. The corresponding ROC b also shown til Figure 
S9.fi L 

Now, fc X x($) will include the polo; of both X{$) and Flirtheriuoie. its ROC 

will be the intersection of the ROCa of X{s) and Xt~s). fS« Figure S9.«i) 

$.62. (n) Wc have 

Left) - 

,d(Ge"0i _ jl-i 




and 




e'd^e" 1 ) 
2 dP 


- L[2*- 1 1 - ttt ~ 1 - 2te“* + t* b"*| 


(b) Wc have 


<k(0 


1 


MO 


_ 

i*> 

j_ p, ? d"ir g -yt) + t n e-y-t)i . 




dt n 
dt" 


■M 


Rni 

Therefore, 

It follows that 

Therefore, 

(c) Choose 

and 

9.63, (a) We have 


“uT“ u(i) ^ (TTIF^ 1 s>_1 - 

1 tCE tv-*) 


dr w(() ^ imp' 


n! dr 


fa - 1/2)" 


U + IftF 


s>- 1- 


i > —1/2- 




' fa+ 1/2)"+» 


= 

J/M ^ 


I 

‘a + 1/2 

[J - i/s) 
fi-H/2) 

1 

mTa' 


The poWero P^ For H[a) h as shown in the Figure 39 63. Using the S^™tric 
method for evaluating (he magnitude of the Fourier transform, we may sketch Iff [jw)l 



The uoU-zexo plot for G[a) is as shown in the FigureS9.63. Using the«pm<> u«tbod 
for evaluating the magnitude of the Fourier transform, we may sketch ICMI a* i>hown 
in Figure 39.63. 


(b) LCCDE associated with ff £*): 
Consider 




YU) 


~ *(») sYi/r 

Cross-multiplying and taking the inverse Laplace transform, we obtain 




LCCUE associated with C[s}i 
Outsider 


at*) = 


YU ) ^ 


: XU) ~ a+ 2 

Cross* multi plying and taking the inverse Laplaoe transform, we obtain 
(c) Taking the Laplace iransform of eq,(F9.G3'l), we obtain 


k»a k^a 


Therefore. 


Now, 


H{s) = 


IV 
YU) _ fa _ 

*W A , 






(d) Now from the prevjoui pail, we haw 


GU)- 


Y(’) _ u« 


' A(a) " » 

Dm n -‘ 

Jt-C 

Cmss-ioullipiying and taking the invert Laplace transform, we obtain 
d"-*p(0 

D*—v-t = D* j,M-t ■ 

MwO 








































9 64. For ihr circuit, we know that the differential equation relation tbe input rfi:) And output 

Vtfj * 

£C^l + «C^i + i,W = *<*). 

Taking the Laplace transform of bath sides and simplifying, we get 

■m „ rw = _ 1 ns. _ 

' ' JVfa) " ,,a + [S m* + [1/LC)' 

(*} Note that the poles of if (a) are at 

-RC± v R 7 C' J -\LC 


Substituting this along with the values of R„ L. sod C in wj. (S&.filH), we get 

a(j } + 5a + T| 

K,w (<+l)t*+»)(«+»■ 

The partial fraction expansion of V q (j) U 

v * ! ‘> = 77T-7T2 + rb- 

Taking the inverse Laplace transform, we get 

i>M) - 3e“V(t) - 2e“*V(t) + e _s V(f). 


If H , L y and C are always positive, then the poles arc always m the left half of *hr* <■ 
plane {because the real part of the numerator of the above equation isalwoyi, w 
Since the system is causal, the FtOC is to the right of the rightmost pnk Ikr, 
the ROC includes the ju^axis and the System is stable 
(b) From we obtain 




1 


L*CW + (RLCi - RLCi)s* + (2LC - K>C 3 J,t 3 + (RC - RC\* + 1 
1 

L*C*ji* + (2 LC - + 1 J 

For this to represent a second order Batterworth filter, we require 

2bc-p?c 2 mty ^ ft *=2^ 

9,65. (a) The differential equation relating and u<,( t} may be obtained by putting z\t | ~ 

and y[t) ?= i> 4 [t) in the differential equation given in the previous problem Therefore, 

LC ^ir + + '*<'> = v ' !l) 

rf> u ,(l) RdvM 1 1 ... 

-&r + L-dr + L5' ,M = LC' hW 

(b) Taking the unilateral Laplace transform of the above differential equation, we get 

f 3 V.(j)-fV.(0-)-Vi(0-] + 7»V.( ) )-V.(0-) + -Lw„(s| - T—w.,,} 

L LC U , sa , w „[) 


Now, since t^(() — c ®*ti(t}, 


V, w = _. «.(.>>-*■ 


9.6§. (a) The differential equation relating i{() and vj is 

*a + §*w-5*). 

Also, t(fr) = tq/ft, 

(b) Taking tbe unilateral Laplace transform ol the above differential equation, we get 

(i) This correaponds to the aero state response of the circuit. Here, 


/w “ jf7+7) ^ [i - rrr] ■ 


Therefore, 


i(l) = 2a(i)-Je-S(t). 

(li) This corresponds to the zero state response of the circuit. Here, iffU ) *= 4 and 

4 


1(f) -■ 


* + l 


Therefore, 




(hi) This corn-spunds to tbe total raponse of the system- It will be tbe sum of the 
results of the previous two ports, 

f(t) a 2u(t) + 3e“‘u(t) 
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Chapter 10 Answers 

10. i. (a) The given Elimination may be written as 



by replacing 3 with rt>“. If r < £, then Jr 1 > 1 and the function within the 
summation grows towards infinity with increasing n- Also, the summation dues not 
converge, But if r > j, then the summation converges. 

(b) The given summation may be written as 


±3*r 


by replacing z with reK If r > (1/2), then 2r > 1 and the function within the 
summation grows towards infinity with increasing n. Also, the summation does not 
converge But if r < then the summation ronverges. 

(c) The summation may be written a* 





by replacing t with re* w . If r > l, then the function inside tbe summation grow* 
towards infinity with increasing n. Also, the mi in ;uat ion does not converge But if 
r < I, then the summation converges 
(d) The summation may be written as 

BD . & j 

^(ir- | ) n cosbn/4)r- 3t ™+ £ i^T" «"{*nf*U~ 3un 

* US-06 

by replacing z with iV’'. The first summation converges for r > f The second 
summation converges fnr r <2. Therefore, the sum of these two summations nonvergvs 

for J < r < 2. 

10.2. Using eq. (10.3), 

w[n~3]a“ B 



10-3. By using eq. (9.3). we cm easily shenr that 


We then obtain 


C^uf—fl — Tifl) < 

xm -t rrr + r 


1 — 1 


ar 


-l ’ 


kl < H- 

i < N < M 


Therefnec, ]o| has to he 2. can take on any v&Iue. 


10.4, Using eq. (9-3)> wc have 

xw - £ 

n*-« 

■ (1/2) T (i)V” /, I -" + (l/2) T 

n-«pp na^H 

rtvfl J nsrQ * 

= 3 

The poles are at r ” and z ^ 

10.5. (a) The given t-tron-tform may be written os 


X(z) = 




Clearly, >f(s) has acero »U s j. Since in A'(r) the order of the denominator poly¬ 
nomial exceeds the order of the numerator polyuotmaJ by 1, X(x] ho& a aero at og. 
Therefore, X ( s ) ha£ one zero in the finite z -plane and one zero at infinity. 

(b) The given z-transform may be written as 


*£*) 


U-3)U-4) 


Clearly, X(a) haa zeroa Mrs ] *n d e - 2. Since in JC(i), the orders of the numerator 
and denominator polynomials ore identical, A{i) ho* uo zero* at infinity. Therefore, 
X(z) has two zeros in the finite j -plane and no zero* at infinity. 

(c) The given z -transform may be written o.m 


X(z) = 


(- - n 


* -1H* + D' 


Ckarly, X(je) has a zero at z — 1 Since in X(i) the order of the denomina,tor poly¬ 
nomial exceeds the order of the numerator polynomial by 2, Jf(z) ha* two zeros at oo. 
Therefore, A"(z) has one zero in tbe finite 3-plane and twii zeros at infinity. 
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10 6 W ROC :'Z r pmy , 3 ,n 7“'°" W1 - ~ kno - U-* b * finite* length signal. the 
hnuMrnMh r V^ e , Th< ^^. tb«re can be no poles in the finite *-planr fot a 
finite-length signal Clearly, in th* problem this is not the case. 

(b) No Since the ».gmd .» absolutely wmmable, the ROC must include the unit circle. 
Also stnee <hc signal has » pole M r = 1/2, the ROC can neve, be of the form 
sided* n propwty O in Section 10.2. we know that the signal cannot be left 

<C) S*,!»”!!!! " * bx>, ,“ U,l) ' 5ummA blc. the ROC most include the unit ctrcle 
birl> / ?rl 1 - ‘A* valid ROC for Unsstgnal would 

» til Xs^.~ y ^ «* " «** —« correspond to 

(d) Yes. Since the signal ts absolutely summable. the ROC must include the unit circle 
d I *7 *“ <J ' "'7 n ™ C Whk “ “ * in «* *1— «<• includes the urnt 
7 y ‘ n 8k, ‘ 0 ° W 3 ‘ ~ knOW ” m * concl “ d ' S1 gnal could 


10 7 Wo may find different signal, with the given .-transform by choosing different regions ol 
convergence The poles of the *-transform arc g 01 


1 1 1 3 

*4 J 


1 

"5* 


2 * 4 ‘ 

Band! on , h«* pole loea.ions, w. may chooec from the follow,„g regions of convergence 

(ii) $ < W < ! 

0*0 w > J 

Therefore, we may have 3 different signals with the given z-transform. 

10.8. If 


then from Tabic 10.1 we have 


*W A X(*). ft, 


6 )' 


x[n]i 


.and 


ffl' 


x{n) i 


♦ *(4*). 

» *(8e). 


1* 


Since JR mcludcs the unit circle, and *<r) has a pole a, r - 1/2, we may conclude that ft 
whether^ft^ T'7 ,'7 W “ h r " ,iU5 1/2 Th ' ° nl > O'**™ we now have to an-- 

the urn orde r , " 7 T C “ d ' ° f r * d, “ 5 1/2 S,n “ not include 

7“' . 77 . ,h “ th,s “ “»* “tv Therefore, ft i, a ring thl . 

FVora property 6 in Section 10.2 we know thnt x|n) must be a two-sided signal 
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0 11 From 7 fi ROC ““‘"T* k “°~ «*>»* >he ..god must be fini.e length 

crom the finite-sum formula, we have 


1 f 1024 - r 1 ®] A/l\’ . 

i«.[TTrrJ-E( 5 j «“■ 

Comparing this with the definition of the .-transform in et). (10.3), we obtain 

*|n|=/<$>"• ®Sn S 9 
\ 0, otherwise 


12. The pole-nero plots foi each of the three r-transforms is as shown in Figure S10 12 



(a) From Section 10.4. we know that the magnitude of the Fourier transform may he 
expressed is 

l»i (c*)! = , 1 


Length of ti] * 

whero v, is as shown in the figure above Clearly, for small values of a, (u near zero), 
the right-hand side of the above equation is small But as a> approaches *. ihr right- 

highp^ ^ thC ab ° W rqUali °° bCC ° U,t * Therefore * is a PI >r,lx ‘*nately 

(b) FVom Section 10 4, wr know that the magnitude of the Fourier transform may be 
expressed as 

\Hilc* w )] ■ o f vj)(Length of t£) 

(I^rurth nf «u\2 * 


(Length of tij) 2 

where trT. v t . And i* are as shown in the figure above Clearly, for small value* of 
u (w near zero), the numerator of the right-hand side nf the above equation ,s much 
larger than the denominator. Therefore, //,(e^) is large near u> = 0. Hut as w 
approaches *, the denominator of the right hand side of the above equation ic much 
larger than the numerator. Therefore, H 3 (e^) is small near ui = n Therefore, 
is approximately low pass. 


10.9. Using partial-fraction expansion. 


X(z) 


Taking the inverse z-transform 


. 2/9 ^ 7/9 

^-*" r * 1 +2s-»’ 1*1 > 2 


*W*|»W+I(- 2 )"»w. 


1010 3 ^ ^ p^ m . 

? l w -V «* Ox division to obtain the pow«-«ri« «pa„ slun of X 


as shown below 


'7i r i + _ lv . l+ 


l+ ir' 


ii' 1 . k -L 


? ? +h' 






Comparing * W w„b the defimtam of the ctrannfocm in (10 .3,. wc «« thw 


*(0j = 1. x(l] - ? -»**« - 2 


3 * 


<b) It" ^ ^ ^ expansion of X(r 


5^ 1+1 ) $■"'+! (i-tj -tief .... 

r'-n 


— 2 . 

-2 - 6a-» 


H 


-I 


Comparing X(,) with .he definition of the ,-tian.^rm „ 0 .„, we that 

*|0] = 3. *(-l) w -6. *(-2j = ,g. 
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<C) SlST 10 '''• " kOOW ,tal “* of <*v Fourier triform may be 

|//jc^)| = (Length of vl ) 7 


(Length of «*)(Length of ^) ’ 

z (iTni rr, 8how r n ,a thc fiKurc ^ <*** <*< ^ ^ <> 

r °f w near w the numerator of thc right hand side o 

the above equation is almost the same « the denominator B. l u ^ 

*7 o( thf >«U ch“ 

.pproximMeTTuKipTl ,< ^ ) * ^ ““ * - ' /2 k 

10.13. (a) The signal 9 (n) is 

9hJ = S[nj - 6[n - 6] 

Using the definition of the a transform m eq. (10 3). we obtain 

C(z) = 1 - 


1*1 > 0. 

(b) FVom Table 10.1, wc havp 

91 

* w ■ 4 E*w ^ = r—iCiz). a. kM| t |> 

Therefore, 

y/ \ * ~ * -6 

—^7, |a( > 0 


1. 


Tlie ROC is |r| > 0 because r(n} is a fiuiUslength signal. 

1014 W r.O^TitL’ fr 7 ‘"*^7 ?*"*' •*“ tat “ value occur, a, 
n = l 2 ,,OW th “ 1,01 • * ( " - -I h “ — value at 

(b) FVom Problem 10.13 we haw* 


a l-2'« 

w>o. 


Using the shift property, 

r|n - 2] A *~*j |z| > 0 

Using the convolution property. 


Since 
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C(i) = 0 » ^(o), 

C?(z) docs satisfy the initial value theorem. 
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1 0-16 Taking th+. L t -transform of j4 n }’ ** have 


w> 5- 


Now irom Table 10 1, «w have 

^i=^w={f’ A*w«n*. w 4 

Therefore, ^ j 

xip] =■ i, diUI = Oi Di^ wiPl - wM = |j’ - ■ ’ 

This may be written as 

*‘H = 5[(5) n “W + t-J)"0)"“H- 

If we row rhonsu z[t&| to be £ [(i) 7 " M n l] t *hen 

r,N> - >V) = (!/*)(*(*) + *(-*)!• N > 5 

Furthermore, since Xfz) has only one pole and one zero, this thoi<* of x\n] satisfies both 
the given conditions. 

We nay alto dboow zM to be } |(-1)" (J)" «!"!)■ This would stilt satisfy both Riven 

conditions. 

1ft. 16. For a system lo be both cansal and stable, the corresponding z-transform mtL« not have 
uny pales outside the unfit circle, 

(a) The given ^transform has a pole at infinity Therefore, it it not eau3fil 

<b) The poles of this a-trttnrfb™ are it * - J and a = - j. Therefore, it is causal 
(c) This z-transform his a pole St -J. Therefore, it is not enusni 

tO-ir. (a) Since lint,.* - 1, H(z) has no poles at infinity Furthermore, since M"! is given to be 
right-sidud. h[n\ has to be causal. 

(b) Sin« MnJ is cAuaal, the numerator and denominator polynomials of //{*> b* vC J be 
same urdci. Since H{*) « given to have two zeros, wc may conclude that it abu has 
two pules. 

Since fi In] is real, the poles most occur in conjugate pains. AUfl, it is given that one 
of the poles lies on the circle defined by 111 = J. Therefore, the other pole also hen on 
l he same circle. 

Clearly, the RUG for //<*) w|U bn of the form \z\ > f «id will include the unit 
circle, Therefore, we may conclude that the system it sUbfo. 


10-1 & (a) Using the analysis of Example 10 2£ 3 we may show that 

W( ) i - Ji-*+ ir-2' 

Since H (*) = Y{t)}X{x\ we may writ* 

n*)|i -1*-‘ + §*- a i = *w[i - «*■'+<*-*]■ 

T^jfin.^ the inverse z-transform wt obtain 

y(rt] - * 1} T |l)[ rt " 2 ] = r M “ M n ~ *1 + 3a [n - T}- 

(b) H{z) h« only two poles These are both at e - J Since the system is causal, the 
ROC of H(z) will be of the form \x\ > *. Since the ROC includes thr unit circle, the 
system is stable, 

10.19. (a) Thu unilateral z-transform is 

«*» = + 

n= 1 > * 

- f:<3>’*- n 

n®0 

= l-(l/4)a-l T ™ > 4 

(b) The unilateral *-transform is 

X(t) = f^{6[Ti + Z} + &lni+r\-n\U- n 

n-0 

= f;(o+d[7.]+JMM _ " 

nsO 

= 2, All a 

The uiulateraJ ^transform is 

*w - fid) 1 " 1 *-" 


= Edr*-" 


1 - ( 1 / 2 )* 


‘ T. W>i 
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10-2:0- Applying the unilateral r-trimsform to the given difference equation, w* have 

«" l yW+<r|-iJ+W*)»^W. 

(a) For the zero-input response, assume that *{«! = 0. Since we are that *= ^ 

* 'yiz) + dI-M + ^yu] - o y(*) * ^7357=1- 

Taking the inverse unilateral z iranaform, 

vW = - (-h) ”[”!■ 

(b) Tor the icrn-stote responM. v|-*l “ 0 Also. ** hivt 

A’tr)-WZl(l/!)%[n]}= ——TT- N>j 

Therefore, 

«') = (irp^) ( 2 + 1 ^)' 

We esc partial fraction expansion followed by the inverse umUcral .-transform to 
obtain , , v n i f i \ rt 

•W-i(-i) “W + s(d) ■++ 

(c) The total response is the sum of the zero-state and aero input responses. This is 

vl-! = -!(-0 “W + KO -W- 

10-21. The pnie-zero plots are all shown m Figure SlO-21 

(*) Far l(n]«d[n+5]. AUi . 

The Fourier transform exists because the ROC includes rhe unit cirefo. 

(b) For x[n\ = j[n - 5J, 

X{z) - i ^ S , All z exoepl 0. 

Thu Fourier transform exists because the ROC includes the emt circle. 

(c) For x[n\ = (-l) n n[4 

X{z) « *[«}*-" 

= 1/(1+Z- 1 ), |il>» 

The Fourier transform does not exist because the ROC dors not include the unit circle, 


(d> For x[nj a {l/2) w *'u\n + 3|. 

^ *N*’" 

n*-«s 

- f; {i/2)" +i u- 

de-3 

= £(1/2P“^- Tl ^ 

113=4) 

- 4iV(l -(1/2)*- 1 ), Nl> 1/2 

The Fourier transform exists because: the ROC includes the unit circle. 

(e) For x[n] = (—i/3]l n ti[—rt - 2J, 

XU) ~ Y, *!"]*'" 

= Y. (-1/3)°x- n 

n— 

** 

n*3 

= £(-l/3) _tl “ 2 z n+a 

n™0 

= 9fV( I 4 3z), \z\ < 1/3 

* 3*/U + (l/®)*" 1 ). NJcf/3 

The Fourier transform does not exist because the ROC doeti not include the unit drde 

(f) For *[«) - (l/4) rt u{-n + 3J, 

“ £ x[n)x- n 

na-fit 
J 

= £ (1/4)“*“" 

fl«- O0 

- f (1/4)-“*- 

ns—a 

- f;o/4)-” j z"-’ 

= (1/M)i- 3 /(I-4i>, !*l<!/4 

- (l/lSJi-Vti-tt/d)^ 1 ), I*! <1/4 
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The Fourier does nor ttirt b™™ the ROC does not include the unit cirde 

(«) Consider ^[n] = 2"uf-n] r 


Jfi(r) = ]T ±, [*,)*-" 

ftS-WJ 

0 

- £ w*-* 

-m 


1/0 - (1/2)*), |*I < 2 

-2*-‘/(l-2*-'), |*J<2 


Consider i 7 fn] = {]/<)" a [ n - |J. 

^ r 3 ffi]j -n 
na-W 

” 5>/4r,-" 

n ia I 

- E(l/4)"*'*--> 

BE# 

= (*''/<)Il/(»-(l/4)*-')), 1*1 >1/4 


Thf * transform of the overall sequence *[n] = i,|„| +x,[«] » 

ArW ” " (7-2,-1) + | - (1/4)*-' ’ (,/4 l < 1*1 < 2. 

The Fourier trawlWm exists became the ROC includes the unit circle 
(b) Consider z[n| = (l/^ v \ n - 2] 


JST(jr) = ^ 

*“ -*e 

= BWV" 

uni 

* Ea/jr*-*- 1 

= *-*(1/(1-(1/3)*-*)). |*| >1/3 


The Fourier traiulbrm exists bee*use the ROC include* the unit circle 
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Now. 

and 

Therefore, 


(l/ 2 )»u(nl A r — f i/ 2 )^r- 1*1 > ( 1 / 2 ) 

(2)"u(-n - 1] A - [ ^ - r , |*| < 2 

*■(*)=• 


I -(1/2)*-' r-2* * 

Noic that x[n\ = Tiari|n], Therefore, 


(1/2) < N < £ 


X{t\ ^ ~*±X x {z) ■ - , fe' 1 

* (1 - * (T- 2*-')*' 


The ROC « (1/2) c jij < 2 Therefore, the Fourier transform exists 
{c) Write sfo] ns 


■M - ti(l/2) n u(n) - r,2“tt|-n - 1| . ox, In) - •»,,„) 
*ii«l = (l/2)*u(n) A AT t (*) = ) |*| > (1/2) 

**W = ( J >"«I-» - '1 A *,(*) = l*| < 2 

Using the differentiation property, i^v get 

(1/1)*-' 2a*' 


where 

and 


X(z) = ^z~X l U) + ^X 3 U) = - 7 ____ 

d* dt (1 -(1/2)*-')* (1-4, -ip 


The ROC is (1/2) < [i] < % Therefore, the Fourier transform exists 
(d) The sequent may be written as 


* , _ A „( ertfaim/W-MJ + ff -iK3»n/i)+(w/4 )]) 

11 '“ 4 I’-- % - 


Now, 


<J+ )j u |_ n _ jj ^ 


e> tfA 1 


and 


- ipjava*-]' 


- ij A - 

Therefore, 

e ?»/* j 


JWjH 


*(*)■ 


2 1 - 4 t -il*/«* i 

J"/t 


kl < -i 

1*1 < 4 


1 


2 1 - 4eJ>/« z i 2 j - cfcrjiwe* i' 

The ROC is Jz[ < 4 Therefore, the Fburier triform exists. 


M v 4 



Figure S10.21 

10.22. (») Using the .-trajMfunn acalysm equation, 

Xu) * (1/2 >.' V + «/3)- s *‘ + (1/2J-V + (1/2, <*■ _ (1/ j,0 ; u 


+ (1/2)V< + (1/2)**-* + (1/2)*,-* * 

This may be expressed a# 


*(*) = (l/2)-V [1 ~ (I/!)**"*) 

I 1 — (1/2)*' * J 


nocTth 0™*“^° “ttnxr di ’ tr,buied ° n ; wcic - “««t 

it wcik like there it a nnle at 1/2 "“P' c ' ,on «f ‘bu expression for XC 

(b) T ’ SiD "‘ !lw R0C ,aduH ” ,h: 

(b) Consider the sequence *,|nj . ( 1 / 2 )W. This may be written « 


*t("l “ (l/2)*u(n| + 2*u(-» - i(, 
37$ 


. -1/3 . 3/2 

i^* 1 r+p 


10 23. 1 ,| The partial (taction expansion of the (iven X(t) u 

•f(*)- 

Sinoc the ROCb|*(>i/ 2> 

*W = -|(|) uln|+|(-|)"u(r.). 

Performing lung-division onj<t to gn , righl . sidw , ^ ^ ^ 


*(*) -1 -*-■ + i*-» - i*-* + l t -i _ 1- 
* * ie‘ i$‘ 


i’his may fc-e rewrittaj as 

^ - >-V' '♦K*-**-- I 
5 Il + l*-* + i*-* + l*-* + ..). 

Therefore, 

*I"i = -j ( 5 ) *W*|(-i)"«W. 

(u) The partial fraction expansion of the given JTfz) h 

J “H 1 


1 + js 


Sloe* the ROC ia U\ < 1/2, 


Performing lnng-divi*,ou in order to get a Icft-sided wquence, we obtain 

XU) = 42 - 4z 2 + IS:* - Kx * + _ 64 ta s + _ 

This may be rewritten \s 

2,. 


XU) 


-\2i - 4i J + _ |Gz 4 ^ 


+ -[2z t 4z J + 8^ 3 + Ux* + . ,.j. 


Therefore. 
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(m) The partial fraction expansion ol the given .X^i) is 


3/2 


^U) - a + j _ (i/2) 3 -i 


r>ince the ROC is \z\ > 1/2, 


![n] = -2A[n\ + ^ 


Performing foug-division in order to get a right-sided sequent*, we obtain 


| * + L-i + L-* + i,“ J + »'. 


This may be rewritten as 


Therefore, 


*(*> - -a + -fi + 5 a“' + s * *+ -I 


*|rtj - -2J(n) + ^ Q J w [ n ! 


(iv) The partial ft act ion expansion nf the; given XU) is 

3/2 


XU) - -2+ j j-,y 2 ja-r 

Since the ROC is \z] < 1/2, 

*L n 3 = -^N- j Q) u [ _nrl 3 

Performing long division in order to get- it left-sided sequence, we obtain 
X» * -2 - 3t - Gt 2 - 12 j 3 - 2^ - 1 
This mfl.y be rewritten as 


XU) = -2 - + 4a 1 + 8z 11 + 16J 4 + ■■■]- 


Therefore, 


s|n) =| ^ u\-n- II- 

(v) We may similarly show that in this case, 

■r|n] = 2n(t/2r«[n] - n(l/2)" + M* + l\. 


<vi) We may similarly show that id this „ 

x[n] = -2n(l/2)*u[-n - 1} + nf l/2r +t «f-n - 2], 

10.24- (a) We may writ* X(j) as 


XU)*= 


1 ~2z‘ 


Therefore, 


1 




1 - jz _] 

If r|n] is absolutely mimmable, then the HOC of Jf{*) has to include the unit circle. 
Therefore, the ROC is \z\ > J/2 It follow that 


44 = Q) 4 n ] 


(b) Carrying nut long division on Jf(-i)- we get 

XU) 1 

Using the analysis equation (10-3), we get 


U* + ~' 


t(n[ = j[n] - f-i J u[n 


(c) Wc may write Xfa) as 

XU)-- 


3*" 


3* 


1 -Jr-l - J* 2 (1- 

The partial fraction expansion of X(j) is 


XU) 


1 - I*- 1 i + ^- 1 

Since i[n] is absolutely surm cable, the ROC must be |*[ > 1/2 lit ordur to include the 
unit circle. It follows that 

u 3 n 3 

yo.2 j. (a) The partial fraction expansion of Jf(i) is 

Since x\n] is rigbl-$ided, the ROC has to he |z| > 1. Therefore, it follows that 

*H = _(>)*•« +*++ 
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(b) A'(a) may be rewritten as 


XU) - ■ 


x U-i)U- 1) 

Using partial fraction expansion, we may rewrite this as 

1 


XM » 2* : 

= 2j | — 


--r + , 

2 - i z - 1 


T z-1 

If Tjnl is right-sided, then the ROC for this signal is | r\ > I Using this far t w- may 
find the inverse a*transform of the term within square brackets above to bt ;/ [ui = 
-[I/2) n ti[n] + 1 i\n\. Note that XU) = 2zX(t) Therefore, x\n\ = 2y[n + l] This gives 

E(nj = —2 f - J u[n +■ I) 4- 2u(fi + 1,. 

Noting Lhat x\~l) = 0, w* may rewrite thus as 

*|n] = " (^) **M + M”}‘ 

This is the answer that we obtained in part (a) 

10.26. (a) From part (b) of the previous problem, 

XM - 

(b) From part (b) of the previous problem. 

<c) If spin] e fcft- S id«l, then Iht ROC far IhB ligoal is ]l\ < 1/2 Ustag this la- '■ * W 
hod the inverse ^tranEfmm of iho term within square brackets above to y\n\ - 
{1/2 r^-rt - l] - u{-n - 1]. Note that XU) = 2zX{z). Therefore. x[n\ - 2y\n + I|. 
This givus 


r(n] = 2 (i) u[-n - 2] — 2u[-n - 2]. 


10.ir, W.; pnrfam. lung-divilion oa X (a] ™ lo obtain i righr-sidarl saquame This "s 

=a 3 +4^ + 5z + 

Therefore, compiririg this with eq. (1U-3) wo get 

ij-3) - J, ^-21 = < i[-l] = 5, 

and r[n] ~ 0 for n < -3- 
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10 28. (a) Using eq (JO 3), wc got 


X(t) ^ 1 - = 


e 4 - 0 &S 
z e 


(h) Therefore, has six aeros lying on* circle of radius 0.95 (as shown iti Figure b 10.28) 
and € pcl« at 2 - 0- 




(c) Thu magnitude of the Fourier transform is shown in Figure b 10-28. 
10,29. The plots are as shown in Figuru S 10.29- 




10,30, From the given information, wc have 

*j«] 


rrepr- 


w>j 
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and 


*ahl A = rj ' ij-, ■ 


w > 3' 


Using the it me shifting property, we get 


sUn + 31 4.i l X,(z), 1*1 > % 

Using the lime reversal an A shift properties, we get 

, a [-n+l] Az^aC* -1 ), 1*1 <3- 

ftow, using the convolution property, we gel 

vH = i,[n + 31. *jl-n + 1] A n*l = ^JT, WJf*"). \ < 1-1 '■' J 

Therefore, 3 

y(l) = a - -To' 

10.31. Prom Clue L, we know that *H k. »al. Therefore, the pules end *rOS 6t v w >™> « 
occur in coning part*. Since Cine 4 tells us that JTW ta« a pule at * = 0 ■ *" 

can conclude that AT (a) mutt have another pole at a = (1/2)' ' ■ J!™’ 1 , } * j 

no more poles, we have to assume that Jf(a) hat 2 or less Hues. If X(a) has ils.re than 2 
eeros. then A'(a) must hive poles at infinity Since Clue 3 tells us that A(0 lias i J* rot at 
the origin, we It now that X(z} must be of the form 

Ax 1 

X{z) =t (z - JeW*)U - 

Since Clue S tells us that X(l) = 8/3, we may conclude that At*l. Therefore 

X{t) ~ (i _ j a i*/*]( a -i*“W !l )' 

Since x[n) is right-sided, the ROC must be \x\ > 1A 
10.32 (a) Wo me giren that h[n\ = a n v[n) and *[*) - ~ Therefore, 

\f[n\ = s[n] - M n ) 

= Y1 M" “*]#! 

A ■! -fij 

- JTV-M"-*] 


Me™ , yjn] may be evaluated to be 

0 T 


vN = 


n < 0 

0 £ n < N - 1 


*-o 

tf-a 

£Va'7 n>tf- 


Simplifying, 


vN=j (*“-*-* 


n < 0 

- a" 1 ), 0 < ft < N - 1 

“*}/(! - a” 1 ), n> N-I 


(h) Using Thble 10.2, we gel 


W*)-=-, -r, ■ l*t>W 

J Bi 1 


Xi*) » YTr^T 1 AiLr 

Therefore, 

y(z) -= jf_^-i){t _„-i) ” (i-j-iKi 

The ROC is \x\ > |4 Consider 

p(t) - (1-a-m— Jf ) 

with ROC [it > |ol- The partial fraction expansion of PM is 

1/(1-fl) , l/O-p- 1 ) 


Therefore, 

Now, net* that 
Therefore, 


^ z) = 7T7T- t 
pf*J = ~L- U [n] + — — t a»tilA 
Y(z) = P(z)[l-*- s \. 


v \n) - p[n] - p|rt - NJ = y“N" 1 - 4" - W]} + x J Q V? " ^ n ~^'n\Ti N}] 




Thiii may be w ritten *s 


f 0. Jl < 0 

p[nj=^ (a"- 0 -')/(l-o 

[ n n (l - a V )/{1 - a’ 1 ), n > N - 1 


This is the sinw ss the remit ol part (a). 

10 33- (a) Taking tbe r-ttansferm of both aides of the differeneo equation and simplifying, 


we get 




Yj*) , 


l 


: XU) 

The poles of H(z} zs* at [1/4) ± j(v^/4b Since h[n| is causal, the ROC has to he 
M > IC*/^ + Jlv^/4)! - (W 
^b) We have 




Therefore, 


V(i) - *(*)*<*) ; 


* - 2 V 

The ROC of Y(z) will be the intersection of live ROCs of Xt±) and This implies 

lh*t the ROC of y{=) is |i| > 1/2. The partial fracliuu espinsion of c 

1 a- l /2 

y(0 = +- 


Using Table 10 2 get 

10 34. (n) Tshing the j-lrunform of hoth sldtsi of the given difference equulion snd simplifying, 

WeSet Y M 

" X(z) 1 - r-’ - i- 5 ' 

The polm of HU) nre at r = [1/2) ± fv^/2) hue n into Mr = ft The polh-r^ 

plot for HU) a ns shown in Figure SI0.34, Sioet M"1 i-t onusM, the HOC for ff(i) has 
to be M > (1/2) + (s/3/2)- 
(b) The partial tracttf>n cxpauttoD, of ff(z) is 

1/v^ 1/v^ 

W(l) = _ l_(U 3 a) I -l + l-(l^)r-i 


“ in) + ^( 2^) 



(c) Now assuming that Ike ROC is (v^/2) - 0/2) < [»l < (1/2) + (V6/2) « g« 

10 , 35 . 'Faking the 2 -transform of both sides of the given difference equation and Simplifying, wc 

^ Hix] Y [*\ - J e _ , 

H{ * } ~X(z) z-l + r^ 1 l-i* ' + i- 2 

The partial fraction expansion of H ( 2 ) is 

-2/3 2/3 

//[*) = ■- 7 T + - 


l - Iz- 1 T 1 -2z- 1 ' 

If the ROC is |f{ >2, Ihfin 

AiH « - | “["1 + ^ C 2 )" *W- 

If the ROC is 1/2 < |z| < 2, then 

M "1 - -\ (‘)^H - |(a)*»i-«- ‘1 

If the ROC is !*1 < 1/2, Hum 

*,[n] = |(1)” u(-n - 11 - l <2)%1-n - li¬ 
fe, each Mn], we now need to show thM If sM = M«1 in the differeneo equatio,,. then 
iln] = %J. Consider substituting hi[n| into the differenro equation. This yields 

I (if 1 u[n- 1| - l(2)“-'u[n - 11 - J (s) 71 u ! n i 

+ 5(2)"uH+ J (ir^vln + 1] - J(2)" +I u(n + 1] = xM 


Thercfnrc, 






























Then, 


i|*i| =0. for n < -l, 

*1-1] -2/3 -2/3=0, 

*ln) - 0, for n > 0. 

It follows that *|n] = It can similarly be shown that h 2 [n\ and M*1 satisfy the 

difference equation 

1 0,3*. Taking the z-transform of both sides of the given difference equation and simplifying, 

ft** .t 

Y(i) 1 _ _ 

Miz) “ jfu) “ r’-ftt = i- +*' 1 

The partial fraction expansion of M(z) is 


/*{*) = - 


3/8 

l-i** 1 


+ 


3/8 

1. - a*->‘ 


Since H{z) corresponds to a stable system, the ROC has to be (1/3) < [f | < 3. Therefore, 

*w--|(|)"-W“|<*r«4—•- 11 - 


10.37. {a) The block-diagram may be redrawn u shown in part (a) of the figure below. This may 
hr treated as a cascade of the two systems shown within the dolled lines m Figure 
S 10,37, These two systems may bo interchanged as shown in part (b) of the figure 
Figure SlQ 37 without changing the system function of the overall system. From the 
figure below, it is dear that 

y[n| - T{n] + j|*(ra - ij - |y(n - 1) + |yfa - 2} 



lb) Taking the z-transform of the above difference equation and simplifying, *t get 

r<«) i + f*- 1 , i-*-!*-* 

1 i + ji-’-jt-’ o + 

W(z) has poles ai z = 1/3 and t - -3/3. Since the system is causal, the ROC has to 
be |z| > 2/3. The HOC includes the unit circle and hence the system is stable, 

10,38. (a) Cj|nJ = /*[«}. 

(b) ej|nl = /jfn] 

(c) Using the results of parts [a) and (b), we may redraw the block-diagram as shown in 
Figure Si0,38. 



Figure S10.3H 

(d) Using the approach shown in the examples in the textbook wv may draw the block- 
diagram of - fl -hti/djr-»]/(! + (l/2)*“ l ] and ff a (z) =|.l-2z l I/[l - [ l/4)z" l j 

as shown in the dotted boxes in the figure below. Ff(r) is the cascade of these two 
systems. 

(ft) Using the approach shown in the examples shown in the lexthnnk, we may draw tin? 
block-diagram of H x {i) = 4, th{z) = ffi/3)/Il + (l/^Jr- 1 ] and = f-H/3|/[l - 

£l/4)* -l [ a* shown in the dotted boxes in the figure below. H (z) is the parallel com¬ 
bination of and ftafoh 

10-SO. (ft) The direct form block diagram may be drawn as shown in part (a-i) of Figure Si0.39 
by noting that 

~ i _ J*-i _ jj,-a „ + « 

The cascade bloek-dfogram is as shown in part £a4s) of Figure S 10.39, 


m 
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*W W: A* ifV,C= ^Ar,*>= f/ n b l - ^ 

JVf-ffrJ : A* yx ,&-- J , £: -Vz 

VoxHt i ■ A*X, Sl0 3fl 


f 1 1 

f 1 1 

f» i 

if > i 

[.-H 


p-i^j 

11 TZ T^\ 


Note that 


Therefore, Hi(r) may be drawn as a cascade of four systems for which the coefficient 
multipliers are all real, 

(b) The direct form block diagram may be drawn as shown in part (b-i) of Figure SU).39 
by noting that ^ 

MM , 


l - |*-i + 2z J - J x ‘ 3 + ^" 4 


The CEJcadc block-diagram ia a* shown in part fb-ii) of Figure Si 0.39- 
Note that 


f 1 1 

[ 1 1 

> 1 

f 1 I 

[i _ ^,->1 



[l- 


Therefore, fA£z) cannot be drawn as a cascade of four systems for which the coefficient 
multi pliers are ail real. 

(e) The direct form block diagram may be drawn as shown in part fed) of the Figure bid 31? 
by noting that ^ 

Tim cascade block'diagram is an ahuwn in part (c*ii) of the Figure S10.39. 


f * 1 

f 1 1 

f i 1 


1 1 






Not* that 


Therefore, jH|(z) cannot be drawn as a erode of four systems for which the coefficient 
multipliers are all real- 

10,40. The definition of the unilateral z transform is 

*<*) = 

1130 

fa) Since xfn] - J[n + 5] is *ero in the range 0 < n < oo T <¥(*) = 0, 

(b) The unilateral Laplace transform or xfn] - £|tj — 5] is 

X{z) = fSt*. - SJ," = 

>1-0 

(c) The unilateral Laplace transform of x[n| ® (-!) n u|n] is 

•»'(*) - Ec-ir-w*-= t—i- w > i 

hiO 

(d) The unilateral Laplace transform of i(n] = (j/2)"ufn + 3] is 

Z(!) - f;(J/2)"»|n + 3]*™ 

n=0 

n—0 

‘ .-(1/2), - - 

fe) Since r[n| * (-l/3) rt u[-n - 2| is rcro in the range 0 < n < oo, dTfz) - 0. 

(f) The unilateral Laplace transform of *[fi] ■ (i/4) ,, ul“n + 3] b 


X[z} = ]£(l/4)"u|-n+3}* 

z 


All t 
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(a) We haw 


(r) The unilateral Laplace transform of *f«] = 2%[-n] + (l/^puln - J| i* 
X(i) - £ftH+(i/4 M*-iK w 

n=ft 

= 

T1 “ft 

- —J-All z. 

r^F 7 

fh) The unilateral Laplace transform of x[n] = (l/3)^ -2 u[n - 2] is 
*{*) = 

I»=0 

U 

= 

r.=0 

- T=ms^ W>I/X 

ifl.41. Prom the given information, 

*[*) - f>/2]' + Mn + IJf" 

* 1=0 

= (l/2)£(l/2) n z- 

- tJU 

and 

*,w = £<i/e’«H*-" 

= 

A“0 

= — , \ , Y > kl > I/ 4 - 

tTsinfi Thble 10.2 and the time shift property wc get 

Aito = - ~r y i t*l > rn- 

and ! 


Sto=A,to**to=- 


Xi(z) - 




!=! > 1/4- 


■ a - — ■**-’)■ 

The ROC is jzf > (1/2). The partial fraction expansion or Gto is 

«w-*[irp7-rr^=T_ 

Using Tabic 10 2 and the time shift property, we get 

PM = 2 {^) *l n + i)-' Q) u l n + i] 

(b) Wc have 

QU)=*A *)*2to = 


J/2 


The ROC nf Q(z} is |z[ > (1/2), The partial fraction expansion o( Jdr) in 


CM - r 


2 11 - J*-' ~ 1 -TJi-f 


Therefore, 


»M = (j) “H - \ ( 5 ) *H- 

Clearly, qfji] / $(n] for n > f). 

10.42, (*) Taking the unilateral z-transform of both sides of the given difference equation, we get 

y(d + + H-n = 

Setting A'(z) = G, wc get 


T to ^ 


-3 


l + u - 1 ' 

The inverse unilateral *-transform gives the zero-input response 
IttM = -3(-3)"“W = <-3)"*’t<[n]. 
Now. since it Is given that ilnj =■ (l/2) n u[n], we have 

■*(*)- 1*1 >*A 

Setting jf|-l) to be tero p we get 

y<0 4 3^‘yw^ — ‘ t _, . 
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Therefore, 


yu) ■ 


The partial fraction expansion of y{x) is 

1/7 6/7 

y Ui „ r ll j L- + TT L pT . 

The inverse unilateral ^-transform gives the prostate response 

»„!»]=■ j(|)"aW + f (-*)*«!"!■ 

(1j) Taking the unilateral r-transform of both sides of the given difference equation, we get 

'* U) 

Setting X[z) = <J L wc get 

>(*) = & 

The inverse unilateral e-transform gives the sera-input response 
Vi,[n] - 0- 

Now, since it is given that x[n] — ufn], we have 

W>’- 

Selling jrf-1) to be tem, we get 

Therefore, j 

y{t) “ nvr- 

The inverse unilateral z transform gives the zero state response 

y**M ~ 

( C ) -Ming the unilateral z-tiansfarm of both aides of the givtn .inference equation. Wf get 

yw - L-'y(e) - - *<*1 -\* 'XM 


Setting XU ) = 0, we get 


yu) = 
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The inverse unilateral z- transform givsi the «ro-input response 

*.[»!=(y^H 

Since the input iffl] is the same as the one used in the part (h), the zerostale 
response is still 

y«l n J ” “i n l 

10.43- (a) First let us determine the z-transfortti Xi(^) of the sequence i],[rij = 32 [-nl m terms of 

XU). 

XiU ) - fl T[-n]z-« 

= ^2 x i n ] 2n 

n^-oc 

= Xi'U) 

Therefore, if t[n] m a?|-n| ( then X (i) = X{lfz). 

(b) if zo is a pole, then 1/A to) = 0. from the result nf part (a), we know that A to) * 
X{1 to). Therefore, l/AUo) = l/*(lto) = 0 This implies that there is a pole At 
l/z&. 

If z 0 ht a jero, then A to) ^ 0. From the njfiuU of part (a), we know that Xto) “ 
X(lto) = 0. This implies that there la a zero at l/ao, 

(c) (I) in thifc case, ^ 

x{.) = I + t -' = Lti-. |i| > o. 

A(i) has zeros = j and z 2 = - j. Also, A(r) has the pnlts p, = U and jn = oo 
Clearly, ij = if Zl and p t - 1/p^, which prom that the statement ol (b) is true. 

(2) In thi& case, 

S i l-l^ + r 2 ( , A 

X{z)^T--^^ 1 = -2^—, 1*1 >0. 

XU) has zera *i - -1/2 *nd * 3 = -2. Also. XU) has ilie poles pi = 0 and 
& =* oo Clearly, 2 3 = i/*t a»d Pi = VPa, which prom that the statemeiu of (b) 
is true. 

10,44^ (a) Using the shift property, we get 

2{Ar(n]l - *(z) - = <1 “ * _1 WTt*>- 


m 























(b) The j-transform is given by 


Xi(z) - X JiW*'" 

n=B» 

= £ #■’" 
n~— <*> 

= Jf<2*}. 

( c ) Let ns define ^ I^[«] + Note that g\2n] =r s|2n) and #) - 0 

for n oiid. Also, using T^ble 10.1 * ^ gpi 

C(z} = ijf(i) + 

The ^-transform Xi(*) is given by 

XiU) * X *«M r * 

n=«W 

= £ sP"]*" 1 

n.—««) 

even 

= £ sh!- 1 '"" 

= «*«•) 

- lx<* 1/1 ) + 5*(-a ,/3 ). 

10 , 45 . In esth part of this problem, w* assume that the signal obtained by taking the inverse 

3 -transform is called x[ri\> 

(n) Yes. The order of the numerator is equal to the order of the denominator in the given 
^transform. Therefore* we can perform tong-division to expand the transform such 
that the highest power of z in the expansion is G. Thk would make *[nl - 0 for w < «■ 

(b) No This ^-transform can be ofetfttaed by multiplying Utf? ^-transform of the previous 
part by *. Hence* its inverse is the inverse of the previous part shifted by ! to the left 
This implies that the resultant signal is not leno at n ** —1. 

(c) Yes Wo can perform long»division to expand the a*transform such that the highest 
powsr of z in the expansion i* -1. This would make x[n} = 0 for « < 0 

(d) No When long division is used to expand the ^-transform. the liighcsL power of i in 
the expansion is 1. This would make rj-l] £ 0. 


t0 46. (a) Taking the z transform of both skks of the difference equation relating r|nj and s}n| 
and simplifying* we get 


X ■ (*) = 


X(z) 

${*) 


z*-e 


The system has an 8 lli order polo it z = P and 8 ttros distributed around a circle Of 
radium e -a This is shown in Figure £10.46. The ROC is everywhere on the s-plane 



(bj We have 


JYjU) = 


YW 

X(z) 


Bfl = _1_ 

X{z) ' H,(z) 


Therefore, 


IhU) = 


1 

1 - r- R e~^ 


pH 


There are two possible ROCs for |x| < e “ or |?| > (! a . If the ROC. is to) ® * 

then the ROC does; not include the Uuit arete. This in turn implies that i\w xyz'eni 
would be unstable and anti-causal. If the ROC is \z[ > e _n . then the ROO includes 
tho unit circle. This in turn implies that the system would be stable and causal 


{e) Wo have 

We need to choose the H.OC to be ]i| > e ’* 1 in order to get 3 stable system. Now 
consider „ 


with ROC It| > e~ a - Hiking the inverse s-transform, we get 


p|„] = 


Now, note that 

H 7 (z) - F(z*). 
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From Table 1 0.1 we know that 
h 7 | 




i/BJ = ?-**, n=G*±S,±16, 

otherwise 


10 47 , (a) From Clue I, wn have (-2) = 0. FVom Clue 3, we know that when 

1 


X(z) = 


Tl^' 


M > l 


Y(z) = l + 




1*1 > 7 


Therefore, 


_ lid ^ 'm - h~i> |,,>i. 

Hi ) ~XU) 1- {t l 4 


Substituting z - -2 in the above equation and noting that H(-2) - 0. W" pm 


_ 9 


(b) The response to the signal z[n) - 1 = l n will bo 1 *M - /r(l}*( n )' Tberefui 




> 0 . 48 . From the pole-zero diagram, wc may write 


W ‘W - V - 


H-M = B ■ 


[i - Je^H* - 

where A *«id B arc eonstants. Now note that 

«.)-!». (!-')-!* (-!■)■ 

Using the property 10.5 3 of the a transforia [S*e Tible 10-1), wu get 

*»w-f (-!)"*•» 

We may rewrite this as 

M n l = 3l n ) h il ,1 l 


*hm ^[n] = IB/AM-2/3F Note that since both rtjfn] and h 7 [n] am caudal, wc may 
that - 0 for n < 0 Therefore* 

•W"s(-D “ w - 

Now, clue 3 also states that XM^II = 3- Therefore, 

AaO 



Thereforo, 


I 


A 1 -2/3 


10.49, (a) We may write the toft side of oq. {F10.49-1) as 

£ w*r* - £ rt-11 ££)™ - E i-hk~- g)“"■ s 


(£1049*1) 


Since r\ > r 0 * the sequence (ri/ro) - * decays with increasing n, i.e„ as n oo 
(n/^o)“ n -* Therefore. <n/fh)"“ < (nAo) N| For n > jY,. Substituting this 
in eq.(S10.49'l) 1 we get 

£ K»K" = £ I4»K" (r) ° 5 ( T ') £ l*hK" 

n=iV* tt = ^i ^ U/ V V ' B *^l 

Therefore, A = (ri/roF^ = (ro/ri) JVl . 

(b) The above inequality shows that if X(i) has the finite bound B foi \z\ - r n , then 

X(z) haa the finite bound for |ij - n > r 0 . Thus, XU) converges for 

|j[ = n > ro and Property 4 of Suction 10.2 follows, 

(c) Consider ft left-sided sequence jc^i] such that 

x\n\ - 0, n ? 

and for which 

X NHh r o ,l = X 

ft- » ft=-w 


tad 


I 
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Then we ueed to show that if r, < r 0 , 


n, r*t 

53 i*wi r r" s p I i*Hi r o" 


(SI0 49-2) 


where P Ls a positive constant 

We may write the left side of eq ($10.49-2) as 


\ 3 Nj 

53 liNIrp = ^ |x|n)| 


(-S) 


N, 

E M"l 


Jl'rOj) "• 


(S10 49 3) 


Since rj < r 0l the sequence (ri/ro)" n decays with decreasing n, i.e., as u -* -oo 
(r|/ro )-«"^ 0. Therefore, (r,/r 0 )-" £ (n/r*)"* for n < N 2 - Substituting this in 
eq.(S10.49-3), we gel 

N, N* /„ \/r.\“ /v * 

E m»k"- £ W 4 W(^) s fe) L w-fr.' 

oo "--oo »®-oc 

Therefore, P = (n/fo)”** = (ro/ri)** 

The above inequality shows that if .Y(z) has the finite bound D for i?| ■ r c . then 
X(z) has the finite bound (r 0 /r,) N »J9 for |z| * r, < r 0 . Thus. X[z) converges for 
|*| = r, < r„ and Property 5 of Section 10 2 follows 

10 SO. (a) Prom the given pole-zero plot, we get 


where A is some constant Therefore. 


H(e^) = A 


e~> w - Q 
l - at~^ 


and 


l»(«")l’ - = Ml J [f^=] [fr^p] • 


Therefore, 


- |*! J 


1 - ocJ w + a 2 

1 - - ac^ + o’ 2 


= I*I J 


This impUes that |/f(e^)| = |A| -constant 

(b) We get |«i| J = l+o } - 2ocoa(u>). 

(c) We get .01 1 , 

[vj| 2 = 14 - — - -eosu> a -j(a 2 + 1 + 2aco«w] = ^l w tl 


10.51. (a) We know' that for a real sequence z[n), x[n] = z a [n}. Let us first find the z-transforni 
of y|n| ■ x # |n] in terms of .Y(z), the z-transform of x[n) We hAve 

y( t ) . £; v|n]»-" 

ns—oo 

- 53 *>|x- 


OO 

53 x[n|(«*)- 


= [X(0]’= *•<«•). 


Now, since xjn) * ^*|ra), wt- hftve Z{x[n]\ m Z{x'\n\] which m turn implies that 
X(z) = X-(r-) 

(b) If X(z) has a pole at x = zo. theu 1/X(zo) — 0. FVom the result of the previous part, 

we know that ^ 

=0, 

Conjugating both sides, we get 1/X(z^) - 0 This implies that X(z) has a i>o)e at z£ 
If X(z) has a zero at z - x 0 , then Af(z<>) = 0. FVom the result of the previous part, 
wc know that 

*•(*;) = 0. 

Conjugating both sides, we get A'(zr^) = 0. This implies that X(x) has a zero at z £ 

(c) (1) The z-transform of tlic given sequence is 

*w - - jfj' w>*a 

Clearly. X(z) has a pole at * = 1/2 ami a zero at * - 0 and the property of part 
(b) holds. 

(2) The z-transform of the given sequence is 


„i>o. 

2 4 z* 


X(z) has two zeros at x - 1/2 and two poles at z = 0. The property of part (b) 
still holds. 

(d) Now, fiom part (b) of problem 10.43 we know that if x(n] and X(z) has a pole at 
zo - pc* 0 , then X(z) must have a pole at (1/zo) * (1 Jp)c~ )0 . 

If z(n) is real and X(z) has a pole at in = pc^, theu from part (b) we know 
that X(z) must have a pole at z£ = pe~ J$ . Now, from part (b) of problem 10 43 we 
know that if xjn] and X(z) has a pole at » pr~ >0 , then X(z) must have a pole at 
(i/z$) = (i/p)c>r 

A similar argument may be constructed for zeros 
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10.52. We have 

Xz(s) - Y 


Since X(z) converges fox a < |z| < ft, V(z) converges for o < |z/z 0 | < 0 There¬ 
fore. the HOC of Y(z ) is |zo|o < fz| < \zo\0. 

(3) The z transform of the sequence y(n) - x(-n] is 


= f>M*- 

nm -OO 

■ £ *tW*‘ 

n—-oo 

= X,(z-‘) wXi(l/z). 

Using an argument similar to the one used on part (b) of problem 10.43, we may argue that 
if A,(z) has a pole (or zero) at z » *o, then Aj(z) must have a pole (or zero) at z = 1/zo 

10.53. Ixu us assume that z[n) is a sequence with z-transform X(z) which has the ROC n < z| <. 

0 

(a) (1) The z-transform of the sequence y[n) -- x(n - no) is 

Y(z) = £ I'M**" 

"=-00 

» X! x ^“ TK> ^ n 


* £ vN*" n 

= fx|-n|z- 
a--ao 

- E *!"!« n 

««-oo 

- X{l/z) 

Since X(z) converge for a < |r| < 0, Y(z) converge for o < |l/z| < 0 Therefore, 
the ROC of Y(z) is (1/0) < |z| < (l/o) 

(b) (1) FVom Problem 10.51(a), we know that the z-transform of the sequence y[n] - r*|n) 
Ls Y(z) « X*(z*) The ROC of y”(z) is the same as the ROC of X(z) 

(2) Suppose that the ROC of x[n) is a < jzj < 0. From subpart (2) of part (a), the 
z-transform of y[n) = aox(n) is 

Y[z) = X(z/z 0 ) 


Substituting m « n - no in the above equation, we get 

rw = E xH*'”'*” 

ms-oo 

30 

= z _ " fl ^2 *M*“ m 

ms-oo 

. z" n# X(z). 

Clearly. Y(z) converges where A(z) converges except for the addition or deletion 
of z = 0 because of the z""° term. Therefore, the ROC of V(z) Ls n < |z| < 0 
except for the passible addition or deletion of z « 0 in the ROC. 

(2) The z-transform of the sequence y[n) * zjx|r.J is 

00 

Y(z) - £ yWz~ n 

"= - oo 

= £ *0*W*" n 

fla-W 

- Yi x(n)(z/zo) _n 

*=-oo 

= X(zfz^) 


with ROC |z 0 |o < |z| < |zoU?. Therefore, Ky = |zo|K x 
10.54. (a) Let x[n) = 0 for n > 0 Then, 


X(z) = 

■ 

Therefore, 

(b) I^et x|n| m 0 for n < 0 Then, 


Y ** 

"=-00 

E «w»- 

WOO 

xJO) + x(-l)z + x(-2jz 2 + 
Jim X(x) - x|0). 


^(x) - E*Wx-“ 

n--oo 

"■o 

= x[0)-f i[l]z“'-f x[-2]z" 2 + 
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Therefore. 

,«® *W*)-*[0l)- 4 Um *{*UJ*‘’ + + •••}« *J1J. 

(0.55. (a) FVom Che initial value theorem, we have 

£«*(*) = 2(0) - non zero and finite. 

Therefore, as z -* <», X{z) tends to a finite non-zero value. This implies that XU) 
has neither poles nor zeros at infinity. W 

<h) . A k TT*! i t '” n,form “ ,n,,d ' “P of of (he form l/(, - «) „,| /, . b) Not , 
n/i* - ■> h “ • l-h rero « , = ». aL 

(») £ knlTthiL a “™ “ J r ‘ “ d » Pol* « 1 - oo. From .hr raulla of port 
( ). «« know that * eauial sequence has no polo, or axro at infinity Thrrofi.ro all 

^ 0 ’7'"”'' y , "*' nbut !? of <V form l/(r - a) mart be cancel!., 1 by 

the poles at infinity contributor) by factors of the form (r - 6) This ... 

numhrr of factor, of the form (r-6) equals the numbe, of factor, of the form I, (, 

in ,rfim“ r-Zr mtWr ^ ^ «* -„ber ofpofo, 

10 56. (a) The ^-transform of xs(n) is 

oo 

»•-» 

~ 5T f 53 *iW*»|n-*j] *■" 

n ~-00 Lt C -oc J 

* £ **W| ]T *a(n -*)*’ n ] 

*^■-00 [..---a J 

00 

~ X! *if*l£(rzfn - *11 

*=-oo 

oo 

= E 

*•-00 

(b) Using the time shilling property (10.5.2), we get 

**(*) = Z{x7[n - *)} - z~ k X 7 (z), 

where *,<r) is the x-transform of *,(n|. Sub.titut.ng in the remit nf part (a), wo go, 

**(*) = XiU) 53 *i(*)*~*. 
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. Ol x,|n| may bo written a, 

*'« *= £ 

*•-00 

WC m!iy rewnte the «sult of part (b) as 

**<*) = *,(*)*,(,). 

10 57. (a) Af,(z) to a polynomial of order AT, i n v . 

Therefore. K(z) = A'.fz) y,/,i ' B A Polynomial of order N, 

tba, Af = ^. Av Polynomial of order Af, + Afi, j 0 Th j , 

(b) By noting tha, y(0| b the coefficient of the x° twm in y, , 

th ' ' ^ - «« - - -fbeem Tu^‘1 * £ 


VI°J = x,(0)t 7 |0J, 

Vp) * *i[0)* } ( lj+z,fl]x 2 [0] t 

W] - I i(0)*j(2f+2,(ljx 2 (l]-. 


z »(2)*2f0j. 


‘ 1-1*21 VJ. 

C **<Z£l£Tz-^ n, C ) r8 TheT*T l (b) f y ?t * th PO,nt “ ‘ h ' 

(the product of the z« term of X,(z) w,th^h “ formed hy thc f ollowin 

r™<* *i<*>w,ththe + w*p** 

Of *,(*) with the r term af vo rev f + ^ be product of the 

with the z ‘♦at, ^ of 2( » + . + ‘he (product of the z t , 

Therefore, 1 

n, 

y[*J « - mj 

m-n 


Since z, [m] 


0 for m > Af| and m < 0. we may rewrite this as 

OO 

yW= 51 *iM*z(*-m|. 


58, o 8 ^ ^ 8y , 
H(z) are the pok» of H,(z). ^ ^ th< * mc « of and the z* ro 

the uu.l circle, S.mila^foAfO T**“ - *“ PO,CS ,nust b<! »'« 

polo. be w ithi „ the unit dri ^^T 1* ^ c—d mid ruble ,y,to m . 

previous statement impj.w that the zeroc of//f,) P ° ^ t! * crftS of //t*). 

all poles and zeros of a minimum phase sy stci L ^ ^ ^ " nit C,rclc ' Thpr ‘* fc 

pnase system must lie within thc unit circle 
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0 59. (a) From Figure S10 59. we have 


WM*) = *(*)- «s ^,(z) = ^(z)-j- 

1 + Sr -1 

Also, 

%)*-;■ -w,w-.za)_i^L. 

’ 1 4 - jZ”' 

Therefore, V*(z) - W x {z) ♦ W 7 (z) W »U be 


Finally, 


vw - JfW uF-^ 

1+IF* 


*(*) i + Jz- 

Since //(z) corresponds to a causal filter, the ROC wifi be |z( > |*f/3 

(b) Fox the ar-tem tobe viable, the ROC of H(z) mum include the uni, circle Iho 
possible only if |A)/3 < 1. This implies that |*| has to be less than ^3 
(e) If k - 1, then 

1 - }z-‘ 

' 1 + Jz-« 

The response to z(nj * (2/3)° will be of the form 


H{z) = 


VW * *[n)tf(2/3) = ^(2/3) n 
iO. The unilateral z- transform of y[ n ] » x(„ + 1) is 

y(*) - £>]*- 

••o 

■ yfOj + yllJz" 1 4y[2]z~ 2 + ... 

= *(lj *f z(2Jz _1 + x^Jz - * -f 

* r ^[°J ♦ + *[21r‘ 2 4 x(3]z- 3 4 } - zz(0) 

- -r^U) - zx (OJ. 
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10.61. (., TV unilateral x-t,Worm of ^ . l(n + 3j „ 

y(z) = 53vN*— 

nsO 

oo 

* & n + 3jz-" 

nsO 

" i 1 !" + 3) 1 '" - xlo]* 3 - *|IJ» J - ;r|3|, 

" X>W*-” - xfOJ, 3 - *[!],» . x[2 )z 

OO 

= - xWx* - _ , PJl 

n «0 * 

= ,3 ^(*)-x(0]z 3 -x(l)z 2 -x(2jz 
(b) The unilateral ,-transform of y(n) = ,( n . 3 j is 

oo 

>(2) = JTyW*"’' 

n -0 
CO 

n »0 

CO 

X^zfn - 3JZ- 1 + z(-l)z' 2 + x(-2)z-l + x [„ 3 } 

OO 

53*W»*** 3 +*(-!]*-* +IJ-2)*- 1 4z|-3l 

flsQ 1 

OO 

“ l ' 1 E*N*'" + x|- 1 ],' 2 + i[- 2 |,-> + l( .3j 


(c) We have 


Therefore, 


,“ 5 *(z) + z{-ljz~ 2 + xf-^z- 1 + z|-3j 

yH- £ *(*]« 


y(*) = X rW, ^(*») 4 fn y'zi-/jz‘ 

"*•0 m = l jr; 


la | 
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IG.02- Note that ** 

^[nj - 51 + *1 = x E n ) * *i " n S' 

Jfe^ - w 

Now. ipplyme the convolution property, the e-transform of *.i"l ls 

*„M = X(*m*H*D- 

From the time-reveal property we know the. the r-LrJrrsfor.o «frr[-«] is XU/*)- Therfe 
$„U) = 

10 .U. Since the ROC is N < 1/2. the seance is left-sided Ufel U* ^r-ser.es -!»-*»• 


(h) III this part. 


we ^ei 


Therefore, 


~2"z" v 1 2 2 
logfl *“ % z ) ~ 2^/ „ ” n 


x[n] = -—u[-rt - 1]- 


(b) Since the ROC Ls |*j > 1/2. the sequence is righl-SideR Using the P™„, 

5Kln ' w *“ »(l/2)-r-" 

Ioe( 1 - [>/2)r ') = ; 

n#l 


Therefore, 


iti.64. Let us define V(i) to be 


!(„]=.-—-»(« -11- 


Y (Z) = 


Then niiing the diffarentiatfoih property of the i-transfoTm, wc gel 

jrfal = n*\n\- 


(a) Now, 


Y W m l 


Noiiug that the ROC of Y{z) * \A < 0/*) ( thp ““ “ th * ROC ftf XU)) ' **' 

wM -= (^) «l” n ” 1 i- 

Therefore, . /lNfl 

*M *■ „ (j) u[-"-l) = —“I-"-’! 

This Li same ns the answer obtained for Problem 10 $3(a). 


y U) --^TZXW “ 


Noting that the ROC of Y(s) is }a( > [1/2) (the same as the ROC of X(z)), we get 

. TL- 1 


vw = -1 Q) “i" - >]■ 


Therefore, 


This is fame as the answer obtained for Problem 10-63(b). 
10,65- (a) From the given /f c (s), we get 


- u .. k -M _ ^ + tji _ i 
c Jtl/ |a + jw| vV‘ 7"^ 


(b) Applying the bilinear transformation, we get 

MM - ^4l 


a - 1 

a + 1 


Therefore, tfgfU) has a pole at r = {ft - l)/(n 4- l) and a ;ero at t m (a + W(“ * M 
Since c is real and positive. 


la — 11 

’ < 1 and 

'a + l| 

[ u + 11 

1 ~ 

\*-l\ 


> 1 

Therefore, the pole of HA?) lies inside the unit circle and the zero of Wj(z) ■**•* outside 
the unit circle. 

(c) //*(*) may be rewritten as 

(a - l) + z-'ja+l) 


Hi*)~ 


(CL + 1) + JT _I (<1 U 


Therefore, 


Ifci - n +g-J^fg+ 01 |(a - 1)4 (oosw- jsin^K' 1 * U! 

IJTf^)! = + +e -jw(fl“ i)| “ j(a+ I) + foasw - j«inu?}(o - 1}| 


This may be written as 


- ^/Ta- + ^q-lp+a^vMXa- 1> +) Y ™ J * 

M 1 p4 vU' -ipTita + Ota >'>e<*->+< fl ~ 1 > j ^ 1| - 1 ^ 


10.66 [a) We are givw that 

Therefore 


HM ■■ 




(b) From the given /M*}, we get 


1_. 


Now, 


Clearly, |/f e (jw)l decreases monotonically with inercasing w. 

(t) (!) We are given that 

Therefore- I 

H<(1) = n^i+eJ^K^+e--’" 7 ) 

This may be rewntten as 

i {1 + *-') 1 _. 


/fv(i) = tt 


'■ + (i - i" 1 - *■’ 

lie N&ide the unit circle- 
(2) From the result of part (a), we have ^ 

tan °! = ^=tiO) = I- 


(3J We have 


|ff rf (e ,V )| - |H fi (itan¥)l = ii -1in *^/2>4 V'2jf 

v^-t«»tWa)l a +*‘“ J f“/ a > ” i+i» , £kJ/ 2 l' 


A, w ine««« from 0 to pi, tm^/2) inereMCS monotoBially Rum 0 to 00. There- 
fore. daa«*** moDOtonicaliy from 1 to 0. 


(4) The haH-power finsqueocy satiafies the rciationship 

lWeR")l 3 = | - |«.(jUu»^)|* 

We know that f//cU)! ! - 1/2 Therefore, 

Wrf 

J twi y - 1 


wj — tt/2 
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Chapter 11 Answers 

111 . The system shown in Figure PI 1 .I may be faulted at at a parallel interconnection -4 the 
» system with system function Jfot*) with a feedback system of the form shown in Figon 
U Z{b) FYom Section 10 . 8.1 w C know that tbc feedback system has a closed-loop system 
function CJU) eivsn by 

aw. *<«>- 

Q[) i + C(*!tf,w 

Therefore, rhc system function of the parallel interconnection is 

JM*) 


QiU) = Qi*) + H< i {z) = IhU) + 


1 +G(z)H i [ty 


Thc system shown In Figure Ptl .2 may be redrawn m shown in the left-hand sidr- sketch 
nf Figure SI 12 Here,. 

HtU) 

W} = 1 + C|WJir,W‘ 

The system may be further simplified as shown in the right hand side sketch t ' m ire 
SI1.2 




H*U) 




%Ct) 


L Ci£d*- J 


¥*) 


Figure Sll-2 


FVvjm the above figures ir is dear that the overall system function is 


QiU) ■ 


i iG\(,iim 


, + 1 +G l {s}H l is) + G2{*)H l {sm[sY 

11 . 3 . From Section 11.1 we know that the overall system function of this feedback system is 


Qi*)< 


i*I. -_!_ 

1 + frf 2s - b - 1 


Q{s) ha* a pole at (& + l)/ 2 - For this system to be causal and stable, the pole has to be i 
the left-half of the a-plane. Therefore, we require that 


fr+1 


<A 


11 - 4 , Taking the Laplace traniform of the given differential equation obtain 

£?(a) " " e + j + r 


fM 


We also know from Section 11.1 that 

“ 1 + C(<0//(_<) 

Since it is given that H(a) = I/(* + 1 ), we obtain 

Q(a) " j + 1 +C(9) 

Comparing with the first equation, we obtain 

c W = i. 

ll.S, From Section U,l. we know that the overall system function of this feedback system is 

I-IiAv-t _ 1 


(?W = 


l + T^kpr J-(* + !/!)*- 


Q(i) bas a pole at ( 2 £ +■ l)/ 4 . For this system to be causal and stable, the pole lifts to he 
inside the unit circle. Therefore, we require that 


I 2S + 1 
4 


S L ^ 

-r < b < - 
2 2 


11 , 6 . From Section 11.1 we know that the overall system function of this feedback system Is 
1 - z-» 


QU) 


■ - l + r' + z" 


1 * * _1 

Comparing with the definition of the *-transform given in eq. (10 3 ), we know that the 
inverse r-transform of Q(e) is 


ofni - / l ' 0 < n < N - 1 
\ 0 . otherwise 


Clearly, the system is FIR. 


11 . 7 , Using the techniques outlined in Section 11 . 2 , we may draw the root locus for the given 
system In Figure 11 . 7 , we show thn root loci for K > G and K < 0 . 

For K > 0 , the root locus never emotes over to the right-half of the ."-plane. Therefore, 
the system is stable for all positive values of K , But for K < 0 , the instability occurs 
when the root locus crosses over to the right-half of the *-plane through the point a - 0 . 
Therefore. the value of if at which instability begins to occur is obtained from eq. ( 11 . 32 ) 
to be ^ 

K = “]G(0)ff(0)! ■ ” 6, 

Tb w t f ore, the ayatem m viable far K > —6, 
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11.8. The root locus for K < 0 is as shown in Figure $1L8. Clearly, the poles crosi over ro 
the nght-halfof the s-ptane Bt some s w ±ij c . We also know that at this point, the poles 

iitisfy; , , , 

J«* ~ 1 _ 

-tii§ + 3 j(J + 2 K 

liquating real and imaginary parts on both sides, we get K — -Z and ufn Therefore, 

the system is stable for K > —Z- 

I L.9. Using the techniques outlined in Section 11.2, we may diaw the foot locus for the given 
system, In Figu fc Si 1.9, we show the root loci for K > 0 and K < 0. 

Prom these figures, it is clear that the root locus always lies on the real axis for all values 
of K Therefore, the feedback system can hare closeddoop poles on the reat axis Jo 
order for a system tn have an oadllatciry impulse response, it must have poles which have 
a nonzero imaginary part CfoArly the given system doas not have an oscillatory impulse 
response, 

1 i,i0 T Since two branches of the root locus for K > 0 starts at a — -1 and ends at a = 1. we nan 
conclude from properties 1 and 2 in Section 11.3.5 that there are two poles at s - -1 And 
at least one zero at s 1. Since the entire real axis is a part of some branch of the root 
locus for K < 0, we may conclude from properly 3 in Section 11 3,5 we know that Uu* is 
possible only if there are two zeros at * — 1. 

11.11. Using the techniques developed in Section 11-3 we may draw the root locus K > 0. This is 
as shown in the Figure Si 1.11. 

From this figure it is deaf that the system becomes unstable when the root locus crosses 


*<o 
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0 



*Uhcr \*\ ^ 1. from (11.53), we know that the rornespondmg value of K a 
t _ 1 5 

«W)CC|] " 3 5 

Therefore, the system is stable for 0 < K < 3. 

11 12, In Fj&Vtrc Si 1.12. mi show the root loci for K >0 and K < 0 for different positions of 
the pole* aud zeros. Clearly the root led stay on the real axis only if the pules and zero 
alternate positions on the real axis. 


J 1,13, Not* that the system may bp viewed as shown in Figure $1U3, We note now that 

,2 


and 


G[z) - 

Therefore, the closed loop system function is 


z* - x - 4 
K 


»:■>-. - g w - 

Therefore, the dosed*loop poles of this system lie at 

-{*- »)* ^r-Ty>+)6 

j 2 

St can bu easily shown that the magnitude of at least one of the poles is always gf^Uvr than 
1 Therefore, the system is never $tabh- 


K JMJ 

G—*—* >-v—O 

°- 4 -“ 

, 4' x *“4^ 

> V-— fl O-€—^ 

*—*- O x~e — -Q 

ft-fe-X -k 


K<0 

*" J -0 O- -X Hr - 

* o 



Figure Si 1.12 



Figure 511*13 
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11.14. The number of clockwise encirclements is given by the difference between the number of 
zeros and number of poles within C 

fa) There is one pule and one aero within C. Therefore, W{p) encircles the origin 0 times 
(b) There are 2 icros and 1 pole within C. Therefore, TV(p) encircles tire origin once. 

11.15. The Nyquist plot for this system is shown in Figure SlllS Since the system ha* zero 
right -half poles, the number of counterclockwise encirclements of the point -IfK must be 
zero From the figure, Jt is dear that this is possible for -IfK p l ami -UK < U. that is. 
K >-1 

11.16. The Nyquijt plot for this system is shown in Figure Si 11$. Since the system ha?* zero 
right* half poles, the number uf counterclockwise encirclements of the point -l/K must be 
zero from the figure, it is clear that this i$ possible for - l/tf > 1 and -t/K rj, that is. 




K > -1. 

I I.IT. 11.17 The Nyquist plot for thU system is shown in Figure Si 1,17, Since the system has zero 
right-half poles, the number of counterclockwise encirclements of the point -IfK must be 
zero Ffrom the figure, it is clear that this ia possible for -1/K b 1 and -\/K < —1/4- 
Therefore, the system is stable for -1 < if < 4. 

ll.ia* TV Nyquist plot for this system is shown in Figure SlllS Since the system has zero poles 
outside the unit circle, the Dumber of counterclockwise encirclements of the point -1 /K 
must be zero. From the figure, it 5a dear that this is possible for -1/If > l and i/K < t. 
Therefore, the system is stable for -1 < K < 1. 

11.19. Let us consider the continuous-time case. The Nyquist plot may be viewed as a plot 
of the function Note that if this plot passes thTOugh a point -1/K, the** 
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9 + l 


- -\fK at this point. Therefore, the denominator of the ov^ilt «j ysiom 
function ^(s) = j)] evaluated at jt** will he icra. T!i« the 

system Q(s) has a pole at jwo which iu^x& it unstable A similar argument may be made 
for the discrete*time caste. 


11.20. Note that 


H^)~ j ±^ —. 

—U.J 4- J W -j- 1 


la order to determine the gain margin. we first need to find the w it which ^ WjJl - -* 
Clearly. For this to happen, we meed 

1 + jw — + JuJ + l). 

This is not possible for any value of u. Therefore, the system has an infinite gain margin. 

In order to determine the pha^r margin, we first need to find the at which l H( tui i 
Noting that 

1*0*01 - ; 


l W 


■' find that | = 1 at w& - v^. Now, 

= tan -1 V2 - tan -1 


(i - ^ 2 Y i + ' 

—it + Stan" 1 sfl. 


Therefore, the phase margin is 2 tan 1 >/2. 

11.21. From Figure P]].?l» we may obtain the overall system function to be 

ffC + KW) 

WJ (l + K)s + (m + K) 

(i) When K = 0.1, the pole Is at s — -01 and the zero is at s t= -100, 
(ji) When K — 1. the pole is at s — -*!i0.5 and the re to is at s — -100- 
(iii) When K — 10, the pole is at s = “10 and the aeto i* at t — — 100- 
(ivj When K = 100, the pole is at a - -L&8 and the icm hats^ “100 

11.22. The closed* loop system function is given by 


Q («). 


1 + G{*)H{sy 


(a) From the given fl^a) and £?(j}, wc obtain 

L 1 

Q{ * } ~ (j + !)■(■» + 3) + 1 
Taking the inverse Laplace transform, we get 


421 


(b) Pro id the given H (.i) and we obtain 

s + l 


Qt*) = ; 


($ + l)(.s + 3 ) + l (i + 2 ) 2 ' 
The partial fraction expansion of Qf.*) is 

Q(*> - 


I 


5 + 2 U + 2) r 
Taking the inverse Laplace transform, wc get 
q(t) = C - 5t u(i) - 

(c) FVom the given //(j) and £?(j), we obtain 

nt \ 1 ^ 

Q{S} ~ i + 0/3)€-/» 

Taking the inverse Laplace transform, wo get 


„o=©(-|)'£«.- 


k/i) 


} 1.23.The closed-loop syUem function is given by 

CM = : 




l + G{x)H{z) 
(a) From the given W{*) and ** obtain 

*■“ li 

Q (*} * rrr 


The partial fraction expansion of Q(a) is 

*»n?g=r-r$=! 

Taking the inverse £-transform. we get 

^ = Ki) -W-IH) 

(b) Prom the given /f(r) and £?(*)„ we obtain 


Qt*)> 




Now, the inverse 2 -transform is 


gN = |g>N “ - i\ + 'j^( Tl “ 2 l 

where GaM i* the impulse response obtained in part (a). 
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Figure Si 1-24 


423 


421 





































































K<0 


tOO 



_1_ 

K L 


11.24. The root -loci art as shown in Figure Si 1,24. 

11.25. The rvot-loci are as shown in Figure SU 25. 

11.26. The row-loci ait aa shown in Figure S 11.25. 

11.27. (a) The root locus is as shown in Figure $11.27. 

(b) The root locus is as shown in Figure Si 1-27- 

(c) To liave no oscillatory behavior* the closed-loop poles must he un Uw; real axis Wo 
know that the dosed loop pdes must satisfy 

“WWW— 1 ■* fHtm' 

Therefore, the closed-loop poles satisfy 

s 2 + (2 + K)* + E* + 2-RT> - 0. 

In order for these poles to be real, we require that 

{2 4 Kf = 4{4 + 2k) =0 K = 5 

11.28- The plots are as shown in Figure Si 1.28 
11.29. The plots are as shown m Figure Si 1.29- 
11.80. The plots are as shown in Figure SIT.30. 

11.31. The plots arc as shown in Figure 311.31. 

11,33. (n) The closed-loop system function is 

H(s) _ P afrMM 


Q(*) = 


Clearly, - 0 either when DM = 0 or when Ni [j) = 0. Tlxcmforc the aer« uf 
are the poles of C{») and the zeroes of 
(b) When K = 0, 

Ql* )■ 


NM 
' DM' 


Therefore, the poles of Q(s) arc the polra of M (s), and the scros of Q(s) ar ** *tra& 
of H(s). 

(c) We may write as 


QW- 





^pU) 

in*) 


” q(s) 

1 + KC(£}H(x) 
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Figure Si 1-26 
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Figure SI 1.28 


Figure Sli.27 


429 


43*1 



Fleat Axis 

Figure Sli-28 



i-M iPC __ 


Pfl* 




-4 -3 -2 


20 


. o 



-20 


9 

-40 


AH fi *1 * 

-60 




-4 

-3 -2 

Phase 


Figure SI 1.29 
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Figure Si 1-30 
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Figure Si 1.11 




The z«G which is independent of if is at * = -1 The pole which is independent of K 
if s t f - — 2 The root locus for the njnijjLuiig. closed-loop polo in aa showp in Figure 
SI 1.32 for > fi¬ 
fe) In this esse 

Q(r) = {z + l) ^ * _ (i/3)] 

The zero which is independent of A' is at * -1. The root locus for the pole is as 

shown in Figure SI 1.32 for K >0. 

(f) (i) For this case, we have GU)H(z) = l/((r - 2}{z + 2 )]. The toot-ioees for K>0 
and K < 0 are shown in Figure S 11.32. 

(ii] The system Is stable for when the dnseddoop poles arc within tlie unit circle. The 
closed-loop poles satisfy the condition 

G(t)fi(z) « - l/K. 

Therefore, looking at the plots from before, it is clear that els K increases, the 
system becomes stable when G[1)H[\) = -l/K. That is, the system becomes 
stable when K > 3. A $K continues to increase, the system again becomes unstable 
when - -l/K. That u, the system becomes unstable when K > h. 

Therefore, the system is stable lor 3 < K < 5. 

(iiij When K = 4. Q<*) - 1. Therefore. q[n) - S[n] 

j v, 33 . The root loci ara as shown in Figure 511.33. 
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(h) Assuming that &n = Kn “ 1 and performing lung division gives 


11.34. (a) For ft' > 0 and far lai*P a. Figure PI 1.34 shue-t tbit the anfile eantributed by at*J»*e 
of G(s)il(s) JR approximately equal to the angle contributed by any of £?(*)//(*)- 
Therefore, 

«{&»//(#)} = (m - ti)fl 

where 0 is the angle contributed by any iero To be on the root-locus we require that 
(nngle criterion) 

(n - m )0 = (2k + 1 )*, t = OA-X An - ™ - 0 

This implies that 

0 _ * - GJ . 2, - , [n - th - 1). 

n — m 

Similarly, for A < ft, 

(n- tn)0= 2fc*. Jb«0,i,2 ( . ,(n- rn- 0 

This implies that 

$ = 2£]!— t k ■ 0,1,2, ■■■ - 1). 

n - m 

(b) (i) By expanding the right hand side *c get the s r_l term tu be 
* r 'H-(s- CrJ- 
Equating the coefficients of s ,-t . wc get 

a-i - -i> 






Therefore. 


Tfm-m-i * a "-> “ 

Using the result of port (h-i) with eq. (P LI.34-2) gives us 


a r .-l = bm l m 


Therefore, 


7n-m-l = “n-i " fo«-i = ~ 

(ui) From eq, (P1L34-1), we have 


1 


-K^O. 


G($)ms) 

Now. for Largo s, eq .(Pi 1.34-3) may be approximated as 
1 a—tn 


aums) 

Therefore, 

S n_m + 

(jv) Prom (i), if U are the n - m poles t then 


n I *' 1 


4- n> 


- + to + K — 0 


5^ C, * -'Yn-m-J = hm-1 - hft-1 
1=1 

(c) (i) Here, n - m - 3- For A > 0, # - <2fc + I}ir/3 with k = 0.1,2 This implies that 

9 S Tf/3, 7T, —rf/3. 

For A < 0, 6 = 2Jtir/3 with * - 0.1,2- This Implies that 0 - 0.2it/3, -2*/3 
(ii> Intersection point is - ^ - ° 5 - -3 Therefore, intersection point is s = - 3 

(iii) The root locus is as shown in the Figure SI 1.34. 

(d) Plots are shown in Figure SL1 34. 

(e) For n - fn > 3. the poles go to oo at asymptotic angles which are {2k 4- JW( rl “ 

1&r K > 0 and 2kx/(n - m) for K < 0. The smallest angles are */(n - in) < a/3 and 
0. This implies that at least .'some of the poles will outer the right-half of the s-plain? 
for large enough K. This causes instability for large K. 

(f) The root locus is as shown in Figure Si 1.34. 
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(g) If t, > .... then « least 1 p«te S«= towards infinity fur Isific K This implies that the* 
„il| bn i pole outside the unit circle tot lar*e K This i,< tun, mpUra that the uystem 
would he unstable for large K 

1135- (ft) We have j 

G&WiM = 

Therefore, 

KU w - 1} - ^ - 3;w - 2. 

Equaling the real and imaginary parts on both sides, we get K = -3 and uj - 
Therefore, the system is stable? for -3 < A' c 2. 

(b) CwtouPur-M™ Wtrms. P™ 1^1 ll )' ®« of'"' W>r *^.^ 0 T 

tbit is in the rijtht-ha!! u( the j-pline Ttierefore, the sysleio will Imvn n ri S l,t-hllf pole. 
This makes it unstable. 

/Jiscrete-timc sytu^: For \K\ suffickntly iMRn. one of tin: poles approaches Ibc lero 
that L, outs,tie the unit circle Theiefote, the system will have 1 pole outside the un.t 
circle. This makes il unstable 

it 36 tn\ The roof locus shnwa three polet which mow towards infinity. Thf asymptotv angles 
1 1 l: , /3 and * for ^ > 0 and 0, -2,/3. */I f« ^ < 0^ The ^ 

inlertcci at s = -l. Therefore, the root focus is as shown m Figuic Si 1.3b- 

(b) Wc have t 

Therefore. , ^ , 

—f{ = - jci? 1 - 3nu" 4- 

Equating the rwl and imaginary parts on both sides, wc get A = C and w = ±v^- 

(c) From eq (Pi 1 . 3 ^ 1 ), we have 

c W"M = iJ + yVa. - 
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Now since l/[£?(fl)/f(ff)) — —if t 

s 3 + 3j 3 ■+ 2* a -K. 

(i) For K >0, -1 < j < 0 is un the? root locus. Therefore, p(s) = -A < 0 If the 
hrenkAwAy point oeciifft At K ^ K|> h then the poles we no longer nr the real axis. 
Therefore, the breakaway point occurs it the maximum value of K for whirl; the 
poles ate still real- Note that pfo) in the range —I < s < 0 will be minimum at 
this point. Therefore, K$ — —p(j + ). 

(ii) For K <0, -2 ^ s — 1 is on the mot locus. Therefore, pfo) = -K > 0. If the 
breakawAy point occurs at K = then the poles we no longer on the real axis. 
Therefore, the breakaway point occurs at the minimum vatue of A' for which the 
potto are still real- Note that p(j) in the range “2 < s < —l will be maximum at 
this point. Therefore, H\ = 

fill) Equating dp{s)fd& to aero, 

3s 3 4- 6s +2=0 s - -1 i —p 

The breakaway points arc .i + — -1 + 1/^/5 for K > (1 and j_ — -1 - 1/v^l for 
A' < 0 The corresponding gains are 

A 0 = _( tf 3 + 3j a + 2 j + ) s 0.385 

and 

A"i = -Ui + 3$i + 2s.) = -0,385 

11-37- (a) We have Gfs)//(i) = Jf/|(s f I0)(s - 2)\ The root locus for K > 0 is shown in Figure* 

SI 1-37- 

FVom the figure, it is dear that the system becomes stable when the polo crosses 
over to the left-half at s = 0. Tbe corresponding gain is K = 28. Therefore, the system 
is stable for K > 20. 
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Figure SI 1,37 


£h) In this case, for K > 0, poles go to infinity at angles of -ii/3 r ir/3, and ir Therefore, 
ai shown in the root locus in Figure SI 1.37, for sufficiently large values of K the poles 
croaa over to the right half of the .s-plane. This ruake-t: the system unstabl- for K 
(c) (ij If H(i) is given by oq. (Pi 1.37-1 } t then 


G(*)H(s) 


K(s+m) 


The root locus is drawn in Figure Si 1.37 for K > 0. The system is stable An Jarge 
K- 

(ii) If N{s) is given by eq. (PU-37-1), then 


GU)N{ S j = 


IQOQJffg 4100) 

(s+ 10) (s - 2)(a + 1000) 


r l’la: root locus is drawn in Figure Sll.37 for K > 0. The system is stable for large 
AT. 


U.3S. (a) When u = 1/2, 


G(z)H{*) = 


K (t~l/2) 


The root locus for if > 0 arH AT < 0 is shown in Figure 311.311. 
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(b) When a = -1/2, 


G{i)N(z) m 


KU+lft) 


The root locus for if > 0 and if < 0 it shown in Figure Si 1,38. 

(c) If the closed-loop impulse response is <jfnJ = {A ( Afi)o”, the denominator of the 
closed-loop system function 

H ' 1 i + GMff(i) 

must be of the form (± - o?) 3 . This implies that 

(S 11.39-1) 

Equating coefficients of different powers of a on both sides, we gel 
K-2± v/3. 

Since < 1, we know from eq, (511,38-1) that if/2 < 1- Therefore, K ~ 2 •</% 


z* + [if - l)z + iff = {z - ft) 3 


11,39, (a) The root locus is as shown in the Figure Sll 39. 
(b) The ckjwfd-luvp system function is 


Q(z) 


j(l 4 if) - 1/2 


(Sll.39-1) 


Cle&rly, &s if is decreased from U to -1, the closed-loop pole given by 1/[2{1 + Jf)] gOPS 
from 1/2 to oo. When K is decreased befow -1, the pole moves from -oo towards 0. 
The root focus for if < G is as shown su Figure Si 1-39. 
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(c) Drom the figures above and the analysis uf (b), it is clear that the system is stride for 
K < -1. 

(d) Noting that H{z) = Y{z)fE{t)* The difference equation relating y[n] ami - r«j * 

ij[n\ - - ll = 44 

Nosing that {7{e) ■= #(z)/F(z]i f w i get 

r[n] = 

Algo, note that ejn) = i[n) - r{n]. Therefore, 
c\n] = x[n] - 

Note that here, e[nj depends on y(«] and j j[n] in turn depends on e[n}. 

If instead G(i) - Kz~ l , then 

r[nt - Jfy[n - 1} 


and 

4*1 - x[n] - r[n] = s[n| - iCyh " 11 


Here, ejrtj depends on it(ti - l] 

(e) Since the pok Is not at |r| = do, we know that K ^ — 1. Ffcom eq (SU-39-1). we get 



Assuming — 0 for n < no, the above difference equation shows that r/[ta 1 ■“ (J for 
7 i < Tta- Therefore, the system er causal. 

11.4(1. Prom the given G(a) and H(z), have 


G{z)H[z) = 


K(z- l/4)(z-l/2) 

r(r’-^rl g) 


The rooE-locus for K > G is as shown in Figure Si 1.40. 

Damping is improved when the closed-loop pole? are not too clow to the imiL circle. If 
we choose z — —1/2 to be a clown loop pole, then K = 1,06. This value of A" provide* 
improved damping. 

1141, (a) £i) The closed- loop system (unction is 

m i - H{z) - * ~ 1 

W} ~ l+G{z)H{z) i* + (K-3f4}z4-{K-lf4) 

(ii) Sum of the closed loop poles is the negative of the coefficient ol j ? . Since this is 
zero, it is independent of K. 

(b) The closed loop poles are the twlutkms of the following equation: 

2 ft +o fl -|t f, “ l + ■ + a<> + K{z m +b m - i i m -' +■ + 

If m < ti - 2. then the coefficient o*^i of i* -1 is independent of K ;uid the sum of the 
roots which Is equal to — On -i is independent of K. 

11*42, (a) We know that ^ 

G{z)H{z) = 4) = ~K 

If z =z -1 t then from the above equation K — \h/%. 

(b) If z = 1. then from the above equation K = -3/U. 

(c) The system i» stable for (-3/8) < K < (15/8)- 

11*43. (a) The root-locus is sketched in Figure Si 1.43 for K < 0 and K > 0. 

(b) bet the poles cross. the unit circle at sj = o + j& and *n* = « - J& Note that l^ol - 
|zi| - [a + jt| = vV+f? “ 1 We also have 
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Figure SI 1.44 " ! 


Therefore. 


*o£to - 1) = -K' 


Tlus implies that 


- (a 7 - b l - o - + 2 j<i6) ■ K, 


Equaling the imaginary part? on bath sides, we gel a - 1/2 and b = \fi/2 From this 
wc get K - 1- The exit points are £1/2) ± 

11.44, (a) Ai tbs point j0 + on the infinitesimal circle around the origin, the angle 0 contributed 
to qC(/D + )//U0 + ) (s« Figure S1L44) by the pole at j == -1 is approximately wm 
Therefore, <G(jO + )lf (jO + > b only due to the pok at the origin Therefore, 

d<7Cj0 + )/f(i0 + )*-|. 

Similarly. _ 


(b) We have ? 

= TTTi?' 
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It is easy to fee that when <j — ±oo, G(jfiu)^f(jliij) = 0. Now note that as ^ increases 
from —oo to tT, ebaages bom oo to -1 + joo. Figure Pi 1.44(b) shows 

this fact. Abo, aau decreases from oo to 0 + , [jw Jl duuigns from cv to - ! - 

This is again depicted in Figure Pi 1.44(b). 

(c) Wc may use the argument presented in pari (a) to prov* this statement. Note that 

for any point on the infinitesimal circle, the contribution to (s) by ibe pok ai 

if - -1 is negligible. This is shown jn the figure below. 

Clearly, the only contribution to q£(s).HT*) comes from the pole at the origin From 
Figure Si 1,44, we note that this contribution U &- Therefore, 

<G(s)H(s ) = 

(d) The system is stable for -(1 /K) <0. This implies that the system is stable for K > Q. 

(*) The Nyquist plots arc as shown in Figure SI 1.44. 

£f) The Nyqiiist plots are as thowu in Figure Sli-44. 

11-45. (a) Note that the system function of the overall system is 

PM -H M CW = — 

Although it appears as if the overall system is now stable, this is still nut a good way to 
achieve stabilization, The reason in that since H{s) is unstable, the output of H[s) will 
not be bounded for some input?, In practical systems, this will lead to unpredictable 
outputs for some inputs. In such cases. C(s) can in now way undo the damage caused 
by //(*) since il follows //(fl) 

(b) The Nyquist plot for this system is shown in Figure Sll.4£. Since the system hay 

nght-half pole, wo require that the Nyquist plot encircle the — 1 /ft poult Once in the 

counter-clockwise direction. This is clearly not possible. Therefore, the system is not 
stable for any value of K, 

(c) In this case, G{s)C(s) = K(s -f-a)/[(s + 1)(* - %)} The Nyquist plot for 0 < u < I and 
for n > 1 is shown in Figure SH-4fi. 

From these figures, it is dear that for 0 < * < 1, the system is stable for -1/ K 
in the range -a/2 to D. This implies I fiat for 0 < a < J, the system is stable for 
K > (2 fa). It is Jitev clear for the figure that for a > 1„ the system ss stable for ^\JK 
in lhe range -1 and 0- This implies that for a > 1, the system is stable for K > i. 

(d) The denomlnater nf the doses-loop system function is 

a ? + s(K-I)+2fAf «1). 

This must be equal te -i a + + [*?„. Therefore, 

K - I = u* and 2(K - 1) = u)i 

Solving those Ewe equations, we get K = 1 or K = 3, Since Wr, > 0, K has to be 3 
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<e) (ij In this c*$e. 


t- *11* + i}{3 


I1-W.T bl ‘ h “ W**® f0 * *■ > » « « >b»w« in Figure Sll 45 Ovuly. 
sufficiently large K, all pole* are in the left-ball of the 4 -plam, 
f»i) In this case. 


■ 


iw^ !T" *“ ! h “ £y t‘ cm for * > » *» *> in Figure Sll 45 Cl« 
there *« always pota. in the right.h»ir„f the .,. p |» ne . 

n. 4 «. M ^^ ^^phnrephH»«*«, in Figures,, 46 The gai„ ra argm j, „ 
at in/ — IDO and the phase margin b jr/4 at w = 10 

<b! ' h * Fhnnnnf the origin! sysrem i, - W r. Now, « „ _ ,0., 

*5"‘ ”8“'" ot I*- There Ion*, in order u> en, 

stability 10r < r/4. This imping that r < tt/40. 

fc) For the phaan marpn, wo fcrat need to find u* such that |C(fo*)tfLru*)[ ^ 1 Fori 

tS’L^ 
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(a) The root focus is drawn Mow for K > 0. The system is stable for $< K < 10. 

(b) For K = 7, 

(«- l)(a +2)^+3] 

Wi ~ "7h.UoI 

Ufima the Rfluth criterion, we can argue that all poles have negative real parts since 
all denominator coefficient* are positive Therefore, the system is stable The log 
magnitude phase plot is as shown in Figure SlM7, 

W, so* tluu When ~»<r, <K?0'w)«(M = -» and 50log l0 |f7(yw)fl( JW ,| , - 15.5 
dB. Fei this ca». 7|G(,«)»(jw)| = 7/6 > 1. Alsa. whrn w ~ I. «7(,„)«(y U ) = ir 
and 2Dlpg ffl fGf;uf)/f(ju?)| = 20 dB, Fnr this ease. 7j(?{jw)tf (ywjj = 0.7 c I 

(c) The root krais is as shown in Figure Sll.47 for K > 0. There are poles on the Trails 
when A" * 8.51 and K = 4.69 x 10 s . 

(d) The Nyquisi plot h as shown m Figure SI 1.47 The system is stable when K < A and 
for K > 10 s 


U4a ( *’ e0ntribUt *°“ “ ft**- *»'.» «■-* P«J. on II* un 

*') = 


Similarly, 


0>) Whu have 






« 2fl - cos 0) - jfrin 29 - sing) 


2(1 - cos t>) 

**ri£ed ^ t * lis ** plotted fnr various value* of u, we would g< 

" ^ fta TT £rom •"* ia) "•• k ”““ th - -*» 

■ i }H\* ) - -y. Wrs« that this us indeed true A bo, from part (a 

we^new that when w = O' ^ . |. We lhis , ^ 

(c) When w — it/3, : 


Now, at this point 

(d) Using *n Mgnownt similar 10 ths ons ured in Problem ! 144 (c). we may ranelude th 


4C(r)»(i) ^ -t. 

(«) They siren is stable lor -oo < -(,/*> < -I. Tha, i, the sy4l e,„ is s ,ah1r for 

(0 Thtf JVyquiat pln« are m shown in the figure below. 

U.40 + (a) The de gain is Af(>0J » c 

(b) The time constant is 1/a. 

(c) The frcquetiey response: of the system is 


//(jw) 


Go 

jwf a' 


At uj a, Jf/(jfl)| m,Gf yf2 - H{jQ)/\/§ r Therefore, the bandwidth of the amplifier is 

(d) The ay 5 t«n function of the dose* loop system i» 


QU ) = 


Ga 

*+a*KG’o 


The de gain is OC>0) = C/(l 4 KG). 
bandwidth is a (l + KG). 


The lime constant is I/|o(l + AT7)]. The 
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wodwicrih afl -i 

o^^poodu.*(i) (i—flwta’h v ““ '** * « H» * 

11 -“- M ft. both F i(tutH P1 , _ * And iU) ^ 

'■ 50(t,) Md P11-50M. wr have 

m*> • 

""Jr + 

(b)F 0 ,,-» JiA ^ (j)> WiW + ^ Thttsfore 

//M fc rA^afjQ £*( a ) 

KZ 'W 

} vr^zi 1 ^ y *->• - - - - - -* 

« -JWA. j/fl ' ~ *»“ »« - - Wl This is lfp „£ 

(b> (i) Wh«. tfj/r;, = 100 Md K = lnt 

... i 2xs ■ ^ .--.i,™ sa?* 

13 ln ' tii “' in * tv resl, “ of ujuh v, h* w 


Whtn K >> J h 


rt{$) = 


K(s) 


-c 


. _ C_ 


Cle “’ y - "<*> •* S »b ofsn ialCEritor *£. a . 

^ The appmjcitnaiitjn br^ dm* 

-(if + ])fl 3|? 

II.S3, {j,} Using Kirehoff's | ftw . 

Also, 

Tbi* impUcs that 


** W = ““W + •*lt)R 4- *,((). 

v-(0 = v P (i)-t, < ,(()»„. {j) + <<WA 


IPILSJ-D^k.^ ,J„‘“ "'™ 

v a (ij at (--jS. j v s f^ + + ^ 


45* 


Thi!, m mm may be appro* imaies ^ 

*k(0 ^ JMV^O/trj 

N ^ W ^ ^ f™ FIff,r* Pjl^bJ, 

M*) - ■. 

(O Wr may rMrrit* the obtained io a,^ pjft m 

-.A' 

For lsr *e *\ this becoras 

/iA# t "-«)/*r = ^ (IJ 

Taking the log of both sides and simplifying, w g e - 

% W = ^i»f-2W] 

1 [ RM) 

w ™ ^ gw * w - - -ft- u- 

(b) TJw etoseddoop jain wi!f U infinite. 

oil j u ^ **** ■** bf “ provtu 

1 * nd m tJ » equ^ioii fbr C(sJ A( s ), 

C?CjwJA(jw) = - 

+ *04d A^))-Ao^AA,^) + A(h , 

' WMt “ PrD ' WOSdl1 — th « - — CtMIfW - -, The„,j 

_ 

iiUJTtl'fMl 4i y./.it ” 

(£11,54-1) 


_ _ 2 (; w ) 

j WM * + 3^jJ -x-A}^(x l( ju,) + x,(M) ~~ ’ 1 


tWn,Ultiply i ,, < “ d «*—*»■■ i-agfa-y pms OO both Sldra 
+ A a ( JW ) 4 ^ 0. 

AiSutiung that Rq i 5 nm Kro. we 

A t (jcj) + X*{ju) 4 JTjOw) fc & 

(...) Eq.«.o B the reoi psils on ho[h ^ rf ^ ^ ^ ^ ^ 


W4 get 


A — ~ 


Using the result p&*i (j)_ wv KCt 


A t jiw) + Xrfjy i 

Xs(ju) 


A - 

Ai (jw) 




Therefore. 


mj<7 




ll ' SS ( » jFforaPi P«Pll.S6(»), W g M 










Tbe closeH-loop 3 y S L„ n f„„ cllu „ for 

yittm of figure Pll.SJ^b) tJS 

Q{*J ^ T -_ A 

J + KH(*) - 

] + ; 

(fc) in thi® awe 




W — Ot.Jtafc.sfo.fc™ 


iJ(-) c A — 

‘- fi!S —- 

*= fl 




N 

!>»-- 




/ 

«^^ D t s in ;“ Q 

^ ' B,1 ^)««l fSll.55-2) t ^ RP[ 

^^^3, j ^ J_, j 

11,SB ‘ w ^ i " ei ™ **L ( ' } 11 a 

T.L- . . A 1 ” " **W + it{t). 

«W=|^ = 3-i_ 

Thr ^ pnj(3 S[J = -■ ( '’ ) •* ~9lL 

"' tbc ^ sidr of tV 3 _Xe ^ C, ' ir '" — ^ the 
P { Ti,a ‘ n “P‘^ >b« the syttrm b 


























^ i 



(b) The block-diAgrnm the lheari*ed system is a* shown in Figure SI 1.56 
The closed loop system function is 


Qt*) = 


i 

+ {KfLY 


Th * pole* of Ofi} ire at ^ - yffa- K)/L and 3 = - J{g - K)JL. Ckarly, our of the 
poles is always in the right hand side of the 3 -plane. This implies that tho system is 
unstable; If now K ^ 2g, then the poles are on the imaginary axis and the system has 
a purely oscillatory respnnse. 


f £) If: this case. 


L^-=g9[t)-K l m^ 


Kj 


<WU) 


U(t). 


Therefore, the closed-loop system function is 


Q{s) = 




_ L _ 

+ /ifjit - ij + if| 


The poles of g(s) are at 


-K a *jK‘-*l(K 1 

2 L 

If >0 and > g, the poka are in the left-hand side of the a-plane. This would 
make the system stable. 

Since uj[ = 9 =* 2K t - 19.6, if, = 14.3 rad/six 7 . Also. 2tf s - 2^. This implies 
that K d b. 3 rad/aec 

11-57. The doscd-loop system function. is 


ow 


14 H c [s)H P {s} 


(a) Her*, the dosed loop sysi<»m function is 

ow 


Ka 


s + o(l *t- K) 

We can always choose K such that the pole $ = ~ a {l + K) is in the left-half of th 
is-plane. 


Tkkiog the inverse lap Lice transform of Of-*), we get 

q(t) = K*c-t*' Ka K(t). 

Now, if z(t) = dftJ, then 

y(t) - <i(t) = Kac-^*^K(t). 

Therefore, the error k 

*ft (0 « S(l) - <j(t) = 4(t) - jrae"* 0 ***^*). 

If <?(0 corresponds to a stahk system, then tf(t) will he a decoying exponent ini There- 
foie, eft) also decays with limc. 

Now, if *{f) - u(*J, then g(t) m ufl) . g{t) oxd the error h> 

eift) = «{f) - u(t) * (?(«) 3 u(r) - (*(t) - ff {*)] = uf()» e 0 [t). 

WV know that eoft) is a function that decays with time. Obviously. - nfi) * e 0 (f 
cannot be a function that decays with time. 

(b) Here, the closed-loop system function is 


Q{*)* 


= _ *{ K x s + K,) 


\ + a 2 + B [a * A'jo) 4r>Ftj 

If (i + tf t rr > 0 and otf a > 0, then the system will he stable 
In this ease. 


d{t) = KM*) + Ri f cUW 
J -« 


This Implies that eft) can go to »ro and still result m d(<) = constant Tins implies 
that the system can track a step 

(c) If m- use the PI controller, the dosed-loop system function is 


_ X]3 + /fj 

“ * 3 -*e* + (iT, + lh -Tk % 


By the rtoiith criterion, all coefficients in the denominator have to be positive to get alL 
roots to lie in the left half of the spline. Clearly, this is not true for Q(,*). Therefore. 


the system is unstable. 

For the PfD controller. 


QU) - 


Kja j + A';.' + 

' ^ + *^{Ks ~2) + 2£A' t + l)s 4 k\, 
The system is stable if K 3 > 2 and KuK? > U, 
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m 


ll.SA. (a) We have 2f(s) ~ !/* and 

Using the final-value theorem, we have 

*<«) = »4*£M = nrg{5j- 

F 01 1 - 1, J/{0) = 00 Therefore, e(eo) - f>. This implied that the system can track a 
atop. 

fb) In this case, X(s) ~ l/s 2 and 


Ei>) 

Using the final-value tbeomn, we have 


v [ 1 + «w] 


e(oo) — lim ^E(j) = lint - 


litre c(dc) is a consiftntfusing the equation fur H (s) given in the problem) Therefore, 
the system cannot track a ramp. 

(c) In this case, Jffs) ** 1 /j* and 

S[J) = ? [l +ff(s)j 

Using the fin&t-vaiue theorem, we have 

e <°°> = iSi a£(il = gS e-m + awr 

Here fifnc) is unbounded for k > 2 - 

(d) if zf£) = u.tfo, then X(s) m I/j* and 

" ? [i + m»]] = »v + C(jj)' 

>rnr,^ 

Using the final-value theorem, we have 

= iii a o l£(i) '!™ c( S » 

(i) From eq. ($11-5^1), c(°o) = D for l>k 

m 


(KlLbB-L) 


lit) From cq (Si I 5^1), e(oo) =onnstAot for I = Jt - 1. 
( 111 ) From eq. (SU.5S-I), e(oo) is unbounded for J < k - L 


ll-Sa. ( 0 } If rfn) = ti[n| T then 
Therefore, 


Xfs)- 


l- s -i Z -] T 


j*|> 1 . 


E(z) = Xfr) f- l ——} = — + - 

} Kl h+m*n (s - i)(j + 1 / 2 ) 4-1 

It may Ih? uaaily verified that partial fraction expansion may be used to write E(r) as 


EM = ! + -£- + -SL, 

r - 0 z — b 

where |q[ < 1 and |ftf c 1 and J 3 and Q arc constants. Clearly. (?[n] = ^fni+ sunt of to 
damped exponentials. Therefore, lltn^-pcc c[n) ~ 0. 

(b) Here, 

(*- 1)EM 

where Afs) and B[s) arc polynomials in t. Then, 


£{*) = 

The clwwl-loop system function is 

Q{!) = 


2B(Z) 


( 2 - l)B{z} + A(z} 

(a ~ l)g(j) 

U~i)Btz) + AUy 


Since it is given that Q(t) is stable, tve know that has no poles outside the unit 
circle Also note that the ft - 1 ] factor in the numerator cancels out the pole at 2 = L 
introduced by the step. 

Since Bit) and 0(i) share the same denommatorr,. wc can also conclude that J?{a) 
also has no poles inside the unit circle. This implies that cjn] is a stabk signal and 
limn^M efnj = D, 

(c) Here 1 H(i) - l/(i - 1 ). Therefore, 


£(z) = X(z)- 


' I 4 H{z) 

This implies that c|u] — 4 {tiJ and efrv[ = 0 for n > 1 


l. 


{d) Mere, 


E(i) = Xiz)- 


1 + H { 3 } A 

This implies that *[n| ^ 4(n] + (l/^)d[n — 1] and ejnl = 0 for n > 2. 
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Figure Sll.GG 


fe) Here, 


Since wt know that 


we gel 


£(z) - ^a*a * and X(i) ~ j-JJ 
*afl 

s w-*Wt+Wi’ 

N-l 


ff(;) = ■ 


jV-| 

t-D 


(f) Here, 


Mi) = X{th 


I 


h H{z) 


= I. + i" 


r x 


This implies that e[ft] * *[n] + d[n - l| and efn] * 0 for n > 1. 

11.60. (u) The output of the ®ero order hold tan be considered to be of the form it •m* - w 

Ao(0* where M<) is as shown in Figure 511,60 No* , the output of H{s) will he of the 
for m 


p(‘) = 


f; - m 

fc* -» 

QCi 

£ el*W‘ “ *D 

f; 


*m 


where /(f) — h$(f) * h(i)- Now, the output of the C/D system will be of the form 
Pin] - p{nT) - j^y; e [*l/(nT - *T)J . 

Since /[n] - /(uT) t we may write the above equation as 

J?H = ^ *1*1/1™ - fcj. 

r=-aa 

Since the overall system obviously obeys the convolution sum. we may conclude (hat 
it is LTI. 

(b) Now, let c[n\ -- u[n]. Then, £(f - *T}e|fc] = ]T^{£ kT)e[k].. Therefore, the 

A--0* 

output of the soro-rdor hold will beu(f}, Therefor e„p(0 — *(0 will he the step response 
of //f$). Therefore, p|n| « «. . j !(nT‘). Noting that when the input to Ft*! was 

ufn] the output w-as pjn] = j(nT), we conclude that the step response of the system is 

flN ” a(nT), 

(c) Given /f(s), we know that 

, fill 1 

£(*) i 


S — 1 Is 5+1 


Now since q[n| = a(nT), 


Q{z) = 


1 *e T j" 1 i - 7^ 




Since Ti[n| i 


1/(1 — a” l J, we may conclude that 

V-l) 


Fi*} = {l-*')Q{z) = 


U ■ 


(d) The root locus for 


G(x)F(x) ■ 


K(c l - 1) 
' z-eT 


1*1 > 


is as shown in Figure Si 1-60 From this it is dear that the system becomes unstable 
when the roots just cross the unit circle at r = ±1. From this, we may find that the 
system is stable for 

£e) Here. 

G(i)FU) j— jyjJJ7 _ ,t) 

The root focus is as shown in Figure S11 60. When x m 1 is on the root locus, then 
K - 3/2. The second pole is at x - -(i/2)e r - When z * -I, then K = (J/2)(l + 
- 1) Tf this has to be greater than 3/2, then T < In 2- Choosing T" to hr 
ln{3/2), we gel K = 2. The poles are then at ±v^/2. This is a stable system. 
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